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Unconstrained optimization:

minimize  f(z)

subject to z € R?

® need algorithms that are fast and simple

e currently favored family: first-order methods
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Polyak acceleration (Heavy Ball)

Tp1 =z — aVf(vg) + B(zg — Tp-1)

Nesterov acceleration (Fast Gradient)
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Warm-up: Gradient descent




Nesterov’s bound:

First, prove this fact about f (use co-coercivity, Cauchy-Schwarz):

(z=9) " (VF(2)= V() = 25 e — y |+ ]| V(=) = V)|

Then, if a < +L we have:

T A

= ||z — 2| — 20(ay — 20) TV (@) + 2| VS (21)]”

< (158 o =l e (o= i) s

lzwr = | < /1= S5 [low — 2]
—_——
p

Bound is minimized when o = ——= and p = 7.



Polyak’s bound:

Use this fact about f (from the mean value theorem):

1

V(o) = V(o4 | VRS (mr(one) (o) dr = Au(on.)
0

where mil; < A < LI; by assumption.

s .| = o - 2. — a7 )]
= H(l — aAg)(zg — l‘*)H
< 1= adil| - flan —a.|
< max{|1 — am|,|1 — aL|} ka - x*H

p

L—m

. .. . _ 2 _
Bound is minimized when o = —=+ and p = 7.






minimize T
nimiz f(x)

In this talk:
® |terative algorithms can be viewed as robust controllers.

e Algorithm analysis can be performed rapidly and
automatically by solving small semidefinite programs.

® Match or exceed state-of-the-art performance bounds.

® Automated analysis enables principled design.



SDP bound

Gradient descent with stepsize o converges with rate p
if there exists some A > 0 such that:

p?+2mLA (m+ L)\ 1
(m+ L)A 2\ al =0
1 «Q 1

Reduces to p > max{|1 —al|, |1 — am|}.

(same as Polyak bound)

_2
m—+L

_ L—m
and popr = Tom:

Further optimizing yields copt = T
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SDP bound

Linear matrix inequality can be rewritten as:

1 —« 2|1 0 —2mL m+ L
{—oz aQ}_p [O O}+)\{m+[/ —2 }jO

Multiplying by <xk — Ty, Vf(a:k)> on both sides:

lzss — 2l = p° l2x —
—_——— —_——
V(Ik+1) V(Ik)

Ty — Ty T —2mL m+ L| |z, — z,
Vi(zk)| [m+L =2 Vi (k)

s

# ] <0

-

always nonnegative

V(z) = ||z — z,||* is a Lyapunov function that
certifies geometric convergence with rate p.
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Outline

Iterative algorithms as dynamical systems

® | yapunov approach to stability

Stochastic optimization

Distributed optimization
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Dynamical system interpretation

Heavy ball:  x,.1 = 2p — aVf(zh) + B2 — 23-1)

Define uy, := Vf(xy) and py := 254

algorithm (linear, known, decoupled)

e = 157 B L2

et o

Pk

ur = Vf(yr) [

function (nonlinear, uncertain, coupled)




Dynamical system interpretation

Heavy ball: 2,1 = 2, — aVf(zx) + B(xr — 1)
Define uy, := Vf(xx) and py := xp_1

algorithm (linear, known, decoupled)

A

U = Vf(yk)

function (nonlinear, uncertain, coupled)

14



§kr1 = A&, + Buy,

yr = C&,

ur = Vf(yx)
Gradient

7& T

0 Heavy ball

_a T

0 Nesterov

0 -
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Functions are often defined in terms of the
inequalities they must satisfy.
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Convex function
* fly) > f(x) + Vf(2)"(y — x)
* (Vf(y) = Vf(@)"(y —2) >0

Convex with Lipschitz gradients

° fly) < f@) + V(@) (y — 2) + 5lly — *
* (Vf(y) = Vf(x) (y —2) < Llly — 2|
° fy) = f(2) + V(@) (y — 2) + 5 IVF(y) — VF (@)

Strongly convex with Lipschitz gradients

* fly) = flz) = Vf(@)"(y — 2) > 5555 (mLHy—SEH2
—2m(Vf(y) — Vf(2))"(y — =) + | Vf(y) — VF(2)]?)
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Nonconvex examples

e Weak strong convexity [Necoara et al. ‘15]:

flw) = fa) + V(@) (2 — 2) + Flle — 2.
Restricted secant inequality [Zhang,Yin '13]:
V@) (x =2 = Zllz — 2.

Quadratic Growth [Anitescu ‘00]:

fl@) = fla) 2 Bz — 2.

Error bound [Luo, Tseng ‘93]:

Sl =zl < [V ()]l

Polyak—t.ojasiewicz ['63]:

2IVF@IF = 2 (f (@) = ()
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Lifting approach

lifted
algorithm

Simple Lyapunov
function

A

\

original
algorithm

Direct approach

(e.g., 1QC)

performance
bounds for p

Lifting increases the number of variables but
allows use of a simpler Lyapunov function.
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Original system:

\4

Algorithm

Uk

Yk

Vf

A

Lifted system:

| Lifted
w “| algorithm
uk-_g vf
. ot

state: zy

k _
y. state: x, =

Yk—e

Tk
Yk—1

Yr—2
Uk—1

LUk—e ]
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Outline of approach

e Use V(7) = 2] P¥, + p" fx; quadratic in algorithm state
and linear in function values.

® Write all possible linear combinations of valid inequalities
satisfied by f(z): II(A) > 0. Use interpolation conditions
[Taylor et al. 2017] to eliminate redundant inequalities.

® Use S-procedure; Find P, p, A such that
V(Zp1) — p°V(21) + TI(A) <0 for all Ty, yx, uy,
Since TI(A) > 0, this implies V (x)11) < p*V(z).

Higher lifting dimension means more interpolation
conditions, and potentially less conservatism.
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Related work

Finite-time performance
e [Drori and Teboulle. 2014]
® PEP approach [Taylor, Hendrickx, Glineur. 2017]
® Tight bounds, but LMI size depends on horizon length

Asymptotic performance
¢ IQC approach [Lessard, Recht, Packard. 2016]
e More IQCs [Michalowsky, Scherer, Ebenbauer. 2020]

Proposed Lyapunov approach
e Similar in spirit to PEP
® Recovers same bounds as IQC approaches
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Efficiency

Size does not depend on function domain dimension d.

¢ =1 appears sufficient for best p bound.

Example: Smooth strongly convex functions. Given m, L
and algorithm parameters (e.g., «, ), computing tightest p
bound takes < 50 ms on a laptop.

Search for Lyapunov function is a linear matrix inequality.

Typically need bisection search to find smallest feasible p.
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Nesterov’s method

Convergence rate p

Tpe1 = T — aVf (zp + Bz — Tp—1)) + BTk — Tp—1)

Nesterov rate bounds Nesterov iterations
1 -
e o 107
5}
0.8} B 1 g
g
. 2
06 1 8
%)
04} - - - Nesterov bound 1 S
K —o— Lyapunov bound g 100 b
0.2 '7' —— Nesterov (quadratic) = ’
— Heavy ball (quadratic)
0 I T I I I L
10° 10! 10? 10° 10 10° 10 10? 10% 10*
Condition ratio L/m Condition ratio L/m

® Lyapunov bound improves upon Nesterov's own bound.
® Number of iterations is still asymptotically the same.
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More results

Tps1 = T — aVf(zp +0(2p — 2p-1)) + B2 — Tp—1)

VI—/m
VL+v/m®

Nesterov's tuning uses & = + and f =17 =

e Shown in [Safavi et al. 2018] that using
ﬁ — o — 2L—m—+v2Lm—m?
n 2L+v2Lm—m?2

instead yields an improved rate.

e Triple Momentum Method [Van Scoy et al. 2017] allowed
(a, 5,7m) to be different; yields fastest known algorithm on
strongly convex functions.

These results leveraged a dynamical systems perspective.
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Gradient descent (GD)

T4l = T — ag(xk)

® « is the stepsize
® g(z) = Vf(x) + w is the noisy gradient
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Random quadratic function: f(z) = zTQx with x € R,
Eigenvalues satisfy 1 < \(Q) < 10 and w; ~ N(0, I).

10° 4 — a4 =018
— a=01
Geometric — 0 =003
102 Phase
N
I 10t
% Stationary
= Phase
5
w
100 m
1071
500

0 100 200 300 400
Iteration count, ¢



Performance metrics

Rate of convergence (p)
lz — 2*[| < (const) - p*

Smaller p = faster convergence (geometric phase).

Sensitivity to noise ()

hmsup E Zka — ¥ = +*

N—o00

Smaller v = more noise robustness (stationary phase).
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Question

30



Algorithm: 3-parameter family

Ti1 = T — ag(zg + n(x, — xk—l)) + B(wp — Tp-1)

Generalizes Polyak and Nesterov acceleration:
® Same template as Triple Momentum Method.
® Recovers Gradient descent when 5 =1 = 0.
® Recovers Polyak acceleration when 1 = 0.

® Recovers Nesterov acceleration when n = .
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Bounding p

If 2x11 = F(xx) and we can find a function V' (z) satisfying

V(z) > ||z (positivity)
V(F(x)) < p*V(z) (decrease condition)

Then we have geometric decrease:
i ll* < V(x) < p°V (@pr) < -0 < p™ V(o)
Just add valid inequalities to both conditions:

V(z) > ||z||* + TI(A1) (positivity)
V(F(x)) 4+ (Ag) < p*V(z) (decrease condition)
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Bounding v

If xx11 = F(xy,wx) and we can find a function V() satisfying

V(z) >0 (positivity)
EV(F(z,w)) —EV(x)+ E||:UH2 <~? (decrease)

Then we have bounded steady-state covariance:

N-1
EV(zy) - EV(zo) + E) [lae]* < Ny
k=0
N-1

1
— i —E 2 <2
im sup D llakl® < v
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Efficiency

Size does not depend on function domain dimension d.

Typically need bisection search to find smallest feasible p.
and ¢ = 1 appears sufficient for best p bound.

¢ = 4 appears sufficient for best v bound, but no
bisection is needed.

For any choice of («, 8,m, L,m), it takes < 100 ms to
compute the optimal (p, 7).
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Challenges

® In principle, solution is a semialgebraic set.

e Optimality conditions yield polynomials of degree > 200
that do not factor nicely.

Find algorithms that:

® Have simple and explicit algebraic expressions.

® Are near-optimal.
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Numerically guided search

1. Use numerical solver (e.g. Nelder-Mead) to find locally
optimal («a, 8,7), e.g. fix p and minimize ~.

2. Write LMI as polynomial optimization problem.

3. Substitute numerical solution to find active constraints.
At optimality, matrices in LMI will drop rank.

4. Look for analytic solution to system of active constraints.
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Robust Accelerated Method (RAM)

Let p € [1 -7 1). RAM is the 3-parameter algorithm
_ (+p)(1-p)® 8= L (1—p+2p*)—m (1+p)
mo TP I-mG)

_ o L(=p*)—m(1+2p—p?)
1= P T=m)B-p 1)

(07

On the class £}, 1, RAM achieves pgam = p-

For larger p, RAM is near-Pareto optimal
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(p,7) tradeoff (m =1, L = 10)
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Normalized sensitivity

(p,7) tradeoff (m =1, L = 100)
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Nesterov and Polyak limitation (m = 1, L = 100)
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n
minimize Z fi(zy)
i=1

Z1y--9Tn

subjectto 1 =29=...=1x,

At each timestep, agent ¢ can:

1. Evaluate its local gradient Vf;
2. Transmit information to its immediate neighbors
3. Perform local computations

47



Gossip matrix
O

® I/ is doubly stochastic

® The iteration xf“ = Z;Zl Wwazf converges to average
-1 14
5 3 003
02040
w-lot o
1 1 1
5 03 03
1 11
L3 00 5 3.
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Distributed algorithms

oF = Wak — aVf(2F) DGD’09
= (I + W)ak — LV gk=1 — o Vf(2F) + aVf(zF~1) EXTRA’15
= 2Wak — W22k — a W2(Vf(2¥) — Vf(2*1))  AugDGM’15
oF L = oWk — W2gk—1 — aVf (2F) + aVf(zF 1) DIGing’17
= (I+W) (k= 328 1) —aVF (LY 2F) +aVf (Y 27 1) ExDiff’17
"t = (I + W)k — BV (2k=1 4 aVf(2*) — aVf(zF~1))  NIDS’19

and more. ..
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General algorithm form

Algorithm [ ko A B, B,] [«F
k
(] Y; = Cy Dyu Dyv uf
2k C, D.,, D.,| |vF
z v n
> W ko k _k
vy = Wi z;
j=1
Y U
> Vf k
U; = Vfl(yz)

Many known algorithms fit in this form!
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Local functions: Each f; SatISerS a quadratic bound

(sz — Vfi(zy) — QZ—ZL‘* Vfl( ) — Vfi(xy) — x—a:*
fi(x) / \ fi(=) Z <
L/m=1 L/m =2 L/m=4 L/m =38

Gossip matrix: balanced, douny stochastic, [|211T—W*|| < o
O

o=10 o = 0.667 o =10.707 o= 0.809
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T
o e 0y
rrrrrrrrrrrrrrrrrrrrrrrrr 0 —p?P i 0 | || =0
Cy Dy 00T Cy Dy
0o I P70 0 I
A B, B, 1" A B, B,
I 0 0 Q 0 0 0 I 0 0
Oy Dyu Dyu 0 _p2Q 0 0 Oy Dyu Dyv
0 1 0 0 0 M 0 0 I 0
Cz Dzu Dz‘u 0 0 0 Ml ®R Cz Dzu Dzv
0 0

Then there exists a constant ¢ > 0 such that
lzf — x| < cp”

for all agents i € {1,...,n} and all iterations k& > 0.
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Algorithm comparison

o optimized and k = 10

1.000 —
EXTRA

0.975 —— NIDS
2 0.950 —— DIGing
% —— AugDGM
~ 0.925 1 —— ExDIFF
] UEXTRA
= 0.900 7 —— UuDIG
(0]
§ 0.875 - --= low bound
3 i
£ 0.850
3

0.825 A

0.800 T T T T

0 0.2 0.4 0.6 0.8 1.0

spectral gap (o)
® « is gradient stepsize (optimized by grid search).

All algorithms analyzed using the same theorem!
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Algorithm design

® Analysis is now easy. Design is still hard:
(nonlinear, nonconvex, constrained)

® | ook for simple algorithms.

® Result:
1 B B l—y B —ain
v v —1 1 0 i1
Cy Dyu Dy | = 1—6 0 0 9
CZ ‘DZU DZ’U 1 O 0 0

¢ Closed-form expressions for optimal («a, 3,7,0) and p as
functions of (L, m, o).
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Algorithm comparison with SVL

worst-case linear rate (p)

a optimized and k = 10

1.000
0.975 A
0.950 A
0.925 A

o

©

o

S
1

0.875 A
0.850 A
0.825 A

I I

7

0.800

T
0.2 0.4

spectral gap (o)

0.8 1.0

EXTRA
NIDS
DIGing
AugDGM
ExDIFF
UEXTRA
uDIG

low bound
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Algorithm comparison with SVL

a optimized and k = 10

1.000
0.975 A
0.950 A
0.925 A

0.875 A
0.850 A

worst-case linear rate (p)
o
(o]
o
o
1

0.825 A

0.800

T

7

T
0.2 0.4

spectral gap (o)

T
0.6

EXTRA
—— NIDS
—— DIGing
—— AugDGM
—— ExDIFF

UEXTRA
—— uDIG
m— SVL
--- low bound

1.0

Best worst-case performance for any known algorithm!
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A simple interpretation of SVL

(a:kH = argminfl( )+ (z— yf)Tzf + ng - ylkH2
ADMM: Yol = Z"Ekﬂ
7t =2F +ﬁ (2t =y )

e =l - () + £1)
Inexact ADMM: { yF™ = Zwk-i-l k1

k+1 __ k+1 k+1
2 = Zz‘ + (xl —Y; )

SVL is equivalent to inexact ADMM!
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Summary

® |terative algorithms as dynamical systems.

® Algorithm analysis can be performed rapidly and
automatically by solving small semidefinite programs.

® Obtain simple and interpretable Lyapunov certificates that
match or exceed state-of-the-art performance bounds.

e Algorithm design for near-Pareto-optimal
rate-robustness trade-off.

® Algorithm design for distributed optimization.
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Thank you!

Robustness trade-off (with more function classes and
designs!): https://arxiv.org/abs/2109.05059

Distributed optimization:

IEEE Trans. Contr. Network Sys. 7(4), 1597-1608, 2020.

All papers available on my website:
https://laurentlessard.com

Funding acknowledgement:
NSF 1750162, 1936648
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Backup Slides

61



Numerically guided search

1. Use numerical solver (e.g. Nelder-Mead) to find locally
optimal («a, 8,7), e.g. fix p and minimize ~.

2. Write LMI as polynomial optimization problem.

3. Substitute numerical solution to find active constraints.
At optimality, matrices in LMI will drop rank.

4. Look for analytic solution to system of active constraints.
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Simulation
Nesterov's worst-case quadratic:

L+m L—m
2 4 0
L—-m L+m L—m

V2f(l‘) — 4 2 4

0 L—m L+m

Lower bound (any algorithm):

VI—vim \* «
low =2l > (VERZ) llzo — o]

¢ Quasi-Newton methods (BFGS, SR1)
® Nonlinear conjugate gradient
® Fast Gradient, Heavy Ball, Gradient descent
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Error, [ly" — o*||

Nesterov worst-case, d = 100, m =1, L = 10, ¢ = 107°.

10~°

10-6

I
BFGS

----- Nesterov lower bound
SR1 — RHB (p= Y7 ~052) |
p= ~ 0.52)
NLCG, PR VE+m
o —— RHB (p = 0.70)
GD, a = 2/(L +m) ___E::@zgx) 1
GD, a=1/L B (p=095)
. L ~r= | 1
1 T 1
50 100 150 200 250 300 350

Iteration count, ¢

400
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Error, [ly* —y*||

Nesterov worst-case, d = 100, m =1, L = 10, 0 = 1072.

1071

102

|
— BFGS e Nesterov lower bound
— SR1 —— RHB (p = YLV ~ (.52
p= ~0.52)
—— NLCG, PR VI
FC —— RHB (p = 0.70)
—— GD, a=2/(L+m) E:: (p= gzg) |
—— GD, a=1/L (p=095)
~— \\
25 50 75 100 125 150 175

Iteration count, ¢

200
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Error, [ly* — v

Nesterov worst-case, d = 100, m = 1, L = 10, o = 1075.
Using piecewise constant p schedule.

. ] Nesterov lower bound
10 E Asymptotic 1/+/f lower bound
_ YL-vym
RHB (p = A ~ 0.52)
102 4 RHB (p = 0.70)
RHB (p = 0.90)
RHB (p = 0.95)
10-3 4 RHB (piecewise constant p)
10—4 .
1075 E
1076 T : T
100 10t 102

Iteration count, t



Algorithm comparison with SVL

a optimized and k = 10

1.000
0.975 A
0.950 A
0.925 A

0.875 A
0.850 A

worst-case linear rate (p)
o
(o]
o
o
1

0.825 A

0.800

T

7

T
0.2 0.4

spectral gap (o)

T
0.6

EXTRA
—— NIDS
—— DIGing
—— AugDGM
—— ExDIFF

UEXTRA
—— uDIG
m— SVL
--- low bound

1.0

Best worst-case performance for any known algorithm!
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Worst-case trajectories: Tight bounds?

103 + —
3 P 0=0.9

102 + S — 0=06
1 — 0=0.3

llyk=y*lI

iteration (k)

e NIDS with n = 15 agents, d = 1 dimensions, and x = 10.

® Greedy heuristic: choose functions and graph at each iteration
to maximize error (Requires solving a nonconvex QCQP).
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