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Abstract

When are two algorithms the same? How can we be sure a recently proposed
algorithm is novel, and not a minor twist on an existing method? In this paper,
we present a framework for reasoning about equivalence between a broad class of
iterative algorithms, with a focus on algorithms designed for convex optimization.
We propose several notions of what it means for two algorithms to be equivalent,
and provide computationally tractable means to detect equivalence. Our main
definition, oracle equivalence, states that two algorithms are equivalent if they
result in the same sequence of calls to the function oracles (for suitable initializa-
tion). Borrowing from control theory, we use state-space realizations to represent
algorithms and characterize algorithm equivalence via transfer functions. Our
framework can also identify and characterize equivalence between algorithms
that use different oracles that are related via a linear fractional transformation.
Prominent examples include linear transformations and function conjugation.
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1 Introduction

Large-scale optimization problems in machine learning, signal processing, and imaging
have fueled ongoing interest in iterative optimization algorithms. New optimiza-
tion algorithms are regularly proposed to capture more complicated models, reduce
computational burdens, or obtain stronger performance and convergence guarantees.



However, the novelty of an algorithm can be difficult to establish because algo-
rithms can be written in different equivalent forms. For example, Algorithm 1.1 was
originally proposed by Popov [1] in the context of solving saddle point problems.
This method was later generalized by Chiang et al. [2, §4.1] in the context of online
optimization. Algorithm 1.2 is a reformulation of Algorithm 1.1 adapted for use in
generative adversarial networks (GANs) [3]. Algorithm 1.3 is an adaptation of Opti-
mistic Mirror Descent [4] used by Daskalakis et al. [5] and also used to train GANs.
Finally, Algorithm 1.4 was proposed by Malitsky [6] for solving monotone variational
inequality problems. In all four algorithms, the vectors z¥ and z¥ are algorithm states,
7 is a tunable parameter, and F' is the gradient of the loss function.

Algo. 1.1 (Modified Arrow—Hurwicz) Algo. 1.2 (Extrapolation from the past)
for k=0,1,2,... do for k=0,1,2,... do
2T = oy —nF () ah = af —nF(x37")
1 = (el s =5 - (e
end for end for
Algo. 1.3 (Optimistic Mirror Descent) Algo. 1.4 (Reflected Gradient Method)
for k=0,1,2,... do for k=0,1,2,... do
ay ™ = af — 2 F (25) + nF(ay ) of = af —nFQaf — 2yt
end for end for

Algorithms 1.1-1.4 are equivalent in the sense that when suitably initialized,
the sequences (2%)i>0 and (25);>0 are identical for all four algorithms.! Although
these particular equivalences are not difficult to verify and many have been explicitly
pointed out in the literature, for example in [3], algorithm equivalence is not always
immediately apparent.

In this paper, we present a framework for reasoning about algorithm equivalence,
with the ultimate goal of making the analysis and design of algorithms more principled
and streamlined. This includes:

® A universal way of representing algorithms, inspired by methods from control theory.
® Sensible definitions of what it means for algorithms to be equivalent.
® A computationally efficient way to verify whether two algorithms are equivalent.

Briefly, our method is to parse each algorithm to a standard form as a linear system in
feedback with a nonlinearity; to compute the transfer function of each linear system:;
and to check whether certain key relationships hold between the transfer functions of
the algorithms in question.

This paper is organized as follows. In Section 2, we briefly summarize existing lit-
erature related to our work. In Section 3, we introduce four examples of equivalent
algorithms that motivate our framework. In Section 4, we briefly review important
background on linear systems and optimization used throughout the paper and in

n their original formulations, Algorithms 1.1, 1.2 and 1.4 included projections onto convex constraint
sets. We assume an unconstrained setting here for illustrative purposes. Some of the equivalences no longer
hold in the constrained case.



Section 5, we present our control-inspired mathematical framework for algorithm
representation. We formally define three notions of algorithm equivalence: oracle equiv-
alence (Section 6), shift equivalence (Section 7), and LFT equivalence (Section 8) to
handle cases with: one oracle, multiple oracles, and different but related oracles, respec-
tively. We discuss further generalizations and applications in Section 9 and conclude
in Section 10.

2 Related work

Within the optimization literature, several standard forms have been proposed to
represent problems and algorithms. For example, the CVX* modeling languages rep-
resent (disciplined) convex optimization problems in a standard conic form, building
up the representations of complex problems from a few basic functions and a small set
of composition rules [7-11]. This paper builds on a foundation developed by Lessard
et al. [12] that represents first-order algorithms as linear systems in feedback with
a nonlinearity. Lessard et al. use this representation to analyze convergence proper-
ties of an algorithm with integral quadratic constraints. Our work generalizes their
representation to algorithms that use multiple related oracles.

There are rich connections between many first-order methods for convex optimiza-
tion. These algorithms are surveyed in a recent textbook by Ryu and Yin, which
summarizes and unifies several operator splitting methods for convex optimization
[13]. Many of these connections are well known to experts, but the connections have
traditionally been complex to explain, communicate, or even remember. For example,
Boyd et al. [14] write, “There are also a number of other algorithms distinct from but
inspired by ADMM. For instance, Fukushima [15] applies ADMM to a dual problem
formulation, yielding a ‘dual ADMM’ algorithm, which is shown in [16] to be equiv-
alent to the ‘primal Douglas—Rachford’ method discussed in [17, §3.5.6].” As another
example, Chambolle and Pock in [18] proposed a new primal-dual splitting algorithm
and demonstrated that transformations of their algorithm can yield Douglas-Rachford
splitting and ADMM, using a full page of mathematics to sketch the connection. Using
our framework, the relations between the Chambolle-Pock method, Douglas—Rachford
splitting, and ADMM can be established precisely and automatically.

3 Motivating examples

Algorithms 1.1-1.4 discussed in Section 1 were equivalent in a strong sense; the iterates
were in exact correspondence. In this paper, we adopt a broader view of equivalence,
which we now illustrate with four motivating examples. Each example provides a
different way that we consider two algorithms to be equivalent.

Algo. 3.1 Algo. 3.2
for k=0,1,2,... do for k=0,1,2,... do
oyt = 22f —af — V(20 - of) it =ef —&§ - TV
ay ™ = af G =&+ VIED
end for end for




First consider Algorithms 3.1 and 3.2. We may transform the iterates of Algo-
rithm 3.1 by the invertible linear map &¥ = 228 — 2k ¢& = —aF + 2% to yield the
iterates of Algorithm 3.2. Although the iterates are not in exact correspondence as in
Algorithms 1.1-1.4, the sequences (z¥)x>0 and (z5)>0 are equivalent to the sequences
(€8>0 and (€5)>0 up to an invertible linear transformation.

Algo. 3.3 Algo. 3.4
for k=0,1,2,... do for £k =0,1,2,... do
oy = 3a — 205 + SV (—al + 245) gt =g - Lvi(eh)
1‘§+1 _ Wlf end for
end for

The second example consists of Algorithms 3.3 and 3.4. Algorithm 3.4 is ordinary
gradient descent. These algorithms do not even have the same number of state vari-
ables, so these algorithms are not equivalent up to an invertible linear transformation.
But when suitably initialized, we may transform the iterates of Algorithm 3.3 by the
linear map &¥ = —% + 225 to yield the iterates of Algorithm 3.4. This transformation
is linear but not invertible. Instead, notice that the sequence of calls to the gradi-
ent oracle are identical: the algorithms satisfy oracle equivalence, a notion we will
define formally later in this paper. Note that Algorithms 3.1 and 3.3 look similar, yet
Algorithm 3.1 is not equivalent to gradient descent.

Algo. 3.5 (Douglas—Rachford) Algo. 3.6 (Simplified ADMM)
for k=0,1,2,... do for k=0,1,2,... do
2yt = prox(a4) &7 = prox, (€5 — €5)
x§+1 = proxg(ZmIf"'1 —zk) §§+1 = proxf(ff"'_l + &5
x§+1 _ xlg + $§+1 _ xllc-i-l £§+1 _ é-:l))c + gf-‘rl _ 55-&-1
end for end for

The third example consists of Algorithms 3.5 and 3.6. These algorithms are known
as Douglas—Rachford splitting [19, 20] and a special case of the alternating direction
method of multipliers (ADMM) [13, §8][14], respectively. With suitable initialization,
they will generate the same sequence of calls to the proximal operators, ignoring the
very first call to one of the oracles. Specifically, Algorithm 3.6 is initialized as £J = z1,
€9 = 29 — «} and the first call to prox; in Algorithm 3.5 is ignored. We will say they
are equivalent up to a prefix or shift: they satisfy shift equivalence. We will revisit
these algorithms in Section 7.

Algo. 3.7 (Proximal gradient) Algo. 3.8 (Conjugate proximal gradient)
for k=0,1,2,... do for k=0,1,2,... do
y ::L’k—tVf(a:k) yF = 2P —tVf(xk)
2Pt = proxtg(yk) Rt = oF — tprox ;. (+y")
end for end for




Finally, consider Algorithms 3.7 and 3.8. These algorithms do not even call the
same oracles; the first algorithm calls Vf and prox,, while the other calls Vf and
Proxi . (the proximal operator of the Fenchel conjugate of g). Nevertheless, these two
oracles are related via Moreau’s identity: z = prox,,(z) + tprox . (1) and applying
this identity immediately relates Algorithms 3.7 and 3.8. These algorithms satisfy LET
equivalence and we will revisit them in Section 8.1.

In Sections 6-8, we will develop increasingly general notions of equivalence that
cover all the motivating examples above and more. Before we can formally define algo-
rithm equivalence, we begin by introducing the mathematical representation, borrowed
from control theory, that we use to describe iterative algorithms.

4 Preliminaries

We let V denote a generic real vector space and V" := V x -+ x V (n times). We

represent x € V™ as a column vector with subvectors indexed using subscripts. In other
T

words, x = [ : ] where z1,...,x, € V. Superscripts are used to index sequences of
Tn

vectors. For example, we may write (2°,2!,...) to denote a semi-infinite sequence of
vectors with =¥ € V" for each k > 0. If A € R™*™ and = € V", we overload matrix
multiplication by writing y = Ax € V™ to mean: y; = Z?:l Ajjz; for i =1,...,m.
In this case, we say that y is a linear function of x.

An oracle is a function ¢ : V — V. We denote the diagonal concatenation of many
oracles (¢1,...,¢,) using an upper-case letter: ® : VP — VP, where u = ®(y) means

that u; = ¢;(y;) fori=1,...,p.

Oracle-based iterative algorithms

We assume an oracle-based model for our iterative algorithms. The algorithm can
query a set of oracles at discrete query points [21, §4][22, §1][23, §1]. For algorithms that
solve optimization problems, oracles might include the gradient or proximal operator
of a function, or projection onto a constraint set [24, §6][25, §2][26, §1]. We assume that
the oracle outputs are unique and deterministic, possibly given some internal state
such as the seed of a pseudorandom number generator. For example, a subgradient
oracle might return the subgradient of minimum norm, and a stochastic gradient oracle
might return the gradient corresponding to a given random seed.

For an iterative algorithm that uses oracles (¢1, ..., ¢,), we assume the following.

1. The algorithm maintains an internal state z* € V" that is initialized to some 2°

before the algorithm begins.
2. During iteration k, each oracle ¢; is queried exactly once. We call the associated
query point y¥ € V and the query result u¥ € V. In other words, u¥ = ¢;(y¥).

3. During iteration k, the oracles are queried in a prescribed order ¢;,, ..., ;. Each
query point yfj is a linear function of the state z* and possibly of the query results
ufl, e 7“2,1 obtained thus far.

4. Once all oracles have been queried, the internal state z* is updated to 2**! using
a linear function of ¥ € V™ and of u* € V».



5. All aforementioned linear functions are the same at every iteration (independent of
k). In other words, the algorithm is time-invariant.

We will see that this class of algorithms includes commonly used algorithms, such as
accelerated methods, proximal methods, operator splitting methods, and more [12, 27].

Our framework excludes algorithms whose parameters explicitly depend on the
iterate index k, such as gradient-based methods with diminishing stepsizes. We view
time-varying algorithms as schemes for switching between different time-invariant
algorithms. Since our aim is to reason about algorithm equivalence, we restrict our
attention to time-invariant algorithms.

Here is a pseudo-code implementation of a generic iterative algorithm that satisfies
the assumptions above.

Algo. 4.1 Implementation of a generic iterative algorithm

Initialize:
2 eyn
for k=0,1,2,... do
fori=1,...,pdo ]
yZ’F =>", C’ijx’? + 23;11 Diju;? > Evaluate query point for it oracle.

uf = ¢; (yf) > Query i*? oracle.
end for
P = A2k 4+ BuF > Update internal state.

end for

Remark 1. In Algorithm 4.1, we assumed the oracles were queried in the order
®1,...,¢Pp, so the D matrix is strictly lower triangular. If the oracles were queried in
a different order, the rows and columns of D would be permuted accordingly.

State-space form

We can write the updates in Algorithm 4.1 in the more compact form

2P = Az® + BuF, (1a)
y* = Caz* + DuF, (1b)
uf = o (yh), (1c)

where A € R"*" B € R"*P C € RP*™ and D € RP*P. The equations (1) can also
be represented visually using a block diagram, as in Fig. 1.

The representation of Fig. 1 separates the oracles, which map y* +— u”, from
the algorithm, which maps (2°,u° u',...,u*) + y*. This decomposition was first
developed in [12]. The algorithm is characterized by the matrices (A, B, C, D), which
are called a state-space realization, and are a widely used representation for linear

time-invariant dynamical systems [28].



o 5
T 2" = AzF + Bu*

y/l€ = Cz" + D"

u* = d(yF)

Fig. 1: Block diagram representation of a generic iterative algorithm.

Oracle normalization

We will assume without loss of generality that the oracle satisfies ®(0) = 0. This is
possible because the dynamics of Eq. (1) will generally have a fixed point. That is,
there exists (*,u*, y*) satisfying

x* = Az* + Bu*, (2a)
y* = Ca™ + Du”, (2b)
ut = ®(y"). (2¢)

For gradient-based algorithms for smooth unconstrained optimization, ®(y) = V f(y),
where f is the objective function, so we typically have y* € argmin, f (y) and the fixed
point is u* = Vf(y*) = 0. However, this need not always be the case. For example,
in distributed optimization (see Section 6.1) the gradient is not zero at optimality so
u* # 0. If we define new coordinates measured in relation to a fixed point, namely:

(fk = (Ek o .’E*, ,&k = uk o u*’ gk = yk o y*’ (i)(y) = <I>(y + y*) o U*,

then combining Eqgs. (1) and (2) yields the transformed dynamics

= Az* + Bab, (3a)
7* = cz* + Dit, (3b)
a* = o(j"). (3c)

Comparing Egs. (1) and (3), we see that the state-space matrices (4, B,C, D) are

unchanged, but the transformed oracle now satisfies ®(0) = 0.
We now present a few examples that illustrate how to find a state-space realization.

Exzample: Reflected Gradient Method

Consider Algorithm 1.4, which uses oracle F' and has update equation
2 = ok —pP(2ak — ok ), (4)

Since the update for x’f“ depends on both 2} and x]f_l, we augment the internal state

to include this past iterate. To this effect, we define x5 := x’f‘l and obtain update



equations with state (z¥,2%) that only depend on the previous timestep:

k+1 _ _k k k
vy =xy —nF (227 — x3)
k+1 _ _k
Lo =27

Define the oracle query point 3* and query result u*. We can now express Eq. (4) in
the form of Algorithm 4.1 and Eq. (1):

k k k
y" = 2ay — a5 k |:1‘k:|

=[2 1] |7L] + [0] w*
eyt =2} —nF (227 — 25) = 2} —nu A 0] [+, [
ohtl = b A T (1 0] |ab 0

Therefore, a state-space realization for Algorithm 1.4 is given by

(A,B,C, D) = (E 8] , {0”] 2 1], [0]) : (5)

Exzample: simplified ADMM

Consider Algorithm 3.6 (simplified ADMM), which uses state variables (&F, ¢k, €5),
oracles (proxf, proxg), and update equations

G =prox, (€& - &), &7 =prox (T &), G =g +g" -G ()

Define the oracle query points (y¥, y5) and query results (u¥, u%). We can now express
Eq. (6) in the form of Algorithm 4.1 and Eq. (1):

s =& — &
uf = prox ( k) k I 1 [€r (o
2 = Prox,(ys {yk}:()o 1 5 +[00} ui]
y=at g =+ I e
uf = prox;(yt)
E+1 _ &k _ _ -
LT '™ oo 0] [ef 0 1]
ST = b P =1000] ||+ 10[U,{.]
k+1 001][&k —11|L™
g —g =gt ) L6700l )
Therefore, a state-space realization for Algorithm 3.6 is given by
000 01
(A,B,C,D) = 0oo0f,(1 0], [8 (1) 11} , {8 (1)] . (7)
001 -11



Explicit and implicit implementations
Given a state-space realization (A, B,C, D) where A € R"*" B € R"*P_( € RP*",
and D € RP*P_ when is it possible to construct a corresponding step-by-step imple-
mentation in the form of Algorithm 4.17 By Remark 1, it is possible provided there
exists a permutation matrix P such that P DP is strictly lower-triangular. The per-
mutation P describes the order in which the oracles ¢1,...,¢, will be evaluated in
Algorithm 4.1. Put another way, if we view D as the adjacency matrix for a directed
graph, the corresponding graph should be a directed acyclic graph (DAG).

If the D matrix does not correspond to a DAG, the graph will exhibit a cycle, which
will manifest itself as an implicit equation involving oracles.? For example, consider
the realization (A, B,C, D) = (1, —t,1, —t). This algorithm has the update equation

= b

y* =k — tu” = aFT =gk (et (8)
u* = (y")

k+1

The D matrix is not strictly lower-triangular and x is defined implicitly.

Definition 1. If the state-space realization (A, B,C, D) for an algorithm has the
property that there exists a permutation matrix P such that PT DP is strictly lower-
triangular, we say that the algorithm has an ezplicit implementation. Otherwise, we
say it has an implicit implementation.

Implicit implementations do occur in practice. For example, consider Eq. (8) and
let ¢ = Vf, where f is convex. Then, by the first-order optimality conditions, we have

k+1

T = proxtf(xk) = gkt = argmin(f(x) + 2 Hx - xk||2)

= A AV (C e

In other words, using the oracle prox,; yields an explicit implementation, but using
the oracle V f yields an implicit implementation.

State-space realizations conveniently parametrize a large class of explicit and
implicit algorithms in terms of matrices (A4, B,C, D), but the representation is
not unique. For example, Algorithms 1.1-1.4 have different realizations (A, B,C, D)
despite having identical state sequences. In the next section, we show how tools from
control theory can clarify the relations between these sorts of representations.

5 Algorithm representation

In this section, we explain how to represent algorithms using transfer functions, a
standard tool in linear systems and control theory [29, §1-3][28, §1,2,5]. We will give
an overview of relevant terminology and show how to convert an algorithm to and
from the transfer function representation.

2also known as an “algebraic loop” or a “circular dependency”.



In Section 4, we discussed algorithms that have a state-space realization

= A% + BuF, (9a)
= Cz" + DuF. (9b)
We represent semi-infinite sequences such as (2%, x!,...) using their z-transforms.

That is, we define the formal power series®

Zlak] = (2 Zwk *

and similarly for ﬂ(z) and ¢(z). When taking the z-transform of the forward-shifted
sequence (z1, 2% ---), we have:

00
k+1 Zxk+1 —k _ i‘(Z) _ xO)
k=0

Evaluating the z-transform of (9), we obtain:

2(#(2) — 2%) = Az(z) + Ba(z), (10a)
9(z) = Ci(z) + Di(z). (10Db)

Eliminating Z(z) from (10), we obtain

§(z) = 20(z1 — A) ' 2® + (D + C(2I — A)7'B) a(z) (11)
—_—————
O(z) H(z)

The (matrix-valued) functions O(z) and H(z) are convenient to work with because
they relate §j(z) and @(z) via conventional matrix multiplication. The function H (z) is
called the transfer function, and this is how we will represent the state-space system
(A, B,C, D). We use the special notation

H(z) = [%‘%] =D+ C(2f — A1 (12)

For ease of notation, we will often omit the “(z)” after each transfer function, so when
we write H, = Hy, we mean that Hy(z) = Ha(z) for all z. We will also overload oracles
so that they may apply to the z-transforms directly by threading across coefficients.
Namely, if ®(y*) = u¥ for k = 0,1, ..., we will write:

= i(b(yk)zfl = iu’%fl =1
k=0

k=0

3The use of 27! as the variable in the z-transform is a common convention in control theory.

10



Therefore, the block diagram of Fig. 1 can be written in terms of transfer functions
and z-transforms as in Fig. 2.

20—

Fig. 2: Block diagram representation of a generic optimization algorithm expressed
in terms of its transfer function H and the z-transforms of its inputs and outputs.

Applying the formula (12) to the state-space matrices of simplified ADMM
(Algorithm 3.6) from (7), we obtain the transfer function

=1 z
H3e = [ 5 Z—_ﬂ . (13)

z(z—1) 2—1

The transfer function can be readily computed directly from the update equations by
replacing each state by its z-transform, neglecting initial conditions, and eliminating
the state variables. The following Python code computes the transfer function for
Algorithm 3.6 (Eq. (13)) starting from the update equations.

from sympy import *

# Define the symbols
var('z xil xi2 xi3 y1 y2 ul u2')

# Define the update equations
eqns = [

Eq(z*xil, u2), # xil[k+1] = u2/[k]

Eq(z*xi2, ul), # zi2[k+1] = uill[k]

Eq(z*xi3, xi3 + z*xil - z*xi2), # z4i3[k+1] = zi3[k] + zil[k+1] - zi2[k+1]
Eq(yl, =z*xxil + xi3), # y1[k] = zill[k+1] + zi3[k]

Eq(y2, xi2 - xi3) # y2[k] = zi2[k] - zi3[k]

]

# Solve for state (zi's) and output (y's) in terms of u's
sol = solve(eqns, (xil, xi2, xi3, y1, y2))

# Define the y and u wvectors
y Matrix ([soll[y1]l, solly211)
u Matrix ([ul, u2l])

# Evaluate the Jacobian dy/du to obtain the transfer function
H = simplify(y.jacobian(u))

Eq. (11) shows that state-space systems have two components:

1. The map from initial state to output, 0.
2. The transfer function, H.

We argue that the transfer function H alone is a sufficiently rich representation for
the purpose of evaluating the equivalence of state-space systems. Roughly, when two

11



state space systems have the same transfer function, we can find initial conditions
that cause the systems to have identical input-output maps. In other words, from the
perspective of the oracle, the algorithms are indistinguishable. We state this result as
Proposition 1 below.

Proposition 1. Suppose system i € {1,2} has state-space realization (A;, By, Ci, D;),
initial state 2, and associated transfer function H;. The following are equivalent.

1. Hy = Hs.
2. There exist 29 and x3 such that both systems have the same input-output map.

Under additional mild assumptions about the state-space realization, we can
strengthen the forward implication of Proposition 1 to include any initial condition.

Proposition 2. Consider the setting of Proposition 1 and further assume that both
systems have minimal state-space realizations. The following are equivalent.

1. Hy = H,.
2. For every initialization of one system, there exists a unique initialization of the
other system such that both systems have the same input-output map.

Minimality (see Appendix A.1) is a mild assumption because from any non-minimal
realization, one can construct a minimal realization with the same transfer function.
For proofs of Propositions 1 and 2 and further details on how to construct minimal
realizations, see Appendices A.2 and A.3, respectively.

From transfer functions to algorithms

In this paper, we study the equivalence of algorithms by analyzing their transfer func-
tions. We always start with update equations, which lead to state-space realizations,
which lead to transfer functions. For completeness, we also provide a complete char-
acterization of when the process can be reversed, including a method to construct the
update equations from the transfer function when possible, in Appendix A.3.

5.1 Algorithm equivalence

In the following three sections, we propose three notions of algorithm equivalence,
each increasingly more general.

1. Oracle equivalence. For use when comparing algorithms that each use the same
single oracle.

2. Shift equivalence. For use when comparing algorithms that each use the same set
of oracles. Oracle equivalence is a special case of shift equivalence.

3. LFT equivalence. For use when comparing algorithms that use oracles that are
related via a linear fractional transforms (LFTs), which we define in Section 8.
Oracle equivalence and shift equivalence are both special cases of LF'T equivalence.

Although the above notions of equivalence cover all examples of algorithm equivalence
we have observed in practice, there are limitations to our definitions. We discuss
limitations and possible extensions in Section 9.

12



6 Oracle equivalence

The idea behind oracle equivalence is to ask the question: “are the algorithms indis-
tinguishable from the point of view of the oracle?” In other words, if the algorithms
are suitably initialized, would using the same algorithm inputs (oracle outputs)
(u®,ut,...) for both algorithms always produce the same algorithm outputs (oracle
inputs) (y°,y!,...)? If the answer is “yes”, then the algorithms are oracle equivalent.

Motivated by Propositions 1 and 2, we will formally define oracle equivalence using

the notion of transfer functions.

Definition 2 (oracle equivalence). Two algorithms that use the same oracles are
oracle equivalent if they have have the same transfer function.

Oracle equivalence is a useful notion of algorithm equivalence:

1. There are many ways to re-parameterize an algorithm that change the state-space
matrices (A, B,C, D) or the internal state z*. A sensible notion of equivalence
should be independent of such transformations. Oracle equivalence achieves this

independence by bypassing the state entirely and treating the algorithm as the map

(wut, . ) = (0,9t ).

2. Since oracle-equivalent algorithms have identical input and output sequences, many
analytical properties of interest, particularly those pertaining to algorithm conver-
gence or robustness, are preserved. For example, suppose the target problem is to
minimize f(y) with y € R™, with solution y* and corresponding objective value
f(y*). Further suppose f is convex and differentiable with oracle V f. If two algo-
rithms are oracle-equivalent, the sequence of gradients ||V f(y)||, distance to the
solution ||y — y*||, and objective function values f(y) — f(y*) evolve identically, so
they have the same worst-case convergence rate. Moreover, even if the oracle is
noisy (e.g., suffers from additive or multiplicative noise, or even adversarial noise),
from the point of view of the oracle, the algorithms are indistinguishable and any
analytical property that involves only the oracle sequence will be the same.

Invariance under linear state transformations

Oracle equivalence (Definition 2) is invariant under linear transformations of state.
Specifically, define % = Ta* for each k, where T is an invertible matrix. The state-
space equations (9) expressed in terms of the new state variable ¥ become

P = TAT 3% 4 TBuF, (14a)
y* = CT 3% + Du”. (14b)

Substituting into Eq. (12), we can verify that both systems have the same trans-
fer function.? If we initialize the transformed system with 2° = Tz and apply the
same input (ug,u1,...) to both systems, we will obtain the same output (yo,v1,...),
although the respective states ¥ and #* will generally be different. This invariance
is the key to understanding when two optimization algorithms are the same, even

4Both systems will also have the same Markov parameters and Hankel matrices (see Appendix A.1).
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if they look different as written. For example, this idea alone suffices to show that
Algorithms 3.1 and 3.2 are equivalent.

When using linear state transformations, the number of states (size of the A matrix)
is preserved. However, realizations with a different number of states can also be oracle
equivalent. Although a realization with a larger A matrix will generally lead to a
transfer function with higher degree (via Eq. (12)), there may be common factors
that cancel from the numerator and denominator, leading to lower-degree transfer
functions that could have been obtained from a realization with a smaller A matrix.
This idea is related to the notion of minimality (see Appendix A.1) and explains why
Algorithms 3.3 and 3.4 are equivalent.

6.1 Examples of oracle equivalence

Now, we will revisit the first and second motivating examples and apply Definition 2 to
show oracle equivalence. Specifically, we will compute transfer functions using Eq. (12)
and verify that they are the same.

Algorithms 3.1 and 3.2

The state-space realization and transfer function of Algorithms 3.1 and 3.2 are

- 2 1)1 2 11\ '[-L1] 2241

Hz= |1 0 | =1[2-1 (zl—[ D { 0} =T
P [ } 10 0 10(z — 1)2
(1 —1]-% —1

. 5 1-1 —1 —22+1

Moo= |0 1|2 | =10 (ZI_[ D { s]:.
oe [+ 0] 01 0] 10(z —1)2

Since ﬁg,l = I—fl3,2, Algorithms 3.1 and 3.2 are oracle-equivalent by Definition 2.

Algorithm 3.1 can also be transformed to Algorithm 3.2 as in Eq. (14) viaT = [ 2t } .

Algorithms 3.3 and 3.

The state-space realization and transfer function of Algorithms 3.3 and 3.4 are

=[-12] (Z[ E _02D1 [Eﬂ - 5(;;27—2 3+z2+ 2) 5(;—1 1)’
foa =[] = 0 G- 1) 4 - 5

H33

Since gg_g = ﬁ3_4, Algorithms 3.3 and 3.4 are oracle-equivalent by Definition 2. The
transfer functions are the same due to the cancellation of the common factor (z — 2)
in the numerator and denominator of Hs 3.
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Algorithms 1.1-1.4

Using the same approach as above, we can derive the transfer functions for Algo-
rithms 1.1-1.4 and show that they are all equal to H(z) = —’72((2;__11)). Therefore,
Algorithms 1.1-1.4 are oracle-equivalent by Definition 2.

Accelerated gradient methods

Accelerated gradient methods are a class of optimization algorithms designed to
improve the convergence speed of gradient-based methods, especially for convex
optimization problems. Accelerated methods incorporate momentum-like terms and
interpolated iterates that help the optimization process converge faster. Two well-know
methods include Polyak’s Heavy Ball (HB) [30] and Nesterov’s Accelerated Gradient
Method (NAG) [31], shown below as Algorithms 6.1 and 6.2. These techniques and
their stochastic variants are widely used in machine learning, signal processing, and
numerical optimization.

Algo. 6.1 (Polyak’s Heavy Ball) Algo. 6.2 (Nesterov’'s Method)
for k=0,1,2,... do for k=0,1,2,... do
xk}+1 — CCk —OéVf(JSk)-f—ﬂ(xk _mkfl) yk: _ {Ek + B(mk _ mk*l)
end for aFtl = yk - an(yk)
end for

Several works have proposed unified momentum algorithms and associated analyses
that generalize HB and NAG and allow the algorithm designer to interpolate between
both algorithms. Examples include: Triple Momentum Method [32], Quasi-Hyperbolic
Momentum [33], Stochastic Unified Method [34], and Unified Stochastic Momentum
[35], listed below as Algorithms 6.3-6.6, respectively.

Algo. 6.3 (Triple Momentum Method) Algo. 6.4 (Quasi-Hyperbolic Momentum)
for k=0,1,2,... do for k=0,1,2,... do
RS A T e ey G ZBErA-OvIEh
2" =2 —aV f(y*) + B(aF -2 0" =68 —a((1-v)Vf(6")+vg" )
end for end for

Algo. 6.5 (Stochastic Unified Momentum) Algo. 6.6 (Unified Stochastic Momentum)

for k=0,1,2,... do for k=0,1,2,... do
yk+1 _ xk: _ an($k2 mk _ um]“l _ ’f]Vf(l‘k)
¢ =2F — savf(a®) F =2k L L au(mP —mPL)
xk+1 — yk+l + 6(qk+1 _ qk) end for

end for

The transfer functions for HB and NAG are clearly different:

b —az .= —04(14‘5)(2_%)
T (-1)(z-B) 2T T =1)(z - B)
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However, the transfer functions for Algorithms 6.3—6.6 are:

a(l+7)(z - L) a(1 — Br)(z — 8421

N o T+ 7o (2) — — 1-fv
Hﬁ,g(z) = (Z — 1)(2 — 6 y H6.4( ) (Z — 1)(2’ — B) )
i al+Bs)(z - 5) n(L+ M)z — 72557)
Hg5(2) = oG 55 , Hee(z) = — oG ’UJSA .

Each of the above transfer functions are of the form — % for some a, b, c and can

be made equal to one another (oracle equivalent) via suitable choices of the algorithm
parameters. In other words, these algorithms parameterize the same space of possible
algorithms (which also includes HB and NAG); they are equally general.

Distributed optimization

For our final example of this section, we consider synchronous distributed optimization,
where a network of computing nodes work collaboratively to solve the problem

o (). 15
minimize ;f(x) (15)

Each node i maintains a local state ¥ € R? and can access the oracle V f;. At every
timestep, each node can gossip (obtain the local states of its neighboring nodes x?),
evaluate its local oracle, and perform computations to update its local state. There
are two goals: (1) consensus: the nodes’ local states should converge to a common
value, and (2) optimality: the common value should be z*, a solution of Eq. (15). For

convenience, we use the shorthand notation

oy V fi(a})
b= and Vf(z"):=

Gossip is modeled as matrix multiplication Wz*, where W = W @I, and W € R"%n
is a (typically sparse) row-stochastic matrix; it satisfies 0 < W <1and W1=1.

Under suitable assumptions on W, the algorithm x*+! = Wa* achieves consensus
at a linear rate, but the consensus value will be the mean of the x? rather than z*
(no optimality). Likewise, if the f; are smooth and strongly convex, gradient descent
P+l = 2% — oV f(2*) achieves local but not global optimality: each node converges to
the minimizer of its local f; rather than the minimizer of y ;" | f;. A simple algorithm
that achieves both consensus and optimality is distributed gradient descent [36], which
combines features of both gossip and gradient descent: zF+1 = WaF — a;, Vf(2F).
However, this algorithm only converges sublinearly, even with strongly convex f;, and
requires a diminishing stepsize a; — 0 to converge at all.

The first algorithm to guarantee linear convergence for strongly convex f; was
EXTRA [37], and since then many papers have developed new algorithms or refined
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existing ones to solve Eq. (15) with a linear convergence rate. Two such well-known
algorithms are NIDS [38] and Exact Diffusion [39], shown below.

Algo. 6.7 NIDS Algo. 6.8 Exact Diffusion
for k=0,1,2,... do for k=0,1,2,... do
o2 = W(2$k+1 — ¥ —avf(=Fth) +04Vf(a:k)) 2F L = wF — oV f(wh)
end for yk — ghtl + wk — 2k
end for

These algorithms were developed using different approaches. NIDS used a gradient-
differencing intuition similar to EXTRA to achieve linear convergence (storing the
past gradient and updating based on the difference, as in Algorithm 6.7). In contrast,
Exact Diffusion used an adapt-correct-combine concept (corresponding to the three
update equations in Algorithm 6.8, respectively).

However, NIDS and Exact Diffusion are (oracle) equivalent [40]! We can detect
this equivalence automatically by computing the transfer function for each algorithm.
In this case, we obtain Hg 7(2) = Hes(z) = —a(z — )W (221 — 2:W + W)~ 1.

7 Shift equivalence

Now consider Algorithms 3.5 and 3.6 from the third motivating example. We can
calculate that the algorithms have different transfer functions:

R —1 1 . —1 z
Hs 5 = {2?11 Z_f} ; Hse = [ ) 211] ; (16)
z—1 =z—1 z(z—1) =z—1

so they are not oracle-equivalent. We can represent the equations for Algorithms 3.5
and 3.6 using block diagrams that are wunrolled in time; see Fig. 3. Based on the
diagram, it is clear that the algorithms are just shifted versions of one another. If we
initialize Algorithm 3.6 using &8 = x1 and &) = 29 — 21, then it will make the same
oracle calls as Algorithm 3.5, but with a time shift.

This example motivates us to define shift equivalence. As with oracle equivalence,
we ask whether the algorithms are indistinguishable from the point of view of the
oracle for suitably chosen input channel delays and state initializations. Before we
define shift equivalence, we will formalize the notion of shifting.

Shifting (delaying) a semi-infinite sequence (y°,y',...) by m time steps corre-
sponds to multiplication of its z-transform by z=":

Z{(yo,yl,y2, . )} = Zykz_k =g(z), and

k=0
Z[(0,0, 0,90y R )} = Zykz*m*k =z""g(z).
Y k=0

m times
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Fig. 3: Block diagrams representing Algorithm 3.5 (left) and Algorithm 3.6 (right).
These algorithms are shift equivalent because when suitably initialized, they make the
same calls to the oracles, albeit with a time shift. The updates are exactly the same
for both algorithms, but using transformed variables.

Since the oracle ¢ applies element-wise to each y* and ¢(0) = 0 by assumption, the
oracle ¢ commutes with the shift operation. We can represent this relationship by a
commutative diagram; see Fig. 4.

For a vector-valued signal, we can delay each component by a different amount.
This motivates the definition of the multi-shift.

Definition 3 (multi-shift). We define the multi-shift A,,(z) for nonnegative integers
m = (m1,...,my) as the transfer function

18



shift ——
\ m times Y‘
i(2) — O
® z ¢
I o v ¢
(uo,ul,uQ,...) - ‘(O,...,O,uo,ul,...)
shift ——
Y‘ m times Y‘
A, A,
. e
(2) J > 27 Mi(z)

Fig. 4: Commutative diagram visualizing that the shift (delay) operation commutes
with the application of the oracle ¢. The foreground shows the z-transformed versions
of the signals, where the shift becomes multiplication by a power of z7!.

For example, consider the semi-infinite sequence (3°,y*,%?,...), where each y* is
partitioned into blocks y¥,y5, y%, where the y* are the same size for all k. Then,

k—
) 0] [99] [wi] [wt v !
A(l,O,Z) (Z)y(Z) =z yg ) % ) y% ) y% yeees [ Yo PR
o] [o] [#8] lus y3
The multi-shift also commutes with any time-invariant oracle ® = (¢1,...,¢,). In

terms of z-transforms, () = A;}(I)(Amgj). By rearranging the block diagram, we
can move the multi-shifts from the oracle to the algorithm; see Fig. 5.

) el @ m Gy

d ] A,,J@Amj A:L jm d j
P

Fig. 5: Equivalent block diagram representing shift equivalence. We use the fact that

the orficle ® commutes with any multi-shift A,,. However, A,, need not commute
with H, which means equivalent algorithms can have different transfer functions.

The transformation in Fig. 5 shows that from the point of view of the oracle @,
the algorithms H and A,, HA ! are indistinguishable. This motivates our definition
of shift equivalence.

Definition 4 (shift equivalence). Suppose we are given two LTT algorithms that each
use the same p oracles and have transfer functions H; and Hs, respectively. We say
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they are shift-equivalent and write Hy ~ H, if there exists a multi-shift A,, such that
N

Our choice of the word equivalence is justified by the fact that shift equivalence is
an equivalence relation.

Lemma 3. Shift equivalence, as defined in Definition 4, is an equivalence relation.
That is, it satisfies the properties of reflexivity, symmetry, and transitivity.

Proof. See Appendix B.1. O

Remark 2. Oracle equivalence is a special case of shift equivalence (with A, =1 ).
Moreover, shift equivalence reduces to oracle equivalence when p = 1 (a single oracle).
In this case, the transfer functions and multi-shifts are scalars rather than matrices,
so they trivially commute: z*mﬁl = f]gz*m <= fIl = ﬁg.

Efficient enumeration of shift-equivalent algorithms

Given an algorithm H using oracles ® = (¢4, ..., ¢,), how can we generate all possible
shift-equivalent algorithms? In other words, what are the possible transfer functions
H' and multi-shifts A,,, such that

Since H' must be a proper transfer function (or strictly proper, depending on whether
we require explicit implementations; refer to Appendix A.3), each H;;(z)z™~™ must
be proper. To determine the set of possible H , let 7;; be the relative degree of ﬁw
That is, write H;;(z) = Ny;(2)/Dyj(2) (ratio of polynomials), and

Y7 | deg(D;j) — deg(Ny;) otherwise

Then, properness of H' amounts to finding m; such that

—ri; <m; —my <1y for all 7 # j. (17)
Since the set of feasible m; is translation-invariant, we can normalize each solution S0
that min; m; = 0, and each distinct solution {m;} will correspond to a distinct H’

that is shift-equivalent to H. For an example of how we can enumerate solutions, see
the primal-dual three-operator splitting example in Section 7.1.
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Efficient determination of shift equivalence

Given two algorithms H and H’ that use the same oracles (¢1,...,0p), wWe can
efficiently check whether these algorithms are shift-equivalent by carrying out the
following steps.

1. Check to make sure H;; = H/; for all i (the diagonal entries must always match).
Otherwise, they are not equivalent. .
2. Check to make sure that for all ¢ # j, either H;; = H’ =0,0or H;j; #0 and H i #0.

In other words, H and H’' must have matching sparsity patterns. Othervmse, they
are not equivalent.

3. For all 4 # j such that H;; # 0, check to make sure that H{J(z)/ﬁw(z) = 2b%i for
some integers b;;. In other words, corresponding entries of the algorithm’s transfer
functions must by related by multiplication by a power of z.

4. Consider the set of linear equations b;; = m; —m; for all i # j such that Hij #0.
Write the corresponding linear equations compactly as ATm = b. If this system of
equations has a solution, then H~ H. Otherwise, they are not equivalent. Note
that if a solution exists, we can always find a solution with integer m, since A is
an incidence matrix and therefore is totally unimodular.

7.1 Examples of shift equivalence

Douglas—Rachford splitting and ADMM

As computed in Eq. (16), the transfer functions for Algorithms 3.5 and 3.6 are given
1 -1 z

11 Z__f} and Hs g = { £4 2:11]. We see that they are related via

Z—1 z—1 z2(z—1) z—1

:l H36 l: :l Therefore H35 ~ H36

Primal-dual three-operator splitting

For our next example, we consider algorithms for solving the optimization problem
minimize f(x) + g(Az) + h(z)

using the oracles prox, ¢, prox, ., and Vh. Only recently have methods been proposed
to solve this problem. Examples include the Condat—Vu algorithm independently pro-
posed by Condat and Vu [41, 42], the primal-dual three-operator (PD30) algorithm
[43], and the primal-dual Davis—Yin (PDDY) algorithm [44]. See [45] and references
therein for a recent survey on this problem. To illustrate our approach, we will focus
on the primal-dual three-operator algorithm (PD30) [43], shown below.
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Algo. 7.1 Primal-dual three-operator splitting (PD30)
for k=0,1,2,... do
k= prox,rf(zk)
sFtl = ProX, g+ ((I — 10 AAT)sk + UA(ka — 2k - TVh(ZEk)))
= gF — 2 UR(2F) — 7 AT SFTT
end for

The state-space realization and transfer function for PD30 is®

0 0 0 I 0
0 0 I —1AT —7I % *TZAT =
ﬁm(z) = 0 I 0 0 0 _ 0(222—1),4 % M
I—70AAT —cA|206A4 0 —10A 1 0 0
0 0 I 0 0

In [43], the authors show a reformulation of PD30 and state that it was obtained by
changing the order of the variables and substituting z¥ = 22% — 2 —7Vh(2*)—7AT s*.
After these changes, the reformulation is given by Algorithm 7.2 below.

Algo. 7.2 Reformulation of PD30

for k=0,1,2,... do 1 —TAT =T
shHl = PrOX, g+ (s* 4+ 0 AzZ") S - o214 1 —or(3-1)A
abtl = prox, ¢ (z* — 7Vh(zF) — 7AT KD . Zf 6 Z02
Rl = 21 _ gk 4 TVh(xk) — TV]’L({Ek+1)

end for

We can obtain the equivalence between Algorithms 7.1 and 7.2 automatically.
Indeed, Algorithms 7.1 and 7.2 are shift equivalent because

) 100] [1oo
H7; 5 = 0z1o H7,102z0
0 0 1 001

This is not the only possible shift-equivalence transformation. Applying the method
outlined in Eq. (17), the relative degree matrix of Hy 1 is given by

11
[Tij] = ]. 0
oo 0

O O =

We seek nonnegative integers (mq, ma, ms) normalized so that min; m; = 0 satisfying

0<my—my <1, 0<m3—my <1, 0<my—m3 < 0.

5We have removed identity matrices from the transfer function to simplify exposition. For example,
entries in H7 1(z) that read % should be replaced by %IA
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Algorithm 7.1 corresponds to the trivial solution (0,0,0), and Algorithm 7.2 corre-
sponds to (0,1, 0). By inspection, we can find a third solution, (0,1, 1). This solution
corresponds to the new algorithm

. 1 0 O . 100
H73=10 2710 H71(020
0 0 27! 00 z

One possible realization of Algorithm 7.3 is given below.

Algo. 7.3 Another reformulation of PD30O

for kk: 0,1,2,... do % —7AT 1
y" = prox,g- (UA(ka — 7Vh(w")) — Jck) Hy = a(2z;1)A 1 —or(2=1)A
kTl = UA(wl~c — TVh(wk)) — yk . A 6 6
whtl = prox,rf(xk+1) ?

end for

We stress that these equivalences are tedious to work out by hand, and since there
are now three oracles, the equivalences are far from obvious. For example, here is
another way to realize Algorithm 7.2. This time, the transfer functions are the same,
so Algorithms 7.2 and 7.4 are oracle-equivalent.

Algo. 7.4 Yet another reformulation of PD30O
for k=0,1,2,... do

k_ k_ _k L
yk = PI%gge (2;14“) —_rll'c ) I:I _ U(QZil)A 1 7UT(§71)A
2" = prox, p(w" —TA y") 7.4 22 z 22
zFtl = UA(wk — TVh(Zk)) —yF 1 0 0
whtl = 2k _ TVh(Zk)
end for

8 LFT equivalence

In Sections 6 and 7, we considered equivalence between algorithms that use the same
oracles. In this section, we consider equivalence between algorithms that use different
but related oracles.

In convex optimization, algorithm conjugation naturally relates some oracles to
others [46][13, §2]: for example, if (Of)(z) :== {g | f(y) > f(z) + g (y —z) for all y}
is the subdifferential of f, prox;(v) := argmin, (f(z) + 3 |lz — v||2) is the proximal
operator of f, and f*(y) := sup,{z "y — f(z)} is the Fenchel conjugate of f [25, §3],
we have the following identities relating the different operators.

*yedf(z) <= zedf(y),
* y=prox,(r) <= xe€y+tdf(y)
® z = prox,(x) + tproxi . (32) (Moreau’s identity)
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We can rewrite any algorithm in terms of different, also easily computable, oracles
using these identities. Consider a simple example: we will obfuscate the proximal
gradient method (Algorithm 8.1 [24, §10][47]) by rewriting it in terms of the conjugate
of the original oracle prox,, using Moreau’s identity, as Algorithm 8.2 [48]. These are
the same as our motivating examples of Algorithms 3.7 and 3.8.

Algo. 8.1 Proximal gradient Algo. 8.2 Conjugate proximal gradient
for k=0,1,2,... do for k=0,1,2,... do
yk zxk—tVf(mk) yl’C zxk—tVf(xk)
S proxtg(yk) o y" = tprox%g*(%y )
end for end for

We can also use the relationship between the proximal and subdifferential operators
to obtain versions of Algorithms 8.1 and 8.2 that use subdifferentials instead.

Algo. 8.3 Subdifferential Algo. 8.4 Conjugate Subdifferential
for k=0,1,2,... do for k=0,1,2,... do
yP =2k — v ) y* =ab — 1tV f(a¥)
mk?Jrl c yk _ t@g(wkH) karl c 89*(%(:[/@ _ l,kJrl))
end for end for

Note that the update equations for Algorithms 8.3 and 8.4 involving subdifferentials
are implicit. The transfer functions for Algorithms 8.1-8.4 are shown below, along
with their associated oracles. We use the symbol o to show that an algorithm is used
with a given set of oracles.

0 1 —t —t
Algo. 8.1 : l . 11 o (Vf,prox,,), Algo.82: lzzl zf] o (Vf, prox%g*)7
z z—1 z—1 (18)
—t -t 0 1
Algo. 8.3 : lz__t; :t; o(Vf,0g), Algo.84: [_1 oo (Vf,0g9%).
z—1 z—1 tz

Although the transfer functions of the algorithms change when we rewrite the algo-
rithm to call a different oracle, the sequence of states is preserved (z* and y* have the
same values for all algorithms provided they are initialized the same way). This moti-
vates us to define a general notion of equivalence that applies when two algorithms
use different oracles that are related in a particular way.

Definition 5 (Operator graph). Given an oracle ® : VP — VP we define its graph as
the set of possible input-output pairs (in the z-domain). We adopt the linear algebraic
notation R (range) overloaded as follows:

%la) = Usta

7= Z[y"], WhereykEV”fork:O,l,...}.

24



Likewise, given an algorithm H, we define its dual graph as:
H|  [[Ha
dHEE

Definition 6 (Linearly equivalent oracles). Let ®; and ®2 be oracles. We say that

@ = Z[u"], where u* € VP fork:O,l,...}.

P, is linearly equivalent to @5 and we write P4 & ®,, if their graphs are related by

an invertible linear transformation M. In other words, $ i P, if

This is equivalent to saying that:

o If 43 = ®1(g1), there exists s, Gz such that iy = P5(f2) and [21} =M BQ], and
1 2

o If 4y = ®o(f), there exists §1, 4 such that @, = () and Lﬂ =M Lﬂ
1 2

We will omit M and simply write ®; ~ @5 to mean that there exists some invertible
M such that (I)l % (I)Q.

For example, prox; ~ df because:

= to 1
T = bbb o
y = prox, () prox, ¢ (z) 10] |0f(y)
Since each x corresponds to some y and vice versa, it also holds for the z-transforms
of arbitrary sequences (2%, 2!, ...) and corresponding (y°,y!,...) using the same 2 x 2

matrix.

Proposition 4. (Special cases of linear relations)
1. Tdentity: If ¢1 = ¢, then ¢1 = ¢o with M = [} 9].

2. Commutation: If ¢(Cg) = Co(4) for all §, then ¢ Wy ¢ with M = {g 91

)

o

3. Equivariance: If ¢ (AQ) = B%(y) for all §, then ¢1 M bo with M = [

4. Concatenation: If v; 0 ¢; with M; = [g g} fori=1,...,p, then

v T diag(P;) diag(Q:
(wla s ’7/}17) ~ (¢17 ey d)p) with M" = [dia:((f?i; diaz((s’i))} ’
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When &4 X @, and these oracles are used with algorithms H, and ﬁg, respectively,
we must have §j; = Hit1 and g3 = Hols. Incorporating this with Definition 6, we can
define a natural generalization of equivalence that holds in this setting.

Definition 7 (LFT equivalence). Consider Hio®; and Hyo ®,, where @4 X ®y. We
say the algorithms are LFT-equivalent and write Hyo®, i Hy o ®,, if

R {Iﬂ =MR [Iﬂ . (20)

We justify the name “LFT” in Remark 4 and “equivalence” in Remark 3.
We omit M and simply write H; o ®; ~ Hs o &5 when M is the same as that for

which &4 i ®,, and therefore clear from context.

Remark 3. Linear equivalence ®; ~ &5 and LFT equivalence H'l o Py ~ _EIQ o ®y
satisfy reflexivity and symmetry, and transitivity, so they are equivalence relations.

Our main result of this section is an algebraic characterization of LF'T equivalence
between algorithms defined in Definition 7.
Theorem 5 (algebraic characterization of LFT equivalence). Suppose ®; o~ Dy, Then
Hyo®, M Hy 0 ®, if and only if
H,

1 —E]M{I

} =0, or equivalently, [I —I:IQ] Mt {I?} =0.

Proof. See Appendix B.2. O
We can apply Theorem 5 to solve for Hj in terms of Hs or vice versa.

Corollary 6. Consider the setting of Theorem 5 with M = [g g} Then we have
Hi(RH, + S) = (PH,y + Q). In particular,

Hy = (PHy + Q)(RHy + 8)™' and H, = (—H,R+ P)"'(H,S — Q). (21)

Remark 4. The relationships between H, and H» in Eq. (21) are commonly called
linear fractional transformations (LFTs), which is why we chose the name LFT
equivalence.

The results above can also be derived by direct manipulation of the block diagram
as we demonstrated with shift equivalence in Fig. 5. In this case, the manipulation is
a bit more involved; see Fig. 6.

The dashed box in Fig. 6 represents the equivalent H,. Based on the block diagram,
we obtain the following algebraic relationships:

o = [I 0} Mt [lfl] [0 I] M L‘gﬂ and Yo = Hyita.
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Fig. 6: Equivalent block diagrams representing LFT equivalence. Starting from the
top left, we augment the algorithm and oracle, we transform the oracle using the linear

equivalence ®; M ®,, and finally we isolate the equivalent ﬁg in feedback with ®.

These equations can be resolved in various ways. Most relevant for our purpose, we
eliminate gj» and seek an identity that holds for all 75, which leads to:

ity = [10) N [fﬂ [0 1] A1 [Iﬂ .

This expression can be further simplified to obtain the relationships in Theorem 5
and Corollary 6.

The special cases of Proposition 4 lead to simple expressions for LFT equivalence
between algorithms.
Corollary 7 (commutation). Suppose QS(C*Q) = C’qf)@) for allg. Then Hy o ¢ M Hyo¢
with M = [g g] Consequently, Hy = CH,C~. If we let C = A,, (multi-shift), then
we see that shift equivalence is a special case of LET equivalence.
Corollary 8 (equivariance). Suppose ¢1(Ajj) = Boo(§) for all §. Then
Hl o ¢ M ﬁg o g with M= {‘é %}. Consequently, ﬁl = AI:IQBil.

We are also interested in the special case of algorithms H; o (U, ¢1) and fIQO(\II, ®2),

where U is some set of oracles common to both algorithms, and ¢, d ¢y with M =
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[;i g] In this case, by concatenation (Proposition 4), we have (¥, ¢1) M (U, ¢o) with

. Therefore, we immetiately obtain the following corollary.

Corollary 9 (LFT equivalence with common oracles). Suppose ¢1 i @2 with M =
[;i g} Let U be another oracle. Then Hy o (U, ¢1) M Hy o (U, ¢o) with M’ defined

, (007, [I0 101, [0o0
above, if (see Corollary 6): Hy ({O R} Hsy + {0 5’}) = {0 ]5] Hy + [O Q] .

Efficient determination of LFT equivalence
To determine whether fll od; ~ fIg o &5, we must first establish how ®; and ®, are

related. If there exists some M such that ®; X ®,, then we can apply Theorem 5,

and we have ffl ody ~ H’g o ®, if [I —ﬁl] M {HQ = 0. For an example of how this

I
result can be used in practice, see the end of Section 8.2.

If there are many different M matrices that work, say ®; i ®, for all M € M, then

it follows from Definition 6 that M is a multiplicative group. Determining equivalence

fﬂ — 0 with 1 € M.

We saw at the end of Section 7 how to solve this problem for the special case of

shift-equivalence (M is the set of multi-shifts). However, we suspect that solving this
problem for different M would require a case-by-case analysis.

amounts to checking feasiblity of the problem [I -H 1] M

8.1 Proxes, subdifferentials, and their conjugates

We are now ready to return to the motivating examples of Algorithms 8.1-8.4. The
oracles {0f, 0 f*,proxtf,prox% f*} are linearly equivalent to one another. Using the
identities at the beginning of Section 8, these relationships can be derived as in
Eq. (19). The associated matrices M corresponding to Definition 6 are given in Fig. 7.

Note that the diagonal entries of Fig. 7 are identity LFT matrices (see Proposi-
tion 4). Applying Corollary 9 to the matrices in Fig. 7, we can obtain a set of algorithms
equivalent when we swap one oracle for another.

Corollary 10 (LFT equivalence for prox). Suppose H is an algorithm that uses ora-
cles partitioned as (\Il,proxtg). Then, the following transfer functions correspond to
LFT-equivalent algorithms.

Hyy His]
2 S o (¥, prox,, ),
Hjy Hag | (%P tg)
{H o+ Hip(I = Hoo) ™ oy —tHip(I = Haa) ™) o
%(I_HQQ)_ngl —H22(I_H22)—1_ ; Lo )s
E[ —|—ﬁ I_ﬁ 71]? _tﬁ I—ﬁ 1
{ 11 12(A _123) 21 12( - 22_)1 o (7,99).
(I — Ha) 'Ha —t(I — Hy,) |
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QSNZ of Of proxy Proxi s.
of

(1 0] [0 1] [0 1] [t —t]
1 1
01] |[10] [+ -%] [0 1]
(011 [10] [ =17 fo 1]
* t t
of 10| |01 [o 1] 't —t]
5 (1¢] [¢1] [1o0 [t 0]
PE%r o] o1 o1] |t —
[+ 1] [1 §] % 0 10
PR lo1f [1o] | -1 |o1

Fig. 7: Matrices M conforming to Definition 6 for all possible linear equivalences
between the oracles {0f,0f*, prox,, prox%f*}.

[ Hy  Ho

A . W, 9g).
Ly, 1(11{22)} °(¥.997)

Corollary 11 (LFT equivalence for subdifferentials). Suppose H is an algorithm that
uses oracles partitioned as (¥, 0q). Then, the following transfer functions correspond
to LFT-equivalent algorithms.

Hyy Hiy]
A A o (W, 0
[Hm o) © (V%9
{H-u — {ff12f{{21ﬁm ﬁlgﬁ{gl_ o (W, dg")
—H,,' Hyy Hy' | ’

Hy — 11:1121%2_211?21 ﬁmﬁfg_gl ]
—tHy ' Hyy T+ tHy,' |

o (¥, prox,,)

o (¥, proxu,.)

{ I;( 11 AH 12
1Hy 1Hao + 1
Remark 5. If there is no ¥ in Corollaries 10 and 11 (the prox or subdifferential is

the only oracle), then we can extract the (2,2) blocks of all submatrices and we obtain
LFT-equivalence among;:

f[oproxtg, —H(I — H)™! o prox

1
T9%

and among: Hodg, H 'odg*, (I+tﬁ*1) o prox, (%H +1) o proxi
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Remark 6. In Corollary 11, Hy, must be invertible. We may want to also ensure
that H’{QI is proper, as this is necessary if we want an implementable algorithm. The
condition that a transfer function H be invertible and proper can be characterized
precisely [49, Lem. 3.15]; it is equivalent to requiring that D = lim,_. H(z) is

invertible. One possible state-space realization of the inverse transfer function H ! is

g1 _ [AB] _[A-BD'C|BD!
~|¢p] | -D'C | D!

8.2 Examples of LFT equivalence

Algorithms 8.1-8.4
We can verify equivalence of Algorithms 8.1-8.4 by directly applying Corollary 10.

N 1
Specifically, substituting H = [_Ot i} in Corollary 10, we immediately obtain the

transfer functions in Eq. (18).

Oracle swapping and deletion

Although we did not cover oracle swapping or deletion, both of these notions are trivial
to check in our framework. In fact, they are special cases of LFT equivalence.

Most splitting methods are not symmetric with respect to oracle swapping since
the different oracles usually have different properties that the algorithm is trying to
exploit. Nevertheless, one might be interested in, e.g., Davis—Yin splitting where f and
g are swapped (see Algorithm 8.6). This is called dual Davis—Yin in [45]. Given Ho v,
if U is a permutation of the oracles @, then we can write ¥(Pz) = P®(x), where P
is a permutation matrix. By Corollary 8, we have HoW =P THPo ®, i.e., permute
the corresponding rows and columns of the transfer matrix. We exploit this fact later
in this section when we show that PD30O is LFT-equivalent to Davis—Yin splitting.

DR and Chambolle—Pock

We can use LFT equivalence to show the relation between Douglas—Rachford (DR),
Algorithm 3.5, and the primal-dual optimization method proposed by Chambolle and
Pock (Algorithm 8.5 [18, 50]).

Algo. 8.5 Chambolle-Pock
for k=0,1,2,... do

x]f""l = prox,rf(x’f — M zE)
m§+1 = ProX, g« (zk + O'M(2331f+1 — b))
end for

Comparing Algorithm 8.5 and Algorithm 3.5, we should first set 7 = o0 = 1 so that
the oracles correspond properly. Now, computing transfer functions, we have:

-1 1
z—1 =z-—1
9.1 1 | o (prox;,prox,) and
z—1 z—1

Algorithm 3.5:
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Algorithm 8.5: [ ] o (prox;, prox,. ).

Applying Corollary 10, we will have LFT-equivalence between these algorithms if

1 1
_ z z
~l2z-1 1
z z

Therefore, Algorithms 3.5 and 8.5 are LFT-equivalent if M = I.

1 _1pgT
z z
2z—1 1
2=l 1

z

More three-operator splitting

An algorithm that has recently attracted considerable attention is the three-operator
splitting algorithm of Davis and Yin [51]. This algorithm solves the problem

minimize f(x)+ g(x) + h(z)

using the oracles prox;, prox
given as follows.

g» and Vh. The algorithm and its transfer function are

Algo. 8.6 Davis—Yin three-operator splitting
for k=0,1,2,... do . 2—1
2 = prox, s ()

|
[
-

O

N
|
—

z—1 z-—-1
zF = prox; (22F — ¥ —tVh(")) 1 0 0
Y Y
end for

Suppose we wanted to design an equivalent algorithm that used the oracles
(prox, s, prox,., Vh) instead. We proceed in steps:

-1 1
52:5 %:f
= >—1 —t| o (prox;s, prox,,, Vh)
1 0 O
r —1 0 1
211 0 261 o (prox, ;, Vh, prox,. ) swap last two rows
2:-1 _y =1 PrO%ef, VI, PIO¥eg and columns
L z—1 z—1
r 1 _1 _ 17
z z z

( apply Corollary 10 )

~ 1 0 0 X .
1 ° (proxey, Vh, proxy ;) with ® = (prox,;, Vh)

L tz z J
ri1 _1 _t 7
4 4
22-1 1 21 swap last two rows
ol =l 7@27) o (proxyy, ProX3 g Vi) ( and columns
1 0 0
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Now, compare this algorithm to PD30O (Algorithm 7.1), which is

1 —TAT =T
z z z
2:-1)A —or(:2=1)A
a( = ) 1 w o (prox; s, prox, ., Vh)
1 0 0

We can see that the algorithms are LFT-equivalent upon setting A = I, 7 = {,

o = +. Although this result is known [43, 45], the benefit of systematizing algorithm

equivalence is that these sorts of equivalences can be determined straightforwardly.
We can directly verify the equivalence above by applying Theorem 5 with M = H _Ot]

taken from Fig. 7 and applied to the middle oracle to transform prox,, to prox1

g
10000 0] [ L ?*—t
2z—1 1 1=z
i 100 &5 =50 88?888 T 0 0
7 9 71| 1-22 _1 =
[I—HS.G]M[I:|_ géngll 2613 0001 00| 1 0 0 0
- 0t00—to|| 0 1 0
00000 1] 0 0 1 |

9 Discussion

One algorithm, many interpretations and implementations

Is it useful to have many different forms of an algorithm, if all the forms are LFT-
equivalent? Yes: different rewritings of one algorithm often yield different (“physical”)
intuition. For example, Algorithm 1.1 uses the current loss function for extrapola-
tion [52]; while Algorithm 1.2 seems to extrapolate from the previous loss function [53].
The distributed algorithms Algorithms 6.7 and 6.8, although equivalent, were devel-
oped using very different intuition. The former used a gradient differencing scheme
[38] whereas the latter used an adapt-correct-combine approach [39].

Equivalent algorithms can differ in memory usage, computational efficiency, or
numerical stability. For example, implementations of Algorithms 1.3 and 1.4 lead to
different memory usage [5, 6]. At each time step k, Algorithm 1.3 needs to store
xé“ and F(x%), but Algorithm 1.4 only needs to store ¥ in memory. These different
rewritings also naturally yield different generalizations, for example, by projecting
different state variables. Likewise, Douglas—Rachford (Algorithm 3.5) only requires
storing % at each time step k, whereas simplified ADMM (Algorithm 3.6) requires
storing ¢5 and ¢%. This is evident from Fig. 3; the dotted lines cross one arrow for
Douglas—Rachford and two arrows for ADMM.

Stochastic and randomized algorithms

Our framework applies to stochastic or randomized algorithms with almost no mod-
ifations, simply by allowing random oracles. For example, we can accept oracles like
random search argmin{ f(z+w;) : i = 1,..., k}, stochastic gradient V f(z)+w, or noisy
gradient V f(x +w). The definition of oracle equivalence requires a slight modification
in this setting: for algorithms that use (pseudo-)randomized oracles, two algorithms
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are oracle-equivalent if they generate identical sequences of oracle calls given the same
random seed.

Time-varying algorithms
The linear time-invariant (LTI) algorithm assumption is critical, as the ability to relate
the z-transforms of the input and output via multiplication with a transfer function
(= Ifhl) critically relies on the map (u®, u!,...) — (y°,y',...) being LTL
Nevertheless, many of the other concepts from Section 5 do extend to systems that
are time varying. For example, an algorithm with parameters that change on a fixed
schedule but is otherwise linear, such as gradient descent with a diminishing stepsize,
can be regarded as a linear time-varying (LTV) system [29], and the notion of a transfer
function has been generalized to LTV systems [54]. If, instead, the parameters change
adaptively based on the other state variables, the system can be regarded as a linear
parameter varying (LPV) system [55] or a switched system [56]. Examples of such
algorithms include nonlinear conjugate gradient methods and quasi-Newton methods.

Oracle structure

We assumed throughout this paper that all oracles were nonlinear and time-invariant.
If we weaken this assumption, and let the oracles be nonlinear and time-varying, the
notion of oracle equivalence is still meaningful: it holds if the two algorithms invoke
the same sequence of oracle calls. However, shift equivalence no longer works because
time-varying operators do not commute with time shifts.

If we strengthen the assumption instead, and assume the oracles are endowed
with additional structure, then further equivalences are possible. Indeed, every
commutation relation satisfied by the oracle leads to a new notion of equivalence!

For example, an oracle that is linear and time-invariant would commute with any
other LTT system (not just multi-shifts). As an example, consider DR, (Algorithm 3.5)
where f is known to be a quadratic function. In this case, the oracle L = prox; is
linear and therefore commutes with any LTI system. For example, it commutes with
the dynamical system:

s N . l—a 1
- - 1] 0 T L a

Assuming 2% = 0, this dynamical system maps (u®,u',...) — (y°,y%,...), with

v =uf ok P 2 4 aFf for k=0,1,... (22)

This transformation clearly commutes with a linear oracle L, because left-multiplying
each u* by L and then applying the transformation (22) is the same as applying (22)
first and then left-multiplying by L. In other words,

L.+ .g=-"2 L4

Z—x zZ—x




Since DR uses oracles (prox 5 proxg) and only prox  is assumed to be linear, the special
commutation relation only holds for prox;, and we may write

prox; 0 zia() 7 _ zia() prox; 0 1
0 prox, 0 1| |92 0 1 0  prox,| |§2]°

So when f is a quadratic function, we have via Corollary 7 that Hyo (prox;, prox,) ~

. N 1 -1 1 N .
Hy o (prox;, prox,) if Hy = |:zfo¢ 0} H, |:zfoc 0}. Letting H; = H3 5, we obtain the
0 1 0 1

equivalent algorithm:

=1 1 -1 z—«
|:2zz_—11 Z—_11:| 0 (prOXf7 prOXg) ~ |: QZZ_—ll Z—_ll:| © (prOXf7 pI'OXg)
z—1 2z2-—1 (z—1)(z—a) 2z—1

One possible realization of the new algorithm is given below.

Algo. 9.1 Quadratic-f variant of DR

for k=0,1,... do
y* = prox, (a5 — 22f)

w’f""l = ozsc’f - proxf(cwvlgC - m§+1)

k+1 _ _k k k
Lo =Ty —T1 Y

end for

Therefore, Algorithms 3.5 and 9.1 are equivalent for all o when f is a quadratic
function, but they cease to be equivalent when we remove this constraint on f. Specific
equivalence results that require one of the oracles to be linear can be found, for exam-
ple, in [57, Theorem 4]. However, the approach presented above is far more general,
as it allows one to systematically derive entire families of equivalent algorithms.

Moving beyond linearity, different notions of equivalence could conceivably be
developed for other classes of oracles, such as dynamic oracles (oracles with memory),
or multi-dimensional oracles that have structure, such as sparsity.

Nonlinear state updates

Our main exposition only considers algorithms defined by state-space equations: a
linear map relates (z¥,u*) to (z¥!,y*). However, this assumption can be relaxed:
linear state updates is a sufficient condition, but it is not necessary. We only require
that the map (u®,u!,...) — (y° *,...) be LTL For example, consider Algorithm 9.2,
which is related to ordinary gradient descent (Algorithm 3.4) via a nonlinear state
transformation.

Algo. 9.2

for k=0,1,2,... do
ab Tl = gk exp(f%Vf(log z*))
end for

Although the state update equations for Algorithm 9.2 are nonlinear, if we identify
the oracle input y* = log 2% and the oracle output u* = V f(y*), we can eliminate z*
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and write the algorithm as y*+! = y* — %u’“, which is a linear system with transfer
function —% Zil.

Checking for equivalence

Checking for equivalence in our framework is straightforward using a computer algebra
system to verify relations between transfer functions, as demonstrated in Section 5.
This process can be automated using symbolic computation libraries. A previous
version of our framework has been implemented in the software package LINNAEUS,
which allows researchers to search for algorithms that are related by oracle and shift
equivalence, or a weaker form of LFT-equivalence [58].

10 Conclusion

In this paper, we have presented a framework for reasoning about equivalence between
a broad class of iterative algorithms by using ideas from control theory to represent
optimization algorithms. The main insight is that by representing an algorithm as
a linear dynamical system in feedback with a static nonlinearity, we can recognize
equivalent algorithms by detecting algebraic relations between the transfer functions
of the associated linear systems. This framework can identify algorithms that result
in the same sequence of oracle calls (up to a possible shift), even when algorithms use
different but related oracles.

Our main framework requires that the algorithm is linear in the state and oracle
outputs, but not necessarily in the parameters. Our work focused on the case where the
oracles are nonlinear and time-invariant, but these assumptions can be strengthened
or weakened, which would modify the corresponding notions of algorithm equiva-
lence in a predictable and principled manner, following directly from the framework
we have developed. We have discussed how to use our framework to understand dis-
tributed algorithms and randomized algorithms, and how to extend our framework to
encompass nonlinear state transformations or time-varying oracles.

Our work presents first steps towards systematizing the study of optimization
algorithms. When viewed as dynamical systems and characterized in terms of their
input-output maps, algorithms are distilled to their essential function: a causal map
that produces the next oracle input based on past oracle outputs.

Looking forward, control theory is well-positioned to advance the fields of algorithm
discovery, analysis, and design. Control theory is concerned with the analysis and
synthesis of dynamical systems with the goal of obtaining desirable overall behavior,
such as stability or robustness to noise. In particular, tools from robust control have
been used to analyze and design optimization algorithms with optimized convergence
rates or noise-robustness properties, for example [12, 59].
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Appendix A Control theory results

A.1 Minimal realizations

We start with the important definitions of controllability, observability, and minimality.

Definition 8. Consider a realization (A, B, C, D) with A € R™"*™. The realization, or
simply the pair (A, B), is controllable if the controllability matrix C has full row rank.
The realization, or simply the pair (C, A), is observable if the observability matrix O
has full column rank. The controllability and observability matrices are defined as:

C

CcA
C:= [B AB --- An_lB] and O :=

CAnfl

Definition 9. A realization (4, B,C, D) of H(z) is said to be minimal if A has the
smallest possible dimension.

The notions of controllability and observability are intimately connected to the
notion of a minimal realization [49, §3.7].

Proposition 12. A realization is minimal if and only if it is controllable and observ-
able. Furthermore, all minimal realizations of H(z) are related to one another via a
suitably chosen invertible matriz T and the transformation (14).

The transfer function corresponding to a realization (A4, B, C, D) can be expanded
into an infinite series. Its (matrix) coefficients My, are called the Markov parameters
and are defined as:

H(z)=D+C(z1 —A)~'B
=D+ CBz '+ CAB2 2+ CA’Bz3 + ... 4+ CAF1B27F ...
=: My + Mlz_l + M22_2 + M3Z_3 4.+ Mkz_k + .-
The Markov parameters only depend on the transfer function, so all realizations of a

given transfer function have the same Markov parameters. We can arrange the Markov
parameters into the semi-infinite Hankel matriz, which factors as:

My My Ms - CB CAB CA2B .. C
My Ms My - CAB CA2B CA3B - .. CA )
H:= |y My, My ---| = |CA2B CA3B CA*B ...| = |cA?| [B AB A’B --].
o

In particular, this identity must hold for a minimal realization, which is controllable
and observable by Proposition 12. We immediately obtain the following result.
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Proposition 13. The minimal realization of a system has a state dimension equal to
n = rank(H), where H is the Hankel matriz of the system.

Remark 7. When applying Proposition 13 in practice, it suffices to compute a block-
N x N truncation of H, where N is any upper bound on the minimal state dimension.
For example, we can let N be the dimension of any given realization. This works
because due to the Cayley—Hamilton theorem, the ranks of O and C can no longer
increase after the N** block-row or block-column, respectively.

In Appendix A.3, we show how to construct a minimal realization of a given transfer
function.

A.2 Proof of Propositions 1 and 2

Proof. Applying Eq. (11), we may write the input-output maps for both algorithms
as §(z) = 0i(2)2% + H;(2)a(z) for i = 1,2. If there exist ¥ and 29 such that the
input-output maps of both systems are the same, we must have O;(2)z9 = Oy(2)x
and Hi(z) = Hy(z). This establishes necessity for Propositions 1 and 2.

We now prove sufficiency. If Hl( ) = Hy(z), both systems have the same input-
output map if and only if Oy ()29 = Oy(2)x3. A trivial solution is 9 = 0 and 23 = 0,
which proves suﬁimency for PI“OpOSlthIl 1. Now suppose both realizations are minimal
and pick any 29. By Proposmon 12, there exists an invertible matrix 7T such that:
(Ag, B2,Co, Dy) = (TA, T, TBy,C1T~1Dy). Therefore, we have:

Oa(2)xy = 20y (21 — AQ)_1£EO = 201 el - TAT V) 12
= ZCl(ZI—Al)_l 01( ) -1 0

Setting a:l T- 11’0 leads us to Oy ()29 = Oy(z )xQ, as required. To prove uniqueness,
suppose 7Y # 29 is a different solutlon so that O1(2)z9 = O1(2)#). In other words,
O1(z)v = 0 for some v := &9 — 20 # 0. Then, we have:

01( )'U—ch(z.[ A ) v = (Cl +01A12 +C1A3272+)’U:0

We conclude that CyA¥v =0 for k=0, 1,..., and therefore O;v = 0, where O is the
observability matrix (Definition 8). Minimality of (A4;, By, C1, D1) implies observabil-
ity by Proposition 12, and therefore O has full column rank and v = 0, a contradiction.
This establishes sufficiency of Proposition 2 and completes the proof. O
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A.3 From transfer functions to algorithms

We begin by summarizing some key properties of transfer functions.

Proposition 14. Consider a state-space system (A,B,C,D) and its associated
transfer function H(z) = D + C(2I — A)~'B.

1. H is rational, which means each entry I:[”(z) can be expressed as a ratio of
_ pij(2)
A = 4
2. H is proper, which means that deg(p;;) < deg(gi;) for all i,j.

polynomials Hy;(z) where p;;(2) and g;;(z) have no common factors.

3. H is strictly proper, meaning deg(p;;) < deg(qi;) for all i, 3, if and only if D = 0.
Proposition 14 follows immediately from the formula H(z) = D + C(zI — A)~'B.

From transfer functions to minimal realizations

Given that all state-space realizations yield proper transfer functions, we now show
how to construct a minimal realization given an arbitrary p X m proper rational trans-
fer function H(z).5 There are many efficient methods for constructing realizations
from transfer functions [29, §5.4]. We now present one such method, the Ho—Kalman
algorithm [60], which is direct, efficient, and numerically stable.

The Ho—Kalman algorithm is based on the Hankel matrix and leverages Propo-
sition 13 and Remark 7. Let N be an upper bound on the number of states of the
minimal realization. One way to obtain such a bound is to let NV be the degree of the
denominator polynomial of det A (z). Now form the truncated Hankel matrix

M, My --- My C
My My - Myos cA
Hy = | . ) ) ) = ) [B AB --- AN7!B] = OnCy.
My Mygq -+ Man_q CAN-L Cw
o
N

The shifted Hankel matrix (starts at My instead of M;) can also be factored:

My Ms -+ Mpy4
N Ms My -+ Mpygo
HN = . . . . = ONACN

Mny1 Myy2 -+ May

Now compute the compact singular value decomposition (SVD) Hy = UXV . By
Proposition 13, ¥ € R™*" and n is the minimal state dimension. We will choose On =
UXY? and Cy = XY2V 7. These matrices are left- and right-invertible, respectively.
Finally, define the following matrices.

e D= My=lim,. H(z).

SWhen representing algorithms, we typically have p = m (square H), since there are as many oracle
inputs as oracle outputs. In general, we can find state-space realizations for non-square transfer functions.
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e (C is the first p rows of Oy = UXY/2.
e B is the first m columns of Cny = X1/2V T,
o A=O\HECh =2 2UTHL V2,

Then, (A, B,C, D) is a minimal realization of H (2). In practice, one typically chooses
N to be a loose upper bound, such as twice the degree of the determinant det H(z),
as this yields a more numerically stable SVD computation.

Remark 8. In the field of controls, the Ho—Kalman algorithm is often used as a
method of system identification, where the Markov parameters M}, are measured in
a physical system, and we seek a state-space model (A, B,C, D) or transfer function
model H(z) that fits the data [60]. Hankel singular values also show up in model
reduction, when we seek simpler approximate models (with fewer states). One way
is to truncate the smallest Hankel singular values [49, §7]. This is akin to finding a
low-rank approximation of a real matrix by truncating the smallest singular values.

From realizations to state update equations

As described in Section 4, state-space realization can directly be converted back to
step-by-step implementations of the form of Algorithm 4.1. These implementations will
be explicit if D can be permuted into a strictly lower-triangular matrix, and implicit
otherwise.

Appendix B Equivalence proofs

B.1 Proof of Lemma 3

We verify each property separately.

Reflezivity: Let A,, = I. For any H , we trivially have H=A,H Afnl. Therefore
H ~ H, establishing reflexivity.

Symmetry: Suppose Hy ~ Hs. Therefore,

= ApHASY — By = AZULA,, = (A M) (At M)

where we let M := max(my,...,m,). Therefore, A1z~ is a valid multi-shift (all
powers of z are nonpositive) and Hy ~ Hy, establishing symmetry.

Transitivity: Suppose f{k NAI:IQ and Ho o~ ﬁ3; Therefore there exist multi-shifts Ay
and A, such that H; = AngAfl and Hy = AgHgAgl. Thus, we have

H, = AngAl_l = AlAQIjIgAQ_lAl_I = (AlAg)Hg(AlAg)_l.

Since A1 A, is a valid multi-shift, we have Hy ~ flg, establishing transitivity. [
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B.2 Proof of Theorem 5

Suppose that R {I}rl} = MR {I}Tz} Then for any -, there exists a ¢; such that

[Hz;yl] = M {Hgyﬂ Multiplying both sides on the left by [I —ﬁl], we obtain
1 2

[I fﬁl] M [I?] 9o = 0. This holds for all ¢, therefore [I —ﬁl] M {h[r?} =0.

Conversely, suppose that [I —H,] M {Iiﬂ = 0. Augment the block matrices

0 I 0 I * *
The left-hand side is invertible, so the right-hand side is invertible as well. Invert-
ing both sides, the right-hand side remains block-lower triangular, and we obtain

I —Hy| -1 (L Hi| _ %0 , where the «’s indicate different blocks from before.
0 I 07 * |

to obtain: {I _Hl} M {I HQ} = [* 0], where the x’s denote unimportant blocks.

Extracting the (1,2) block, we obtain [T —ﬁQ] M-! [Iil} =0.

Now, pick {g] e MR {I? , 8o there exists some g such that {Z] =M [I?] 7.

Multiplying on the left by [I - H 1], we conclude that & = H;9, which we can rewrite

w| ]?[1 ~ 1:11 I;[l > 9 ,f{Q o . . u
as [6} = [I}v € R[I] Therefore,R[I} ) MT\’,{I} Similarly, pick [@} €

MR {Iil} Following similar steps, we obtain R [}?] DM IR {I}H] Combining
H,

R _
I] —MT\’,{I},aS required. O

the two inclusions above, we obtain R [
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