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Abstract—This paper considers the discrete-time, stochastic
LQR problem with p steps of disturbance preview information
where p is finite. We first derive the solution for this problem
on a finite horizon with linear, time-varying dynamics and time-
varying costs. Next, we derive the solution on the infinite horizon
with linear, time-invariant dynamics and time-invariant costs.
Our proofs rely on the well-known principle of optimality. We
provide an independent proof for the principle of optimality that
relies only on nested information structure. Finally, we show that
the finite preview controller converges to the optimal noncausal
controller as the preview horizon p tends to infinity. We also
provide a simple example to illustrate both the finite and infinite
horizon results.

Index Terms—Stochastic LQR, discrete time, disturbance pre-
view

I. INTRODUCTION

This paper considers control design for a discrete-time,
stochastic Linear Quadratic Regulator (LQR) problem with
finite preview information of the disturbance. We consider both
the finite and infinite horizon problems. Our specific formula-
tion is motivated by recent work on regret-based control [1],
[2], [3], [4], [5], [6]. These regret-based formulations often
use a controller with full knowledge of the disturbance as a
baseline for performance. The optimal controller with finite
preview, as derived in our paper, can provide an alternative
baseline for regret-based formulations.

There is a large literature on finite preview control for
stochastic LQR/LQG and its closely related Hy formulation.
These results exist in both continuous-time [7], [8], [9], [10],
[11], [12], [13], [14], [15], [16], [17] and discrete-time [18],
[19], [20], [21], [22], [23], [24], [25], [26], [27]. A common
approach in discrete-time is to construct an augmented system
with a chain of delays to store the disturbance preview infor-
mation. This technique simplifies the preview control design
as the standard LQR/LQG/H,, solutions can be applied to this
augmented model [9], [18], [19], [11], [12], [21], [22], [23],
[24], [14], [25], [15], [16], [26], [27]. The work in [13] is
an exception as it use calculus of variations to directly derive
necessary conditions for optimality.

Our paper makes the following contributions to this lit-
erature. First, we solve the stochastic LQR problems with
finite disturbance preview on both finite and infinite time
horizons (SectionsV-A and V-B). In principle, these solutions
follow from existing stochastic LQR results by using the state
augmentation procedure. However, we provide an independent
proof for the finite-horizon and infinite-horizon problems
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based on the principle of optimality. Moreover, we provide
a novel proof for the principle of optimality in this setting
(Section IV). Our proof only relies on the assumption of nested
information and may be of independent interest. Finally, we
compare the performance of the finite disturbance preview
controller against the optimal noncausal controller (Theorem
11.2.1 of [28]). The optimal noncausal controller has full
knowledge of the future disturbance. We show that the finite
preview controller converges, in a certain sense, to the optimal
noncausal controller as the preview horizon tends to infinity
(Section V-C). Finally, we illustrate the results with a simple
example (Section VI).

Two of the most related works are [13] and [23]. Calculus
of variations is used in [13] to derive a deterministic pre-
view control solution. The approach starts by deriving the
optimal non-causal controller with full knowledge of future
disturbance, similar to that given in Theorem 11.2.1 of [28].
This optimal non-causal controller is then converted to a finite-
preview controller by taking the expectation for unavailable
future (post-preview) information which is zero. In [23], an
LQG problem is solved with a cost function that includes
cross terms between the state and input. They address the
finite preview problem using an augmented state approach.
The results in both [13] and [23] are similar to those contained
in our paper. The key difference lies in the approach used
to solve the problem. Specifically, our proof directly uses a
version of the principle of optimality with nested information.
This eliminates the need for state augmentation and hence
our optimal controller is directly expressed with dynamics
of the same order of the plant (not including augmented
states). Moreover, our finite horizon derivation can directly
accomodate non-zero initial conditions.

II. NOTATION

Let R™ and R™"*™ denote the sets of real n x 1 vectors
and n X m matrices, respectively. The superscript T denote
the matrix transpose. Moreover, if M € R™*"™ then M > 0
denotes that M is a symmetric positive definite matrix. Simi-
larly, we use >, <, and =< for positive semidefinite, negative
definite, and negative semidefinite matrices, respectively. A
matrix A € R™*"™ is said to be Schur if the spectral radius
is < 1. We also introduce random variables in the problem
formulation and use E to denote the expectation. Finally, we
denote the Kronecker delta J;; where 6;; = 1 if 7 = j and
0;; = 0 otherwise.



III. PROBLEM FORMULATION

We formulate the stochastic Linear Quadratic Regulator
(LQR) problem with preview information of the disturbance.
The problem is stated on both finite and infinite horizons.

Consider the following discrete-time, linear time-varying
(LTV) plant P with the following state-space representation:

Tpp1 = Ar 2y + By gty + By wy, (1)

where z; € R"*, uy € R, and w; € R™ are the state, input,
and disturbance at time ¢, respectively. The state matrices have
compatible dimensions, e.g. A; € R™*"= and are defined
on a finite horizon ¢t = 0,1,..., T — 1 with T" < oco. We
assume the disturbance is the independent and identically
distributed (IID) noise: E[w;] = 0 and E[wlw;] = 0;; I for
1,7 €40,1,...,T —1}. We allow for the initial condition x¢
to be non-zero.

The goal is to design a controller to reject the effect of the
disturbance. We assume the controller has measurements of
the state and p steps of disturbance preview where p > 0.
Specifically, the controller has access to the following infor-
mation at time ¢:

..,’LUtJ,_p} lftST*pfl

..,wr_1} otherwise.

it =— {xo, ..

it — {.130, .

-y L, WO, - (2)
-y T, W, -
The available information depends on the amount of preview
p > 0. Also note that the information ¢; contains some
redundant information. However, it is important that this
information pattern is nested, i.e. ¢ C i3 C --- C 47_;. This
allows the controller, in general, to access past information as
time goes on. This nesting structure is also used later in our
formal proofs.

We allow for controllers that can take random actions based
on the available information. Thus the controller policy at time
t is specified by a probability density function over possible
actions given the available information:

Ky (uyg,i4) =— Prob(uy | i) 3)

This general formulation includes deterministic policies as a
special case, which corresponds to functions of the form u; =
k:(i:). We’ll denote the sequence of control policies by K :—
{Ko, ..., Kr_1}. The performance is evaluated with a linear
quadratic cost. In particular, the cost for a sequence of policies
K evaluated on a specific disturbance sequence w and initial
condition xq is defined as follows:
T—1
Jr(K,w,x0) i— x3:Qrar + Z z) Qs +ul Riug,  (4)
t=0
where Q; = Ofort=0,...,Tand R; = 0fort=0,...,T—
1. These matrices define the state and control costs.
We now state the finite-horizon (FH), stochastic LQR prob-
lem with preview information.

Problem 1 (FH Stochastic LQR With Preview). Consider
the LTV plant (1) defined on ¢ = 0,...,7 — 1 and cost
function in (4) with Q; = 0 for t = 0,...,7 and R; > 0

for t = 0,...,7 — 1. Find a sequence of policies K :—
{Ko,...,Kr_1} to solve:

Jik‘,p(io) = m&nE [JT(K7 w, .770) | ZO] . (5)

The policy K at time ¢ uses information 7; in (2) and includes
p > 0 steps of disturbance preview.

We will also consider a similar problem on an infinite
horizon. In this case, we will assume the plant P is linear,
time-invariant (LTI):

Tip1 = Az + By ug + By wy, 6)

where (A, B) are a stabilizable pair and A is nonsingular'.
We will also assume a sequence of (possibly random) control
policies K :— {Ky, Ki,...} with p steps of disturbance
preview:

© wt+p}- (7)

it — {xo, ..., T, Wo, ..

The cost function for a sequence of policies K evaluated on
a specific disturbance w and initial condition x¢ is defined as
the average per-step cost over the infinite horizon:

T—1
. 1
Joo (K, w, ) :— Thﬁnéo T Z szQ:ct + utTRut. (8
t=0

Here we assume @ = 0, R > 0, and (A, Q) is detectable. The
detectability assumption ensures that any unstable modes in
the plant will appear in the cost function. We now state the
infinite-horizon (IH), stochastic LQR problem with preview
information. We restrict to policies that are stabilizing, i.e. the
state remains uniformly bounded in both mean and second-
moment.

Problem 2 (IH Stochastic LQR With Preview). Consider the
LTI plant (6) with A nonsingular, (A, B) stabilizable and cost
function in (56) with @ > 0, R > 0 and (A, Q) detectable.
Find a sequence of policies K :— {Ky, K1 ...} to stabilize
the plant and solve:

J% plio) = min

in  E[Joo(K,w,x0)|i0]. (9
kstabilizing

The policy K at time ¢ uses information 7 in (7) and includes
p > 0 steps of disturbance preview.

The IH cost could depend on the initial information g
for some policies, e.g. a policy could lead to unbounded
trajectories and infinite cost for some initial conditions x( but
not others. However, we will show in Section V-B that the
optimal cost does not depend on the initial conditions, i.e.
Jx (ig) = J%

oo,p oo,p”

IThe solution to the infinite horizon problem (Section V-B) uses a related,
discrete-time algebraic Riccati equation (DARE). There are technical issues
in solving this DARE when A is singular. Our infinite horizon results can be
extended to the case where A is singular using generalized solutions for the
DARE. See Section 21.3 and Remaark 21.2 in [29] for details.



IV. PRINCIPLE OF OPTIMALITY

Our solutions for the FH and IH problems with preview
will rely on the principle of optimality. This is a well known
principle, e.g. see Section 2.2. of [30]. Here we will state
a specific version that can be applied to the problems with
disturbance preview. We state the principle of optimality for
a more general, finite-horizon cost function:

T-1

J(K,io) = E |gr(er) + D gi(ws,ur)
t=0

io] ; (10)

where the per-step cost functions gq,...,gr are given. In
this section we drop the subscripts in the cost function
J to simplify the notation. The FH cost in the previous
section is a special case where the go, ..., gr are quadratic
functions. Moreover, we will consider a more general infor-
mation structure for ;. Specifically, we only assume that i,
is nested, i.e. iy C ¢;4+;. The information structures in the
previous section have this nested structure. The goal is to solve
J*(’Lo) = I’Illl’lK J(K, Z())

We define the value function or optimal cost-to-go at time
t as follows:

T-1
Vi(it) == Kt,}lr.l’ill(lpl E | gr(zr) + z; 95 (x5, u5) | it
‘7:

(1)

The value function at time ¢ = 0 corresponds to the optimal
cost: Vy(ip) = J*(io). The principle of optimality states that
we can compute the value functions recursively, optimizing
over one action at a time.

Theorem 1 (Principle of Optimality). Define the value func-
tion in (11) and assume the information is nested: ig C i; C

- C 47_1. Then the value function satisfies the following
backwards recursion starting from ¢t =T

Vr(ir) = Elgr(or) [ir], (12)

Vi(ig) = muinE [9¢ (e, ut) + Vi (ieg1) | i, ue = u]  (13)
fort=0,...,7 —1.

Moreover, the optimal cost J*(ip) is achieved by a deter-

ministic policy defined by selecting u; = k:(i;) at each ¢t
to minimize the value function in (13).

Proof. Recall the value function defined in (11). Now define

a recursive version as

Wr(ir) = Elgr(zr) | ir],
Wt(it) — mJHE [gt(xhut) =+ Wt+1(it+1) |it,ut = U]

fort=0,...,7 —1.
We will show, by induction, that W; = V, for all ¢. The base

case W = Vp holds by definition. Next, make the induction
assumption that Wy 1 = V1. We will prove that W, =V,

holds as well. Consider the cost-to-go defined for any fixed
set of policies {K,..., Kr_1}:

T-1
VST ) = B | gr(er) + Y g5y, u5) |

j=t

(14)

We can re-write this using the tower rule”

VIS (i) = B [gr () |
T-1

+E |E |gr(zr) + Y g5(zj,uy) i | | e
J=t+1

5)

The tower rule applies due to the assumption of nested
information, ¢; C 4;41. The second term depends on the
policies {K¢41,...,Kr_1}. We can lower bound this term
by the value function at time ¢ 4 1. This gives:

‘/—th;Tfl (Zt) >E [gt(xta ut) + V;g+1(it+1) |lt} .

We have Wyy; = V;;; by the induction assumption. Next
note that that the information 4; is trivially a subset of the
information {i;, u;}. Hence another application of the tower
rule gives:

(16)

v )
> E |E [ge(xe, ue) + Wi (Geg1) | e, ue = u]

z’t} . an

The right side depends on the policy K;. As stated previously,
this policy is specified by a probability density function
Ki(ug,it) :— Prob(ug | i;). We can replace the outer expec-
tation in (17) by an integral over all control actions:

VST (i)

2 /]E [gt(xt; Ut) + Wt+1(it+1) | it, Uy = u] Kt(u, Zt) d’U,
(18)

Finally, the right side is lower bounded by minimizing over
the control input:

VT )
> HLiHE (9 (e, ue) + Wi (Geg1) |3, ue = u] . (19)

The right side is, by definition, W;(i;). Thus we have
shown that VtK“T’l(z't) > Wy(iy) for any set of policies
{Ky,...,Kr_1}. This implies that the value function at time
t satisfies Vi (i¢) > We(iy).

In fact, we can find a set of policies {Ky,...,Kr_1} that
make V;(i;) = Wi(i;). For Equation 16, we have equality if
we pick {K;y1,..., Kr_1} to be the optimal policies for the
value function at ¢ + 1. For Equation 19, we achieve equality
by selecting a deterministic policy u; = k¢ (i;) with

Uy = arg m&nE [gt(.lft, Ut) =+ Wt+1(it+1) | it, Uy = ’LL] .
2We have E[E[z|y]] = E[z]. More generally, whenever y C z, we have

E [E[z|z] |y] = E[z|y]. See Theorem 9.1.5 in [31]. This is also known as
the law of total expectation.



The policy that achieves J* (i) from will be deterministic if
we use this choice for t =0 to 7' — 1. O

Note that the proof only relies on the assumption of nested
information. It does not use any specific assumptions regarding
the model / dynamics relating ;41 and (z, u;) (e.g., Markov
assumption). It also does not rely on specific structure for the
per-step cost functions gy, . . . , g7. That said, we will apply this
version of the principle of optimality in the next section for the
specific case with linear dynamics, quadratic cost functions,
and nested information with disturbance preview.

V. MAIN RESULTS
A. FH Stochastic LOR with Preview

This section presents the solution to the FH stochastic LQR
problem with disturbance preview (Problem 1). We start with
a standard technical lemma regarding a backwards Riccati
iteration.

Lemma 1. Let {A;}/ ' C R {B, }/ )} € RWXm,
{Q, € R™*" and {R;}]/;} € R™*"™ be given.
Assume @; = 0 and R; > 0 for each ¢. Define the following
backwards Riccati iteration for t =0,...,T"

Pr = Qr, (20)
P = Q + A:Pt+1At - A:PtJrlBu,tH;quItPtJrlAt»

where
Hy:— Ry+ B, Py41Byy fort=0,...,T -1 (1)

Then P, = Ofort=0,...,T.and H; > 0,fort =0,...,T—
1. Hence H, is nonsingular for each ¢ and the Riccati iteration
is well defined.

Proof. The proof is by induction. The base case is Pr = 0 and
Hp_1 > 0. This follows from the assumptions Q7 > 0 and
Rp_1 > 0. Next, make the induction assumption that P, ; >
0 and H; > 0. We will show that P, > 0 and H;_; > 0. Use
the generalized matrix inversion lemma (Fact 8.4.13 of [32])
to rewrite the Riccati iteration:

_ t
P =Q:+ A:Pt+1 (Pt+1 + Pi1Bu Ry 1BJtPt+1) P11 A,

where T is the Moore-Penrose pseudo inverse. Thus P, > 0
follows from P11 = 0, Q; = 0 and R; > 0. Moreover,
P; > 0 combined with R;_1 > 0 imply H;_1 > 0. O]

The next theorem provides the solution to Problem 1. The
proof is based on the principle of optimality (Theorem 1) and
dynamic programming.

Theorem 2. Consider the FH stochastic LQR with preview
including the assumptions stated in Problem 1. Define the
following feedback gains using the solution of backwards
Riccati iteration (20):

Kopi= Hy 'By,Pra Ay, (22)
Ky = H; "B, Piy1Buy, (23)
Koy i— H "By . (24)

The sequence of policies that achieve J7. (i) are determin-
istic, and have the form:

(25)

*
Uy = —NgtTt — Kw,twt - Kv,tvt+1,

where v;41 depends on {wy41,...,wip} and is given by:

t+p

AT AT
Vg1 = E |:At+1 A } Pj 1By, jw;
j=tt1

with A; :— A; — B, i Ky .

(26)

Equation 26 uses the convention that w; = 0 when j > T

Proof. The assumptions in Problem 1 are sufficient for
Lemma 1 to hold. Hence the Riccati iteration and the feedback
gains (22)-(24) are well-defined. Moreover H; > 0 for each t.

Define the value function or optimal cost-to-go at time ¢ for
Problem 1 as follows:

T-1
. . T T T :
Vi (ie) =— min E |z7rQrar + x; Qjxy +uj; Rjug | iz .
[ ZEEES] T—1 .
Jj=t

27

The value function at time ¢ = 0 corresponds to the optimal
cost: Vo(io) = J7,(40). The value functions can be computed
recursively by the principle of optimality (Theorem 1):

Vr(ir) =Eler Qrar |ir)
Vi(ie) :muinE |:1'2—tht + U;I—Rtut + Vig1(te41)
fort=0,...,T —1.

it,ut = U]

(28)
We will show that the value functions have the form:

Vi(iy) = o] Poxy + 20 21+ q, for t =0,..., T —1, (29)

where {P; 5:0 satisfy the backwards Riccati recursion (20),
q¢ depend on {wy, ..., wiip}, and Ty is given by:

t+p
Vg -— Z |:A;r . AJT:| Pj_;,_le,jwj.

Jj=t

(30)

Equation 30 again uses the convention that w; = 0if j > 7.7
We will show that (29) holds by induction. The base case at
t = T corresponds to Pr = Qr, v = 0, and g = 0. Next
make the induction assumption that the value function at time
t + 1 has the given form:

Vig1(ie41) = 2/ Per e + 200 121 + . B

We will prove that the value function at time ¢ has the similar
form given in (29). Substitute (31) into the value function
recursion (28) and use the LTV dynamics (1) to replace x4y 1.
This yields:

3Note that ; depends on {w¢, ..., wi4p}. This means that vz41 de-
pends on {w¢41,...,Witp+1}. However, vy defined in (26) depends on
{w¢41,...,wisp}. Hence Dz41 and vg4q differ by one term.



Vi(ie) = muin IE[x;erxt + u:—Rtut (32)

+ (A¢ze + Buue + Bw,twt)TPk+1(At$t + Byttt + Buw,twe)
+ 2'DtT+1(Atmt + Bujut + Buwiwe) + qeg | ie, ue = ul.

Note that the quadratic term in this minimization is u: Hiuy
where H; > 0. Thus the minimization has a unique minima
because the objective is a strictly convex function. Take the
gradient respect to u to find the optimal input:

up = E[—Ky 12t — Ky pwy — Ky 1Opp1 | 6] - (33)

where the gains are defined in (22)-(24). Note that (z,w;)
are contained in i; so F[x;|i;] = x¢ and Elw |i] = w;.
Moreover, the induction assumption gives:

t+p+1
Vi1 = Z [At-l-l } Pj11Buy,jw;. (34)

Jj=t+1
Thus E[v411|iy] = wvi41 and the optimal input in (33)

simplifies to the expression in (25).

Next, substitute u; back in to the cost-to-go function (32).
After some simplification, the value function at time ¢ has the
form given in (29) with P, given by the backwards Riccati
recursion (20) and v, given by (30). Moreover, ¢; depends on

{wi, ..., wiyp,} and can be simplified to:
g = — (Kyw + Kv,tvt+1)THt(Kw,twt + Ky 10i41)
+w/ By (Piy1Bugwr + 2vi41) + Elgigr | 44
Hence the proof is complete by induction. O

The optimal cost, based on the proof, is

Jr}kﬂ’p(io) = JTS—P()QTO + 2173—3?0 + qo- 35

The first term depends only on the state initial condition xg.
The second term depends on both the xy and the initial distur-
bance information {wy, ..., wp}. The third term also depends
on the initial disturbance information but also includes the
expected cost of the disturbances {wpt1, ..., wr_1}.

B. IH Stochastic LOR with Preview

This section presents the solution to the IH stochastic LQR
problem with disturbance preview (Problem 2). We start with
a standard technical lemma regarding a discrete time algebraic
Riccati equation (DARE).

Lemma 2. Let A € R"%*" B, € R"%*" () ¢ R*=X"=,
and R € R™*™ be given. Assume: (i) @ = 0 and R > 0,
(ii) (A, B,) stabilizable, (iii) A is nonsingular, and (iv) (A4, Q)
has no unobservable modes on the unit circle. Then there is a
unique stabilizing solution P > 0 such that:

1) P satisfies the following DARE:
0=P-A"PA-Q+A"PB,H 'B/PA, (36)

where H :— R+ B, PB,, = 0.
2) The gain K, :— H 'B]PA is stabilizing, ie. A —
B, K, is a Schur matrix.

Proof. Statements 1) and 2) follow from Corollary 21.13 and
Theorem 21.7 of [29] (after aligning the notation).
O

The next theorem constructs the IH stochastic LQR with
preview controller using the stabilizing solution of the DARE.

Theorem 3. Consider the TH stochastic LQR with preview
including the assumptions stated in Problem 2. Define the
following feedback gains using the solution of DARE (36):

K,:— H'B] PA, (37
K, :— H'B]PB,, (38)
K, — H'B]. (39)

The sequence of policies that achieve JZ,
istic, and have the form:

plio) are determin-

u: = —le‘t — wat — Kv’l)t+17 (40)

where v;41 depends on {wyt1,..., w4, and is given by:

t+p

3 [AT] PB,u;

j=t+1
with A :— A — B, K,.

v
t+1 = (41)

Equation 41 uses the convention that w; = 0 when j > T
Proof. Recall that the infinite horizon cost for any sequence
of policies K :— {Ky, K1,...} is given by

T-1
1
Joo (K, w, z0) =— hm ng(xt’ut)’

—00
t=0

(42)

where g(z¢,ut) \— T Qxy + Uy T Ruy is the per-step cost. The
main part of the proof is to re-arrange the per-step cost into
a form that involves u; — uf. This will be used to show that
u; = uy is the optimal input.

First, substitute for ) using the DARE (36) and re-arrange
to express the per-step cost as follows:

=(uy + Kpxy) " H(us + Kpat) + x) Py
— (Al’t -+ Buut)TP(Axt + Bu’ll,t)

g(xe, up)

Use the LTI dynamics (6) to replace Az, + Byuy by x441 —
B, wy. This yields

g(we,up) =
+ (z] Pz,

(Ut + szt)TH(Ut + Km.%t)

— a1 Pxi1) — wy By, PByw; + 2v/, | PByw.

Next, use the definition of u; in (40) to replace K,z; with
—uy — Kywe — Kyvi41. The per-step cost is thus given by

Tl Proga) + 1o

(wat + K1;Ut+1)TH(K1u7-Ut + KvUt+1)7
(43)

g(we,ue) = (ue —uf) " H(ue — up) + (2 Py —
- lUtTB;EPwat -

where

lt — —2(wat + vat+1)TH(Ut + szt) + 2$;+1PBw’LUt.



We now focus on simplifying the term [,. We have, from
(38) and (39), that HK,, = BJPBw and HK, = BJ. Hence
l; simplifies to:

lt — —2(Pwat + ’Ut+1)TBu(Ut + Kwa:t) + 2x2—+1Pwat.

We can replace By (u; + Kyxy) with x4 — Az, — Byw,.
Combining terms yields:

lt — 2(Pwat + ’Ut+1)T(A$t + wat) — 2]};:_1’Ut+1.

Note that the preview term v, defined in (41) satisfies the
following relation:

i T ~p1Ptl
AT (PBuywy + ves1) = v, + [A } PBywi,,. —(44)
We can use this to finally simplify /; to:
1P+l
I, = thTvt + Qx;r {AT] PB,wiip
+ Qw;rBJPwat + 2v;_13wwt — 2x:+1vt+1.

Substitute this expression for [; back into the per-step cost
(43). Re-organizing terms gives:

g(@e,ue) = (ue —uf) " H(uy — uf) (45a)

— (Kpwy + Kyvip1) " H(Kpwy + Kyv41) (45b)

+ (:z:;ert - 117;:_1Pl’t+1) + Q(zz—vt - xLlfutH) (45¢)
Ta71PHt

+ 2, [A } PBywisn (45d)

+ 20, By, (45¢)

The terms (45c) form telescoping sums when inserted into
the cost Joo (K, w, xg). The telescoping sums contribute zero
to the cost as T — oo since the policy is assumed to be
stabilizing. The expectation of term (45e) is zero as vyy;
depends on {w¢y1,...,wiyp} and is independent of w;. The
expectation of term (45d) is also zero as z; depends on
information ¢,_1 = {xo, ..., %4—1,Wo, ..., W+p—1}, Which is
independent of w;,,. Thus the cost for any stabilizing policy
simplifies to:

T—-1
* . . . 1 *\ T *
Joo »(t0) = min E| lim — ur —ug) H(ur —u
A= i [ 7 > (o) B )
— (Kpw; + Kyvip1) | H(Kpw; + Kyvi1) + w! By, PByw;
(46)

Only the first term depends on the plant input and H > 0.
Thus J7, (7o) is achieved by u; = uj. O

The optimal IH cost is obtained by substituting u; = wu}

into (46). This yields:

T—1
. TRT
= lim_ TIELZ; w] B PB,w,

— (wat + KU’Ut+1)TH(wat + vat+1) ‘ ZO:| .

J% pio)

10|

This can be simplified further using the definition of vy in
(41) combined with E[w;w, ] = d;; I. This gives:

* T
J3, , =trace [PBy B, |
P o @D
—trace | Y HK,(A")/PB,B, PAK,
j=0

Here we have used K, = K, PB,, to simplify the expression
further. Note that the optimal IH cost does not depend on
the initial condition, i.e. J%, (i) = J3, . The first term in
the optimal cost, trace[PB,, B, ], is the cost that would be
achieved using only state feedback. The second term gives
the cost reduction obtained by using the current disturbance

measurement and p steps of preview.

C. Relation to Optimal Noncausal Controller

This section discusses the optimal noncausal controller with
full knowledge of the (past, current and future) values of the
disturbance. We focus on the IH case where the controller has
access to the following information at time ¢:

it =— {xo,..., @, wo, w1, ...} (48)

The disturbance is fully known so we consider deterministic
policies K :— {ko, k1,...} where u; = k¢(i;). Moreover, we
assume w € ¢9 and the (deterministic) cost is:

Z xtTth + utTRut. (49)

t=0

Here the cost is deterministic (in constrast to the expected costs
defined previously). The next problem states the IH design
with full preview.

Problem 3 (IH LQR With Full Preview). Consider the LTI
plant (6) with A nonsingular, (A, B) stabilizable and cost
function in (49) with @ > 0, R > 0 and (A, Q) detectable.
Also assume w € 5. Find a sequence of deterministic policies
K :— {ko, k1 ...} to stabilize the plant and solve:

o0

x) Q4 ul Ruy. (50)

min
Kstabilizing =]

The policy k; at time ¢ uses information ¢; in (48) and includes
full preview of the disturbance.

A solution for the optimal noncausal controller is given in
Theorem 11.2.1 of [28]. Related noncausal results (both FH
and IH) are given in [1], [2], [3], [4], [5] where the non-
causal controller is used as a baseline for regret-based control
design. The next result gives the IH noncausal controller in
a form/notation that closely aligns with the finite preview
controller in Theorem 3.

Theorem 4. Consider IH LQR with full preview including
the assumptions stated in Problem 3. Define the feedback
gains (K, Ky, K,) in (37)-(39) using the solution of DARE



(36). The sequence of policies that achieve the minimum are
deterministic and have the form:

uy® = —Kpxy — Kywy — Kyviy, (51)

where v}, depends on {w; {1, w;42,...} and is given by the

following anticausal dynamics:
= AT (0P, + PBywy), v =0
( t+1 t) 0o (52)
W1th A:— A— B,K,.

This result, as stated, is a special case of Theorem 1 in [33].
It was stated in [33] for a more general LQR cost including
a cross term 2z, Sw;.* Note that the full preview design
(Problem 3) was stated with a deterministic formulation while
finite preview design (Problem 2) was derived with stochastic
formulation. However, we show next that the controller with
finite preview p < oo converges, in the limit as p — oo, to the
optimal noncausal controller for any fixed disturbance w € /.

Theorem 5. Let w € /5 be any given (deterministic) dis-
turbance sequence. Then the optimal noncausal controller is
given by uy'® in (51) where v’y can be expressed as:

oo . ]—t
e = 3 {AT} PB,w,
j=t+1

(53)

Moreover, let ul denote the optimal finite preview controller
given in (40) with p < oo steps of preview. Then |luj® —
u?|l2 — 0 uniformly in ¢ as p — oc.

Proof. We will first verify that (53) holds. Specifically, we
will show that v;'f; defined by (52) is equal to the following
signal:

~1d—t
yr= > [AT} PB,w;

j=t+1

(54)

It can be verified, by direct substitution, that y,; satisfies
the state-space recursion in (52). Moreover, y;+1 satisfies the
boundary condition y,, = 0 because w € /5 and A is a Schur
matrix.” Thus Yi+1 1s the unique solution to the noncausal
dynamics in (52) and hence (53) holds.

Next, we show that ||ul® — u?||3 — O uniformly in ¢ as
p — oo. The difference between the two commands is:
oo
>

j=t+p+1

ATt
Wl = K, - (AT PBuw;  (59)

We can bound this difference as |[u}® — u}||2 < a, - b where

oo

ap:=|| Y [AT]'PB,

and b := max ||wj||2
l=p+1 J

2—2

“The proof given in [33] was for signals defined for ¢ from —oo to +oo.
However, the optimal noncausal controller is the same for signals defined
from ¢t = 0 to oco.

SWe can bound w11 by |lyitille £ a - bt
e N

because A is a Schur matrix. Moreover, by — 0 as t — oo because w € ¥o.
Hence y¢4+1 — 0 as t — oo.

where a =
and bt := max;>;11 ||w;ll2. We have a < oo
o >

The assumption w € ¢ implies that b is finite. Moreover, A
is a Schur matrix and hence a, — 0 as p — oo. This implies
that ||uf® — u!||2 — 0 uniformly in ¢ as p — oo.

O

Finally, we can derive a related convergence result for the
costs achieved with finite preview and full, noncausal preview.
The optimal noncausal controller depends on the specific
(deterministic) disturbance sequence and assumes w € {5
to ensure the cost (49) is bounded. However, we can apply
the noncausal controller to stochastic disturbances w that
are drawn from the distribution of IID, zero mean, unit
variance sequences. The expected per-step cost for the optimal
noncausal controller is:

J:o,nc(

20) i— E [Joo (Kpe, w, o) | zo] , (56)

where K, is the optimal noncasual controller (51) for a
specific sequence w. The expected per-step cost for the non-
causal controller is averaged over stochastic signals w. We
show below that it does not depend on the initial state, i.e.
J% ne(x0) = J%, 0- The next result is that the expected per-
step cost with the optimal finite preview controller converges
to the cost achieved by the optimal noncausal controller. We
also give a simple expression to compute the optimal cost
achieved by the noncausal controller.

Theorem 6. Let w be an IID sequence with E[w;] = 0 and
Elwjw, ] = 645 I for i,j € {0,1,...}. The expected per-step
cost for the optimal noncausal controller is:

g%

oo,nce

=trace [PB,,B,,| — trace [HK, XK, |. (57

where X is the solution to the following discrete-time Lya-
punov equation:

ATXA-X+PB,B.P=0 (58)

Moreover, let JZ, ,, denote the optimal expected per-step cost
in (47) achieved by the optimal IH controller with p < oo
steps of preview. Then J5, , — J3 as p — o0.

oo,ne

Proof. The steps in the proof of Theorem 3 can be used to
show that the noncausal cost is given by:

J% ne =trace [PB,,B,, |

oo,ne

> A 59
—trace | » HK,(A")/PB,B, PAK, )

Jj=0

The infinite sum converges because A is a Schur matrix by
Lemma 2. Moreover, the difference between the optimal finite
preview and noncausal costs is:

=trace | Y  HK,(A")PB,BPAK]

Joow ~ Joome
Jj=p+1
(60)
The convergence J5, , — J5 . follows because A is a Schur

matrix. Finally, define X :— S 2 o(ATY PB, B, PA. X is



the solution of the discrete-time Lyapunov equation (58) (See
Section 21.1 in [29]). This yields the expression for the optimal
cost in (57). ]

A consequence of the previous results is that the optimal
finite preview cost converges geometrically to the optimal
noncausal cost as p — oco. This is formally stated next.

Corollary 1. Let w be an IID sequence with E[w;] = 0 and
Elwjw] ] = 6;; I fori,j € {0,1,...}. The difference between
the optimal finite preview and noncausal costs is:

J;o,p - J:o,nc

= trace Y(/IT)”“X(A)PH} : 61)

where YV :— KUT HK, > 0. This difference is bounded by:

Anin (X ) Ain (Y )2 APHY 2 < g2 — T (62)

1 1 ~
< X2 NEIY = 7 AP

Proof. The difference between the optimal finite preview and
noncausal costs is given in Equation 60. This expression can
be rewritten as follows:
J:o,p - J:o,nc =
oo

trace | Y/(AT)P* (Y "(AT)/PB, B, PAT | APt

j=0
The summation in parentheses is, by definition, equal to X
and this yields Equation 61. Next, rewrite this expression in
terms of the Frobenius norm: (61):
J:o,p _ J;o,nc _ ||X1/2Ap+1y1/2“§?_

We obtain the upper bound in (62) using the submultiplicative
property of the Frobenius norm: ||PQ||r < | P||F || PQ| F for
any two matrices P and ) of appropriate dimensions. We
obtain the lower bound in (62) using the following property:
I1PQ|lF > Amin(P)||Q|lF where P = 0 and @ is any matrix
of appropriate dimension. O

The spectral radius formula gives the asymptotic approxi-
mation limy_, . || A¥||* = p(A). Thus the asymptotic bounds
in (62) as p — oo are approximated by:

-\ 2(p+1) ~\ 2(p+1)
c1p (A) 5 J:o,p - J:o,nc S.z C2 p (A)

where ¢1 := Apin (X ) Amin(Y) and ¢y := trace(X )trace(Y") are
constants independent of p. This implies that the finite preview
cost converges to the noncausal cost geometrically with p.

(63)

VI. EXAMPLE

This section presents a simple example to illustrate the
solutions to the FH and IH stochastic LQR problems. Consider
a simplified LTI model for the longitudinal dynamics of a
Boeing 747 linearized at one steady, level flight condition
(Problem 17.6 in [34]):

iy = Az + Byuy +wy (64)

where the state matrices are:

0.99 0.03 —0.02 —0.32 0,01 9.99
_|oo1 047 47 0 _ | —8aa 1.
A= 002606 04 0 } and B, = [0‘83 0‘44} .
0.01 —0.04 0.72 0.99 —0.47 0.25

We consider the IH and FH stochastic LQR problems with
constant cost matrices ) = I and R = I at each step. This
example was used in prior work on competitive ratio [6] and
additive regret [1], [2].

Figure 1 shows the performance achieved by the optimal FH
controller on the horizon 7" = 100 for previews p = 5 and 20
(solid lines). A closed-loop simulation was performed with a
random disturbance. The plot shows the per-step cost averaged
from time O to time ¢ versus the time ¢. This is compared
against the performance of the optimal H» controller computed
on the IH (dashed lines). This Hy controller is computed
using a system augmented with delays to account for the
disturbance preview as in [19], [7], [25], [23], [24], [21]. This
full information Hy controller is computed using h2syn in
Matlab. The optimal FH controller and IH Hs controller have
similar performance for ¢ < 60. In fact, the FH and IH gains
are similar at the beginning of the simulation. However, the
FH gains deviate significantly from the IH gains near the end
of the horizon. The FH gains are optimal for the horizon and
hence the FH controller yields improved performance (lower
average cost) by the end of the horizon.

15
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Figure 1. Comparison of average cost obtained by optimal FH controller and
optimal H2 controller computed via an augmented system.

Figure 2 shows the optimal IH cost versus the preview
horizon p (blue solid). The cost achieved by the finite preview
controller is computed using the expression in Equation 47.
The plot also shows the cost achieved by the Linear Quadratic
Regulator (LQR) state feedback: u; = —K,x; where K, =
H-'B!PA is the same gain as used in the finite preview
controller. The LQR state feedback achieves a cost equal
to trace[PB,, B, ] ~ 33.2 (red circle). The full information
controller vy = —K,x; — Kw, corresponds to the case of
p = 0. This improves on the LQR performance and reduces the
cost to ~ 29.4. Adding disturbance preview (p > 1) further
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Figure 2. Comparison of IH cost versus preview horizon p.

decreases the cost. In fact, the cost monotonically decreases
with increasing preview.

Figure 2 also shows the performance of the optimal non-
causal controller (Theorem 4) for comparison. The cost for the
optimal non-causal controller depends on the specific distur-
bance input. The yellow dashed line in Figure 2 corresponds
to the expected (average) cost of the non-causal controller
assuming white noise disturbances. This was computed using
the expression given in Theorem 6. The noncausal controller
has full knowledge of the disturbance and yields the lowest
possible cost of ~ 17.8. The performance of the finite preview
controller converges, as p — oo, to the performance of the
optimal non-causal controller. This is expected based on the
discussion in Section V-C.

Finally, Figure 3 shows the optimal IH relative error of
the cost for the finite preview controller compared to the
cost for the optimal noncausal controller. This is normalized
by the noncausal cost and plotted on a logarithmic scale
against the preview horizon p (blue solid). The plot uses
the same cost results as in Figure 2. The plot is linear on
a log scale in agreement with the geometric convergence
given in Corollary 1. The slope on the log scale should be
approximately 2log p(A) as p — oc.

VII. CONCLUSION

This paper presented solutions to the discrete-time, stochas-
tic LQR problem with p steps of disturbance preview infor-
mation where p is finite. Solutions were presented for both
the finite horizon and infinite horizon problems. Moreover,
we provided a proof for the principle of optimality that relies
only on the assumption of nested information structure. This
is of independent interest. Finally, we compared our solutions
to several existing results for optimal control with preview
information. Future work will explore using our finite-preview
controller as a baseline for regret-based design.
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Figure 3. Comparison of IH relative error on a log scale versus preview
horizon p.
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