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Abstract— This paper presents a two-stage framework for
constrained feedback control of input-affine nonlinear systems.
Offline, an approximate value function for the unconstrained
problem is computed, for example using Hamilton–Jacobi–
Bellman (HJB)-based policy iteration. Online, the proposed
quadratic program (QP) minimizes the pre-Hamiltonian eval-
uated using the approximate value-function gradient subject
to safety constraints enforced by control barrier functions
(CBFs). This architecture decouples performance optimization
from constraint enforcement, allowing constraints to be modi-
fied without recomputing the value function. As in CBF-QP
architectures based on control Lyapunov functions (CLFs),
safety is enforced as a hard constraint; however, the perfor-
mance objective targets approximate optimality rather than
a prescribed Lyapunov decay. Numerical results on a linear
2-state hovercraft and a nonlinear 9-state spacecraft attitude-
control problem show agreement with the constrained open-
loop optimal control problem (OCP) benchmark in the linear
case, and performance close to the OCP benchmark, improving
on CLF-based controllers, in the nonlinear case.

I. INTRODUCTION

The optimal feedback control of general nonlinear systems
remains a central challenge in control theory. The Hamilton–
Jacobi–Bellman (HJB) equation provides a theoretical char-
acterization of the optimal solution, but its nonlinear partial
differential equation (PDE) structure generally precludes
analytical solutions, while the curse of dimensionality makes
numerical approximation computationally prohibitive for
high-dimensional systems [1]. Practical systems must also
satisfy safety-critical constraints, such as actuator limits, state
bounds, and geometric exclusion zones, further complicating
optimal controller design. Model predictive control (MPC)
can address both performance and constraints, but the need
to solve a nonlinear optimization problem online can limit
real-time applicability for fast or high-dimensional systems.

One alternative is to address optimality and safety sep-
arately. On the optimization side, approximate dynamic
programming methods seek tractable approximations to
the HJB equation. Successive Galerkin Approximation
(SGA) [2] projects the generalized HJB equation onto a
finite-dimensional basis, while sum-of-squares (SOS) meth-
ods [3], [4] replace polynomial nonnegativity conditions
with tractable semidefinite relaxations. These approaches are
often combined with policy iteration [5], [6] to successively
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improve the value-function approximation and associated
feedback policy. However, they typically address uncon-
strained control problems; incorporating state and input con-
straints directly into the offline value-function computation
can substantially increase computational complexity.

On the constraint enforcement side, control barrier
functions (CBFs) [7] and their high-order extensions
(HOCBFs) [8] convert suitable state constraints into affine
inequalities in the control input, enabling real-time enforce-
ment through quadratic programs (QPs). CBFs are com-
monly combined with control Lyapunov functions (CLFs)
in CLF-CBF-QP architectures [9] to jointly address stability
and safety. However, as observed in our prior work on CLF-
CBF-QPs [10], CLF-based formulations introduce several
design considerations. First, the CLF condition enforces
stability rather than optimal performance and requires a
suitable Lyapunov function, often hand-designed via input-
output linearization [10]. Second, fixed CLF decay rates can
induce input chattering at low sampling frequencies [10],
[11]. Third, selecting the comparison function governing the
prescribed decay introduces a feasibility-convergence trade-
off that is further complicated by input constraints [12].
These considerations motivate replacing the prescribed CLF
decay objective with one derived from optimal control.

Another line of work couples safety and performance by
incorporating CBF conditions directly into the value-function
computation [13]–[15]. However, because the constraints are
embedded in the offline optimization, changing the safe set
generally requires recomputing the value function, reducing
the ability to adapt to real-time changes in constraints.

Our approach uses a two-stage architecture that separates
performance optimization from safety enforcement. Offline,
an approximate value function for the unconstrained problem
is computed. Online, its gradient defines the objective of
a CBF-QP that enforces safety and input constraints. The
controller therefore depends only on the value-function gra-
dient, not on how the approximation is obtained. Our main
contributions are as follows.
1. We propose the H-CBF-QP, a convex QP that minimizes

the approximate pre-Hamiltonian induced by a precom-
puted value function while enforcing CBF and input
constraints. Unlike CLF-CBF-QP architectures [9], [10],
which impose a prescribed Lyapunov decay condition that
may be relaxed for safety, the H-CBF-QP favors the un-
constrained value-function policy whenever feasible. This
removes the need for a prescribed CLF decay rate and
slack variable, as well as the input-output-linearization-
based CLF construction.



2. We characterize the safety, approximate optimality, and
local stability properties of the resulting closed loop. The
CBF constraints provide forward-invariance guarantees,
while the controller recovers the unconstrained value-
function policy whenever the constraints are inactive.
Under a regional HJB inequality, asymptotic stability
is guaranteed on forward-invariant sublevel sets of the
approximate value function contained in the inactive-
constraint region.

3. We validate our proposed controller on a linear 2-state
hovercraft and a nonlinear 9-state spacecraft attitude-
control problem with reaction-wheel momentum and
pointing constraints. The results agree with the con-
strained OCP benchmark in the linear example, achieve
near-OCP performance under momentum constraints, and
outperform CLF-CBF-QP benchmarks under both space-
craft constraints while maintaining CBF-based safety and
real-time QP implementation.
The remainder of the paper is organized as follows.

Section II formulates the problem and reviews HJB and
CBF concepts. Section III develops the online H-CBF-
QP and establishes its safety, approximate optimality, and
stability properties. Section IV reviews offline value-function
approximation methods based on policy iteration. Section V
validates the framework on linear and nonlinear examples,
and Section VI concludes with future research directions.

II. PROBLEM FORMULATION

A. System Dynamics and Objectives

We consider a nonlinear input-affine control system

ẋ = f(x) + g(x)u, x(0) = x0, (1)

where x(t) ∈ Rn is the state, u(t) ∈ Rm is the control
input, and f : Rn → Rn and g : Rn → Rn×m are locally
Lipschitz continuous, with f(0) = 0. We aim to minimize
the infinite-horizon cost

J(x0, u(·)) =
∫ ∞

0

(
q(x) + uTRu

)
dt (2)

subject to the dynamics (1), state constraint x(t) ∈ X ⊆ Rn,
and input constraint u(t) ∈ U ⊆ Rm, where U is a nonempty
convex polyhedron that includes the origin. Here, q : Rn →
R≥0 satisfies q(0) = 0 and R ≻ 0.

B. Hamilton–Jacobi–Bellman (HJB) Equation

We first consider the unconstrained problem. Let P denote
the set of positive definite, proper, C1 functions. Define
the optimal value function V ∗(x0) := infu(·) J(x0, u(·)).
Assuming V ∗ ∈ P , it satisfies the HJB equation

H∗(x,∇V ∗(x)) := min
u∈Rm

H(x,∇V ∗(x), u) = 0, (3)

where H∗ denotes the Hamiltonian and the pre-Hamiltonian
H is defined as:

H(x,∇V (x), u) := ∇V (x)T
(
f(x)+g(x)u

)
+q(x)+uTRu.

The optimal (unconstrained) feedback law is given by

u∗(x) := − 1
2R

−1g(x)T∇V ∗(x). (4)

C. Safety via Control Barrier Functions (CBFs)

We briefly review the CBF and HOCBF tools used for
online constraint enforcement. For a scalar function B, define
the Lie derivatives LfB := ∇BTf and LgB := ∇BTg, so
that Ḃ = LfB + LgB u along (1).

Definition 1 (Relative Degree [8]): A sufficiently differ-
entiable function B : Rn → R has relative degree r with
respect to (1) if LgL

k
fB = 0 for k = 0, . . . , r − 2 and

LgL
r−1
f B ̸= 0.

Definition 2 (HOCBF [8]): Let B : Rn → R have
relative degree r. Using linear class-K functions with gains
αk > 0, define

ψ0 := B, ψk := ψ̇k−1 + αkψk−1, k = 1, . . . , r, (5)

and Ck := {x | ψk(x) ≥ 0}. Then B is a HOCBF if
supu∈U ψr(x, u) ≥ 0 for all x ∈

⋂r−1
k=0 Ck.

Theorem 1 (HOCBF Forward Invariance [8]): If B is a
HOCBF and u(x) ∈ U satisfies ψr(x, u) ≥ 0 on

⋂r−1
k=0 Ck,

then this set is forward invariant.
For a relative-degree-r function B, the HOCBF condition

ψr(x, u) ≥ 0 is affine in u and can therefore be imposed
directly in a QP. In particular, for r = 1 it reduces to
LfB + LgB u ≥ −α1B, while for r = 2 it becomes
L2
fB + LgLfB u+ (α1 + α2)LfB + α1α2B ≥ 0.

III. CONTROLLER DESIGN

We now present the H-CBF-QP, which combines an
approximate value function for the unconstrained problem
(computed offline) with the CBF constraints of Section II-C.
Any approximation method may be used; specific examples
are given in Section IV.

Given the precomputed ∇V̂ and the current state x, we
solve an online QP that minimizes the pre-Hamiltonian
H(x,∇V̂ (x), u) over u, subject to the state constraints (via
the CBF/HOCBF) and input constraints:

ū(x) := argmin
u

H(x,∇V̂ (x), u)

s.t. ψr(x, u) ≥ 0, (CBF/HOCBF)
u ∈ U . (Input constraint)

(6)

This is a pointwise optimization. Since ∇V̂ (x)Tf(x) and
q(x) do not depend on u, we may equivalently minimize

JH(u) := ∇V̂ (x)Tg(x)u+ uTRu. (7)

To mirror the notation defined in (4), we let û de-
note the unconstrained minimizer of the pre-Hamiltonian
H(x,∇V̂ (x), u):

û(x) := − 1
2R

−1g(x)T∇V̂ (x). (8)

A. Theoretical Properties

Under suitable assumptions, we can prove safety, approx-
imate optimality, and asymptotic stability properties of our
proposed controller. Our first result follows directly from
strict convexity of (7).

Proposition 1 (Unconstrained Policy Recovery): If û(x)
is feasible for (6), then the QP solution satisfies ū(x) = û(x).



Thus, wherever the constraints are inactive, the online con-
troller matches the unconstrained value-function policy. In
this case, the deviation from the optimal policy depends on
the deviation of the approximate value function gradient from
the optimal one.

Proposition 2 (Safety and Approximate Optimality):
Suppose B is a relative degree-r HOCBF and Ck is given
by Definition 2. If (6) is feasible for x ∈

⋂r−1
k=0 Ck, then:

(i)
⋂r−1

k=0 Ck is forward invariant under the resulting policy;
and (ii) on any compact set Ω ⊂ Rn where û is feasible,
there exists a constant C > 0 such that

∥ū− u∗∥Ω ≤ C
∥∥∇V̂ −∇V ∗∥∥

Ω
,

where ∥ϕ∥Ω := supx∈Ω ∥ϕ(x)∥. Thus, ∥ū − u∗∥Ω → 0 as
∥∇V̂ −∇V ∗∥Ω → 0.

Proof: Part (i) follows directly from Theorem 1,
since feasibility of (6) ensures satisfaction of the HOCBF
constraint. For part (ii), Proposition 1 gives ū = û on Ω.
Using (4) and (8), ū − u∗ = − 1

2R
−1g(x)T(∇V̂ − ∇V ∗).

Taking the supremum norm over Ω gives the stated bound
with C = 1

2∥R
−1gT∥Ω. Since g is continuous and Ω is

compact, C is finite, proving the convergence claim.
Finally, if the approximate value function satisfies a local

HJB inequality, the unconstrained policy also provides a
local Lyapunov decrease. This yields an asymptotic stability
guarantee for sublevel sets contained in the region where the
constraints are inactive.

Theorem 2 (Local Asymptotic Stability): Suppose V̂ is
C1 and positive definite on a compact set Ω containing the
origin, and satisfies H(x,∇V̂ (x), û(x)) ≤ 0 on Ω. Let q be
positive definite. Define I ⊆ Rn as the set of states where
û(x) is strictly feasible for (6), and assume I ∩ Ω contains
a neighborhood of the origin. Then, for any c > 0 such that
S := {x | V̂ (x) ≤ c} ⊆ I ∩Ω, the set S is forward invariant
and contained in the region of attraction of the origin.

Proof: On I, Proposition 1 gives ū = û. Therefore,
˙̂
V = H(x,∇V̂, û)− q(x)− ûTRû ≤ −q(x) for x ∈ I ∩ Ω,
since H(x,∇V̂, û) ≤ 0 and R ≻ 0. Since S ⊆ I ∩ Ω is
a sublevel set of V̂ and ˙̂

V ≤ 0 throughout S, the set S
is forward invariant. Because V̂ and q are positive definite,
˙̂
V < 0 for all x ∈ S\{0}. Hence, the origin is asymptotically
stable and S is contained in its region of attraction.

IV. VALUE FUNCTION APPROXIMATION

The H-CBF-QP requires only the gradient ∇V̂ of a pre-
computed value-function approximation. The safety guaran-
tee is independent of the approximation quality. The stability
result of Theorem 2 additionally requires V̂ to be C1 and
positive definite on a compact approximation domain Ω
containing the origin, with H(x,∇V̂ (x), û(x)) ≤ 0 on Ω.

We review two popular approaches: Successive Galerkin
Approximation (SGA) [2], and sum-of-squares (SOS) [5].
Both approaches parameterize V̂ (x) =

∑
i cimi(x) using

polynomial basis functions mi and solve for the coefficients
via policy iteration: alternating between policy evaluation
and policy improvement steps. Both use the same policy

improvement step: û(k+1) = −1
2R

−1gT∇V̂ (k). For pol-
icy evaluation, both methods work with the negative pre-
Hamiltonian

L(k)(x) := −H(x,∇V̂ (k)(x), û(k)(x)),

over a compact domain Ω.

A. Successive Galerkin Approximation

SGA performs policy evaluation by seeking L(k) ≈ 0. This
is accomplished by solving a system of orthogonality equa-
tions, which are linear in the coefficients ci: ⟨L(k),mi⟩Ω = 0,
where the inner product is an integral over x ∈ Ω. SGA is
scalable to larger systems because each step only involves
linear solves and the integrals may be pre-computed for the
monomial bases. Under suitable completeness conditions,
increasing the number of basis functions yields convergence
to V ∗. For a finite basis, intermediate iterates do not come
with stability guarantees, unlike the SOS formulation below.

B. Sum-of-squares

SOS performs policy evaluation by minimizing∫
Ω
V̂ (k)(x) dx subject to L(k) ≥ 0 and V̂ (k) positive definite

on Ω. For a semialgebraic domain Ω, the regional (restricted
to Ω) inequalities are certified using SOS multipliers. These
conditions yield a semidefinite program in the coefficients
ci. Since û(k+1) minimizes the pre-Hamiltonian,

H(x,∇V̂ (k), û(k+1)) ≤ H(x,∇V̂ (k), û(k)) = −L(k)(x) ≤ 0

on Ω. Thus, each feasible iterate satisfies the regional
HJB inequality and is positive definite on Ω, providing the
Lyapunov conditions used in Theorem 2 on sublevel sets
contained in Ω and guaranteeing local stability.

V. APPLICATION EXAMPLES

We validate the H-CBF-QP on two examples: a linear
system with a known constrained-optimal benchmark (Exam-
ple 1) and a nonlinear spacecraft system with relative-degree-
one and relative-degree-two constraints (Example 2). To-
gether, they demonstrate (i) the ability to modify constraints
without recomputing the offline value function, (ii) cases in
which the H-CBF-QP closely reproduces the constrained-
optimal trajectory, and (iii) the performance gap that can
arise when the constrained optimum requires anticipation not
encoded in the unconstrained value function. In both exam-
ples, the running state cost is a positive definite quadratic,
q(ξ) := ξTQξ, where ξ denotes the state used in the
corresponding offline value-function problem.

The closed-loop simulations are implemented in Julia
on an Apple M2 Pro with 32 GB of RAM and use a
sampling rate of 10Hz. The constrained open-loop opti-
mal control problem (OCP) is solved by direct transcrip-
tion using JuMP/Ipopt, while all QP-based controllers use
JuMP/HiGHS. Constrained LQR and MPC provide addi-
tional benchmarks for Example 1. For Example 2, the
Optimal-Decay (OD) and Rapidly-Exponentially-Stabilizing
(RES) CLF-CBF-QP controllers from [10] are tuned for best
performance. All methods use the same shared model and
cost parameters.



A. Example 1 (Linear): 1D Hovercraft

As a linear benchmark, we apply the H-CBF-QP to a unit-
mass 1D hovercraft with state x = [p, v]T ∈ R2 (position
and velocity) and input u ∈ R (thrust force). The system is
a double integrator of the form (1), with

f(x) :=

[
v
0

]
, g(x) :=

[
0
1

]
.

For this example, we used SGA as a proof of concept,
but since this is a standard linear-quadratic problem, the
optimal value function may be obtained directly by solving
the appropriate algebraic Riccati equation. We used the
quadratic basis {p2, v2, pv} on Ω = [−1, 1]2 with initial
policy u0 = −p − v. Since this basis spans the exact
unconstrained LQR value function, SGA recovers V̂ = V ∗

up to numerical tolerance, and the resulting value function
satisfies the unconstrained HJB equation globally. The policy
iteration terminates after 4 iterations in approximately 0.4 s.

We used x0 = [10, 0]T, Q = I2, R = 1, α = 10, with
constraints |v| ≤ 1m s−1, and |u| ≤ 1N. Since v̇ = u, the
velocity constraints have relative degree one. Using the CBFs
B̄ = vmax−v and

¯
B = v−vmin, we obtain the input bound

−α(v − vmin) ≤ u ≤ α(vmax − v).
For comparison, the constrained LQR benchmark uses

the infinite-horizon LQR value function V∞(x) = xTP∞x
as the terminal cost of a one-step QP with ∆t = 0.1 s,
enforcing input and next-step velocity bounds. The resulting
scalar-input parametric QP is solved offline by active-set enu-
meration and KKT conditions, yielding an exact piecewise-
affine feedback law evaluated online by region lookup. The
MPC uses the same stage cost and constraints with horizon
N = 20, ∆t = 0.1 s, and terminal cost xTNP∞xN . No
terminal constraint is imposed; a condensed QP is solved
at each sample and only the first input is applied.
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Fig. 1: Position, velocity, and input trajectories for the 1D hovercraft. The
trajectories of all controllers are superimposed.

As shown in Fig. 1, the constrained LQR, MPC, open-
loop OCP, and H-CBF-QP trajectories all coincide, with costs
agreeing to within 10−3 (J ≈ 398.34). Thus, for this exam-
ple, the H-CBF-QP reproduces the numerical constrained-
optimal benchmark. The trajectory consists of an input-
saturated phase, a velocity-saturated coasting phase with
v̇ = u = 0, and a terminal unconstrained LQR phase.
The H-CBF-QP reproduces this structure through the input
bound and relative-degree-one CBF constraints, while in the
final unconstrained phase it recovers the LQR feedback by
Proposition 1.

B. Example 2 (Nonlinear): Spacecraft Attitude Control

We apply the framework to spacecraft attitude control
with reaction wheels, previously studied in [10] using CLF-
CBF-QP. The online constrained model has state x =
[σT, ωT, hTw]

T ∈ R9, where σ ∈ R3 denotes the Rodrigues
Parameters (RPs), ω ∈ R3 is the body-frame angular velocity,
and hw ∈ R3 is the reaction-wheel angular momentum. The
input u ∈ R3 is the control torque. Three identical, axially
symmetric reaction wheels are aligned with the spacecraft
body-frame axes. The dynamics take the input-affine form
(1), with [10], [16]

f(x) :=

 G(σ)ω
−J−1[ω]×(Jω + hw)

03×1

 , g(x) :=

03×3

J−1

−I3

 ,
where G(σ) = 1

2 (I3 + [σ]× + σσT), J ∈ R3×3 is the space-
craft inertia matrix, and [·]× denotes the skew-symmetric
cross-product matrix.

For this example, we used SOS policy iteration, as
described in Section IV-B. For the offline value-function
approximation, we use the reduced state ξ = [σT, ωT]T ∈ R6

and corresponding unconstrained attitude dynamics, intro-
ducing hw only in the online constrained model. The SOS
approximation uses all even-degree monomials of degree
2 and 4 (147 monomials) in ξ over Ω = [−1, 1]6, with
regional inequalities enforced via the S-procedure. Starting
from u0 = −σ − 3ω, the MOSEK-based policy iteration
terminates after 7 iterations in approximately 7.6 s.

We consider a rest-to-rest maneuver to the origin from
x0 = [σT

0 , 0
T, 0T]T, where σ0 = [0.312, −0.666, 0.606]T

corresponds to initial Euler angles1 [80◦, −30◦, 60◦]T. The
remaining parameters are Q = I6, R = I3,

J =

 1.8140 −0.1185 0.0275
−0.1185 1.7350 0.0169
0.0275 0.0169 3.4320

 kg m2,

and |ui| ≤ 0.123N m.
Case 1 (CBF): Reaction wheel momentum constraints:

The reaction-wheel momentum satisfies ḣw = −u and is
constrained by |hw,i| ≤ 0.4N m s. Each momentum con-
straint therefore has relative degree one. Although hw is
excluded from the offline SOS approximation, it is included
in the online constrained dynamics and CBF-QP. Including

1Using the ZYX extrinsic Euler angles convention.



all nine states on the SOS basis would significantly increase
the number of monomials, making the offline formulation
substantially less tractable. Defining the componentwise
CBFs B̄i = hw,max,i−hw,i and

¯
Bi = hw,i−hw,min,i yields

−α(hw,max−hw) ≤ u ≤ α(hw−hw,min) [10], with α = 10.
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Fig. 2: Representative attitude RPs, angular velocity, reaction-wheel mo-
mentum, and control torque responses for the spacecraft under momentum
constraints. Only the 3rd components of σ, ω, hw , and u are shown.

Fig. 2 and Table I show the results with active reaction-
wheel momentum constraints. The H-CBF-QP closely tracks
the open-loop OCP across the state and input trajectories,
while both CLF-CBF-QP controllers exhibit larger transients
and slower convergence. In this example, the relative-degree-
one momentum constraint reduces to an instantaneous affine
bound on u, and the H-CBF-QP closely reproduces the
constraint-active behavior of the OCP. Once the momentum
constraint is no longer active, Proposition 1 gives ū = û.
This close trajectory agreement is reflected in the near-OCP
cost reported in Table I.

Case 2 (HOCBF): Forbidden pointing constraint:
Consider an instrument with body-frame boresight direction
b ∈ R3 that must avoid a bright celestial object with inertial
direction n ∈ R3 by at least a half-cone angle θ. The
pointing constraint is B(σ) := cos θ − bTR(σ)n ≥ 0 [17],
where the rotation matrix from the inertial to body frame is
R(σ) = 1

1+σTσ

[
(1− σTσ)I3 + 2σσT − 2[σ]×

]
[16].

Since B depends only on σ and σ̇ = G(σ)ω, LgB = 0.
Moreover, LgLfB ̸= 0, so B has relative degree two. The
HOCBF construction of Definition 2 gives

ψ0 = B, ψ1 = LfB + α1B,

ψ2 = L2
fB + LgLfB u+ (α1 + α2)LfB + α1α2B,

where LfB = ∂B
∂σG(σ)ω and LgLfB = ∂B

∂σG(σ)J
−1. The

constraint ψ2 ≥ 0 is affine in u and is imposed directly
in (6). We use b = [0, 0, 1]T, n = [−0.47, −0.19, 0.86]T

(normalized), θ = 15°, and α1 = α2 = 1.
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Fig. 3: Representative attitude RPs, angular velocity, reaction-wheel mo-
mentum, and control torque responses under the pointing constraint. Only
the 2nd components of σ, ω, hw , and u are shown.

0 5 10 15 20 25 30
Time (s)

0.0

0.1

0.2

B
(σ

)

RES-CLF-CBF-QP
OD-CLF-CBF-QP
Open-Loop OCP

H-CBF-QP
B(σ) = 0
B(σ= 0)≈ 0.101

Fig. 4: Pointing-constraint function B(σ) for the constrained controllers.
All trajectories satisfy B(σ) ≥ 0.

Figs. 3 to 5 and Table I summarize the results with
the forbidden pointing constraint. The H-CBF-QP remains
qualitatively closer to the OCP trajectory than the CLF-
CBF-QP benchmarks, which exhibit larger transients; the
RES-CLF-CBF-QP also exhibits noticeable input chattering
associated with its prescribed CLF decay. Figs. 4 and 5
confirm satisfaction of the pointing constraint throughout the
maneuver.

Unlike Case 1, the constrained OCP begins deviating from
the unconstrained trajectory before the HOCBF constraint
becomes active, thereby anticipating the future exclusion-
zone encounter. The H-CBF-QP, by contrast, has a zero-
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Fig. 5: Sensor boresight trajectories on the celestial sphere. The red region
denotes the exclusion zone of half-angle θ = 15° around the bright object.
All constrained trajectories remain outside the exclusion zone.

TABLE I: Cost and computation time for the spacecraft attitude-control
problem. The reported times are the total computation times for the online
feedback controllers. Case 1: reaction-wheel momentum constraints. Case 2:
forbidden pointing constraint.

Case 1 Case 2

Control Method Cost J Time (s) Cost J Time (s)

RES-CLF-CBF-QP 3.5841 0.23 4.1937 0.23

OD-CLF-CBF-QP 3.4755 0.24 4.0626 0.24

H-CBF-QP 3.2249 0.22 3.9842 0.22

Open-Loop OCP 3.2211 – 3.3768 –

horizon online structure and uses an unconstrained value
function: it follows the unconstrained value-function policy
whenever feasible and modifies it only through the instan-
taneous HOCBF constraint. Consequently, future constraint
encounters are not explicitly anticipated, which is consistent
with the observed cost gap relative to the OCP in Table I.
The HOCBF gains were not optimized; since performance
depends on α1 and α2, further tuning may reduce this gap.

The source code reproducing all figures is available at
https://github.com/QCGroup/hcbf.

VI. CONCLUSION AND FUTURE WORK

We presented a two-stage framework for constrained feed-
back control of input-affine nonlinear systems in which an
approximate value function is computed offline via HJB-
based policy iteration and constraints are enforced online

through the H-CBF-QP. The method decouples performance
optimization from safety enforcement, allowing constraints
to be modified without recomputing the value function. Un-
der suitable conditions, we established safety, approximate
optimality, and local asymptotic stability. The examples show
near-OCP performance when the constrained-optimal tra-
jectory aligns with the unconstrained value-function policy,
while future constraint encounters can introduce a perfor-
mance gap due to the zero-horizon CBF-QP structure and
the use of the unconstrained offline value function.

Future work includes finite-horizon extensions, character-
izing when constrained-optimal behavior is recovered, and
incorporating limited lookahead to anticipate future con-
straints.
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