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Abstract

Accelerated optimization methods are typically parametrized by the Lipschitz
smoothness and strong convexity parameters of a given problem, which are rarely
known in practice. While the Lipschitz smoothness parameter L can be easily
estimated by backtracking, directly estimating (i.e., without restarts) the strong con-
vexity parameter m remains an open problem. This paper addresses this challenge
by proposing NAG-free, an optimization method that achieves acceleration while
estimating m online without priors or restarts. Our method couples Nesterov’s
accelerated gradient (NAG) method with an inexpensive estimator that does not
require additional computation, only storage of one more iterate and gradient. We
prove that in the canonical setting of the open problem, NAG-free converges glob-
ally at least as fast as gradient descent and locally at an accelerated rate, without
resorting to m priors or restarts. We also introduce a complementary estimator for
L, symmetric to the m estimator. We provide extensive empirical evidence that this
NAG-free heuristic with L and m estimators often achieves acceleration in practice,
outperforming restart schemes and traditional accelerated methods parametrized by
offline estimates of L and m. Our experiments also suggest that NAG-free might
be effective even for nonconvex problems when combined with restarts.

1 Introduction

Accelerated methods are notable for achieving optimal convergence rates among first-order opti-
mization algorithms on key problem classes [Nesterov, 2018]. However, to attain these optimal
rates in practice, they require knowledge of problem-specific parameters. Consider the class of
Lipschitz-smooth, strongly convex functions, characterized by the smoothness parameter L and the
strong convexity parameter m. To apply accelerated methods effectively in this setting, both L and
m must be known; yet, as noted by Boyd and Vandenberghe [2004, p.463], these parameters “are
known only in rare cases.” While L can often be estimated via backtracking [Tseng, 2008, Beck
and Teboulle, 2009], estimating m is considerably more difficult. As Su et al. [2016, p.21] put it:
“while it is relatively easy to bound the Lipschitz constant L by the use of backtracking, estimating
the strong convexity parameter m, if not impossible, is very challenging.” Similarly, O’Donoghue
and Candes [2015, p.3] emphasize that “estimating the strong convexity parameter is much more
challenging.” In light of this, restart schemes have emerged as the dominant approach to handling
unknown m [d’ Aspremont et al., 2021, Sec. 6]. These methods restart accelerated algorithms (e.g.,
Nesterov’s method) based on heuristic or adaptive criteria. Some approaches sweep over a grid of
candidate m values [Roulet and d’ Aspremont, 2017], while others yield empirical success without
formal convergence guarantees, relying instead on heuristic arguments grounded in continuous-time
analysis [O’Donoghue and Candes, 2015, Su et al., 2016]. Despite these advances, it remains an:
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“open question whether strong convexity parameters can be efficiently estimated while
maintaining reasonable worst-case guarantees and without resorting to restart schemes.”
[d’ Aspremont et al., 2021, p. 96].

Contributions This paper directly addresses that open question, with two main contributions:

1. An efficient method for estimating the strong convexity parameter without restarts.
We introduce NAG-free, an optimization algorithm that estimates the strong convexity
parameter m online without priors and without relying on restart schemes. NAG-free
couples Nesterov’s accelerated gradient (NAG) method with a lightweight estimator that
requires only the storage of one additional iterate and gradient, both already computed
in standard NAG. We prove that NAG-free converges globally at least as fast as gradient
descent, and achieves local acceleration.

2. An efficient parameter-free heuristic with good empirical performance: Although our
focus in this paper is the open question above, which only concerns estimating m, we also
consider the problem of simultaneously estimating both L and m. Namely, we equip NAG-
free with an L estimator symmetric to the m estimator that requires no further computations,
resulting in a parameter-free method. We demonstrate that this NAG-free heuristic often
achieves acceleration in practice, outperforming restart schemes and traditional accelerated
methods that rely on problem-specific parameter bounds. Moreover, we present promising
results on the combination of NAG-free with a restart scheme on nonconvex problems.

2 Problem statement

Consider the task of finding 2*(f), the unique minimum of the problem
min f(x), (H

where f € F(L,m), the set of functions that satisfy the following definition.

Definition 2.1 (Lipschitz-Smooth and Strongly Convex Functions). We define 7 (L, m) to be the set
of all differentiable convex functions f : R? — R that satisfy both:

» Lipschitz-smoothness: There exists L > 0 such that for all z, y € R?,

f) < f@) +(Vf(2),y — )+ (L/2)|ly — |>. )

+ Strong convexity: There exists m > 0 such that for all z,y € R?,
f@) +(Vf(2),y —x) + (m/2)|ly — z||* < f(y). (©)

That is, F (L, m) contains functions that are both L-smooth and m-strongly convex.!

Having defined F (L, m), we now precisely state the problem addressed in this paper:

Problem statement. Given f € F(L,m), we address the open question as stated in
[d’ Aspremont et al., 2021, p. 96]: whether m can be efficiently estimated while maintaining
reasonable worst-case guarantees and without resorting to restart schemes. Accordingly, to
focus on the open question of estimating m, we assume that an upper bound on L is known,
which is common in practice. Moreover, since the question presumes strong convexity, we
assume that inequality (3) holds for some m > 0.

'"More generally, f is L-smooth if ||V f(z) — Vf(y)|| < L|lz — y|| for all z,y. Under convexity, this is
equivalent to (2); see Nesterov [2018, Thm. 2.1.5].



3 The NAG-free algorithm

For any f € F(L,m) and for all z # y, the following inequality holds:

IVf(z) = V(y)

= yll
This inequality follows from standard results on smooth and strongly convex functions [Nesterov,
2018, Thm. 2.1.5, 2.1.10]. The quantity c(z, y) captures a local notion of curvature between two
points and lies in the interval [m, L]. Given iterates x;; and x; produced by Nesterov’s accelerated
gradient (NAG) method, we propose to estimate m online via the recurrence

” < L. “

m < c(z,y) =

My == min(mt, Ct+1), where Ct+1 = C(.’Et+17 .'Et). (5)

This estimate is then used to parametrize Nesterov’s method to produce a new iterate, which in
turn is used to compute a new effective curvature and update m;y;. The resulting procedure is
computationally lightweight: it reuses gradients already computed by NAG and only requires storing
one additional iterate and gradient. To initialize mg, we use a single evaluation of ¢(zg, y), where
x¢ is the initial point and y is sampled uniformly from a small neighborhood around zy. This
initialization guarantees that mgy € [m, L], making it a safe and inexpensive starting point. The
complete algorithm, which we call NAG-free, is presented below.

Algorithm 1 NAG-free: an accelerated method that estimates m without restarts.

Input: 7 > 0,29 = yo, L > L
Olltpllt: T, YT
y ~ xo+ U[0,1076]%
mo < [V f(zo) = VFW)ll/llzo — yll
fort=0,...,T—-1do _
Y1 <z — Vf(2e)/L _ _
Te1 4 Yop1 + Werr — y) (VL — ymg) [ (VL + /)
cepr < [V (@r1) = VI (@)ll/ [|zen — 2
My < min(my, i1
end for
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Convergence intuition. NAG-free exhibits two key features that underlie its convergence behavior:

1. Adaptive interpolation between GD and NAG. The update rule for x;; interpolates between
gradient descent and NAG. If m; — L, then the momentum term becomes small NAG-free
approximates gradient descent. If m; — m, then the update becomes equivalent to NAG with
correct parameterization. Thus, NAG-free converges globally at least as fast as gradient descent.

2. Power iteration-like behavior near the optimum. Near the optimum, the curvature estimate c;
evolves similarly to a power method applied to the Hessian, with some additional dynamics. As a
result, the iterate x; rapidly concentrates in the eigenspace corresponding to the least eigenvalue
of the Hessian, m, which translates into c¢; quickly approaching m, accelerating NAG-free.

4 Convergence guarantees

In this section, we present convergence results for Algorithm 1 and proof sketches. Full details can
be found in the supplementary materials.

In the following, we assume that Algorithm 1 receives an upper bound L on L, which is often the
case in practice, as the experiments in Section 5 illustrate. While we also believe other approximation
strategies, such as backtracking line search, could also be incorporated into our framework, we make
this mild assumption for simplicity and clarity of analysis, and to focus on the actual open problem
which is to estimate m, not to estimate both m and L.

4.1 Global convergence

The main global result is that Algorithm 1 converges at least as fast as gradient descent.



Theorem 4.1. Let f € F(L,m), L > L and i = L/m. Then, the iterates of Algorithm I satisfy

_ t
) = ) < 200 oo a1

Proof sketch. The key idea is that NAG-free iterates can be viewed as convex combinations of
gradient descent (GD) and NAG iterates, initialized appropriately.

Let s; = (x4, y:), and consider the Lyapunov function

W(se) = ) — F@) + 2 e VR ) — o]

adapted from Bansal and Gupta [2019], which we show to be a Lyapunov function for both GD and
NAG. Then, since W is convex, using the fact that NAG-free iterates are convex combinations of GD
and NAG iterations, we show that

(14 0SPYW (s141) = W s1) < (1= o) [(1 + 0P) W (sE3) — W(sy)]

+ag [(1+ 8 OW (s5A%) = Wi(so)]
where sP = (yi,y1), sh2C = 54, 6P = 1/(k — 1), NAC = 1/(vE — 1), and oy € [0,1]
determmes the 1nterpolat10n between GD and NAG. Now, (1 4 0N W (sNAG) — W (s;) < 0, but
(14+6SP)YW (s¢D) — W (s;) is indefinite. However, we know that (1+6P)W (s£5 ) — W (s§P) < 0,

since W is a Lyapunov function centered at s&P = (y;,y;). To bridge this mismatch, we augment
W with an auxiliary term. Namely, we define
1-— Ot

L
N U(st),  where  U(se) = f(ye) = f(2%) + S llye — a*||.
Then, we show (1 + 6P)Viiy(s¢41) — Viri(s¢) < 0 and bound V;y(s;) in terms of Vi(s).

Together, these establish that V; is a Lyapunov function for NAG-free that decays at a rate of at least
1 + 8SP, matching the worst-case global convergence rate of GD. [

)

Vit1(st) = Wi(st) +

4.2 Local acceleration

We now analyze Algorithm 1 around x*, and prove that it achieves accelerated convergence up to a
constant factor. To formalize this result, we introduce the following set of assumptions, along with a
succinct description of their significance and how they are used in the acceleration analysis.

Assumption 4.2. The estimates ;1 of Algorithm 1 decay by a factor of at least v > 2 every time
they decrease and are always greater than m/v: if myy1 < my, then m/y < myp1 < me/7.

On Assumption 4.2. This assumption can be enforced in practice with a simple backtracking procedure:
if cpp1 < my, then myqq < min{cir1, my/7v}; else myp1 < my. Since ¢i1 > m, my4q can only
be adjusted fo a new value if m; > m, in which case m; is reduced by a factor of at least v > 2
such that m41 > m/~y. This implies that m, takes finitely many values, which is essentially why we
make this assumption. Although v > 1 would suffice, we assume v > 2 to simplify some results
and derivations. Importantly, this assumption alone does not imply that m, converges to m, it only
ensures that ms41 € [m/~, L]. The next assumption is a standard condition used in optimization
theory and satisfied in many practical settings.

Assumption 4.3. The Hessian of f is locally Lipschitz-smooth at *: there are Ly > Oand ey > 0
such that if ||z — 2*|| < ey, then ||V f(z) — V2 f(2*)| < Lu|z — =*].

On Assumption 4.3. The condition of Lipschitz continuity for the Hessian is mild. For example, all
twice continuously differentiable functions satisfy this condition, which ensures that the Hessian does
not exhibit erratic behavior within a local neighborhood around the optimal point x*.

To present the remaining assumptions, we introduce the following notation.

Notation. Let ()\;,v;) denote the d eigenvalues )\; and associated eigenvectors v; of V2 f(z*). If
f € F(L,m), then v; can be chosen to form an orthonormal basis for R?. Hence, xo — * uniquely
decomposes into zy — 2* = Zj:l x;,0v;. Moreover, A\; € [m, L]. In the following, without loss of
generality we assume \; ordered by their indices, asin A1 < Ay < ... < A4 Thus, 21 ¢ denotes the
coordinate of xy — z* in the eigenspace associated with A1, the least eigenvalue of V2 f(z*).



Assumption 4.4. There exists some §, € (0, 1) such that [m; — \;| > 6, L for every A; > m, where
m = A <...< g < L denote the eigenvalues of V2 f(z*).

On Assumption 4.4. This assumption ensures that the value of m, remains sufficiently separated from
the eigenvalues \; of the Hessian, where m is the smallest eigenvalue. Although it simplifies the proof
by avoiding complications arising from closely spaced eigenvalues, this assumption is not strictly
necessary. Dropping it would require a more involved analysis, using Schur decompositions instead
of diagonal matrices, and would introduce additional constant factors. In practice, this assumption
holds with high probability due to numerical quantization errors.

Assumption 4.5. There exists some w > 0 such that wa § > [zo — z*||%.

On Assumption 4.5. This assumption, which is mild and holds in most practical scenarios, prevents
pathological cases in which z o, the component of o — x* along the eigenspace associated with m,
is arbitrarily small compared to the other components of zy — x*.

Theorem 4.6. Let f € F(L,m), L > L and k = L/m. Suppose that i > k = L/m > 4 and that
Assumptions 4.2 to 4.5 hold. Then, there is some € > 0 such that if || xo — z*|| < ¢, then the iterates
x4 produced by Algorithm 1 satisfy

zer1 — 2| < Crace(0R)" |20 — 2|1,
where o depends on vy, C depends on R and w, with v and w given by Assumptions 4.2 to 4.5.

Proof sketch. In the proof, we analyze the two regimes that characterize the behavior of Algorithm 1
around x*. In the initial regime, m; approaches m at an accelerated rate. In the final regime, which
begins once m; becomes sufficiently accurate, x; — x* at a different, but also accelerated rate.

The fundamental mechanisms behind both regimes are captured by the case in which f € F(L,m)
is quadratic. Having shown that z; — x* globally at a linear rate, we use Assumptions 4.3 to 4.5 to
show that the general case consists in a perturbation of the quadratic case. We therefore convey the
main ideas behind the proof by focusing our exposition on the quadratic case.

Let H € R4 denote V2 f(x*), the Hessian of f € F(L,m) at z*. Since V2 is locally Lipschitz
at x*, it is also continuous at z*, which implies that H is real symmetric. Hence, its eigenvectors
v; can be chosen to form an orthonormal eigenbasis for R?. With that in mind, we consider
Ty — ot = 2?21 x;+v;. Assumption 4.2 implies that m, can only take finitely many values, and
using this fact we can show that each z; ; evolves as sequence of finitely many second-order linear
time-invariant (LTT) systems. We analyze the dynamics of these d LTI systems, and show that z; ; for
which \; > m; decrease much faster than x; ; such that \; < m; while m, is not close to m. Then,
we note that ¢; 11 = || H (2441 — 2¢)||/||x¢+1 — 2¢]|, which amounts to a power iteration with some
additional dynamics due to the internal dynamics of x;; — x;. It follows that ¢; approaches m at an
accelerated rate r,.. (0% ), where o, is a somewhat complicated suboptimality factor. This can be
seen by noticing that || H (z41 —2¢)|| = Z‘Zzl A7 (24,441 —;¢)%, which is a consequence of v; being
orthonormal. We then analyze the final regime. Since m; is nonincreasing, once m; reaches some
neighborhood [m/7, (1 + &,,)m], m: never leaves it. Each neighborhood translates into different
suboptimality factors. The lower half of the neighborhood, [m/~, m], entails a suboptimality factor of
~, whereas the upper half, [m, (1 + d,,)m)], entails a factor of o, = 1428, + 24/ (1 + 6;,). The
final convergence rate r,..(0&) accounts for o4, , o, the approximation error in the general case
and an additional factor due to the Lyapunov argument that we use to analyze the final regime. [J

S Numerical Experiments

In this section, we present Algorithm 2, a heuristic to solve (1) based on Algorithm 1 and benchmark it
against several standard methods described below. Algorithm 2 extends Algorithm 1 by incorporating
an analogous estimator for L, resulting in an entirely parameter-free method. Since in this section we
mostly present experiments involving Algorithm 2, we refer to it as NAG-free.

Since Lo and mg are random variables, for each experiment we run NAG-free five times with different
seeds, take the mean, maximum and minimum of the suboptimality gaps at each iteration, and then
plot the mean with a thicker line inside a shaded region between the maximum and minimum.

The code for experiments below was heavily based on two sources: github.com/ymalitsky/
adaptive_GD and github.com/konstmish/opt_methods. See Appendix C for more details.


github.com/ymalitsky/adaptive_GD
github.com/ymalitsky/adaptive_GD
github.com/konstmish/opt_methods

Algorithm 2 NAG-free: a parameter-free heuristic extension of Algorithm 1 that estimates L and m.

Input: 7' > 0,20 = yo
Output: xp
y ~ xo + U[0,1076]%
Lo,mo < |V f(z0) = VIW)ll/llzo — yll
fort=0,..., 7 —1do

Y1 < 2 — (1/Le)V f(24)

VL — /m

T Tpg1 & Y1 + m@h-&-l —Yt)
8 cry1 <+ IVf(@er1) = VI@o)ll/|ze1 — 2]
9: Lt+1 — maX(Lt, Ct+1)
10: M1 < min(mt,ct_,_l)
11: end for

EANAIE S ey

5.1 Methods

As baselines, we take GD, NAG and the Triple Momentum Method [Van Scoy et al., 2017, TMM],
replacing L and m with problem-specific bounds. As competing methods, we consider two restart
schemes based on [O’Donoghue and Candes, 2015]: one where L is replaced with a problem-specific
bound, that we refer to as NAG+R, and another where L is estimated online with backtracking, that
we refer to as NAG+RB. For NAG+RB, every time the L estimate L, fails to produce enough descent,
it is increased to 1.01 L, and tested again. This choice of adjustment factor produces less conservative
estimates at the expense of more function evaluations, which largely favors NAG+RB since in all
experiments we plot the suboptimality gap f(x;) — f(z*) versus iterations. As additional methods
for comparison, we consider the adaptive gradient method AdGD [Malitsky and Mishchenko, 2024]
and its accelerated heuristic, AdGD-accel2, both using v = 1/ V2, as well as a previous variant of
the accelerated heuristic [Malitsky and Mishchenko, 2020], which we denote by AdGD-accel.

5.2 Smoothed and regularized log-sum-exp

First, we solve the smoothed, regularized log-sum-exp problem defined by the objective function

f(@) =0log <Z exp(W)) +(n/2)][%, ©)
i=1

where (A;,b;) € R? x R are n observations, 7 > 0 and 6 > 0 is a smoothing parameter that controls
how well f approximates the max function (see Appendix C for details). For this problem, we have
L<L=(1+1/0)0max(A)?+nand m > n, where A and o, (A) denote the matrix with rows
given by A7 and the largest singular value of A. We use an implementation of (6) and corresponding
initialization settings available at https://github.com/konstmish/opt_methods.

We start by assessing how well different approaches to estimate L work together with our proposed m
estimator. Specifically, we consider three approaches: upper bounding L, backtracking, and directly
estimating L. Figure 1a shows the suboptimality gap for log-sum-exp (d = 600, = 0.1,6 = 0.1)
solved by Algorithms 1, 2 and 3, representing the three approaches, which we denote by NAG-free-L,
NAG-free-back and NAG-free, respectively. We see that Algorithm 1 outperforms the other methods
even though Algorithm 3 uses an adjustment factor of 1.01, which leads to minimally conservative
bounds at the expense of an unreasonable number of backtracking adjustments.

As a sanity check, we also confirm whether the m estimator continues to produce accurate estimates
when working along different L estimators. In Figure 1b we see that m; converges to 0.01 for all
variants of NAG-free, which is the value of the regularization parameter 7, indicating that the Hessian
of the log-sum-exp component of (6) is singular at the minimum.

Having validated that Algorithm 2 is a reasonable heuristic for this problem, we consider several
variations of (6) by changing problem parameters. To assess sensitivity to problem dimensionality,
we fix n = 600 and § = 1 = 0.1, and then vary d € {100, 600, 3600}. Likewise, we then vary n, 0
and 7, fixing the other problem parameters. The results in Figures 2 and 8 (see Appendix C) show
that NAG-free again outperforms the other methods.


https://github.com/konstmish/opt_methods
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Figure 1: Suboptimality gap and m; estimates for log-sum-exp (d = 600, = 0.1,6 = 0.1).
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Figure 2: Suboptimality gap for log-sum-exp (d = 600, = 0.1) using methods from Section 5.1.

5.3 Regularized logistic regression

Next, we consider the regularized logistic regression objective

@) = —(1/n) 3 log(1 + exp(—biAT2)) + (1/2)2]1%, ™)
i=1
where 7 > 0 and (A;,b;) € RY x {0, 1} are n observations from a given dataset, which we take
from the LIBSVM library [Chang and Lin, 2011]. See Table 1 in Appendix C for dataset details.
Together with 1), the datapoints determine the unknown parameters of f € F(L,m), bounded by
L < L = (1/4n)Apnax(ATA) + 1 and m > 7, where A denotes the matrix with rows A] and
Amax (AT A) denotes the top eigenvalue of AT A.

Figure 3 shows results for six datasets, when 2y = 0. We see that NAG-free is competitive with the
other methods, while enjoying significant advantages over them. For example, NAG-free iterations
are simpler and computationally less expensive than those of restarting schemes, which translates into
clock time savings. Moreover, both NAG and TMM require pre-computing conservative parameter
bounds to be used as surrogates for the true parameters. If the bounds are tight, then TMM slightly
outperforms NAG-free, which is expected since it enjoys the fastest known provable convergence
rate for this kind of algorithm. But in general, there are no guarantees of how tight the bounds are,
which undermines the theoretical advantage that TMM has over NAG-free.

5.4 Cubic regularization

The third problem we consider is cubic regularization, defined by
f@) =g"w+ (1/2)a" Ha + (n/6)||=], @®)
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Figure 3: Suboptimality gap for logistic regression on six datasets using the methods from Section 5.1.
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Figure 4: Suboptimality gap for cubic regularization on six datasets using methods from Section 5.1.

where ¢ € R?, H € R¥? and > 0. Following https://github.com/konstmish/opt_
methods, from which we borrowed the code for this experiment, g and H are taken as the gradient
and the Hessian at x = 0 of (7) initialized with LIBSVM datasets [Chang and Lin, 2011], without
regularization—that is, n = 0 on (7), but > 0 on (8). Also, as in the original source code, the
regularizer parameter is set to n = 10Ln (see Section 5.3.) Since (7) is convex, the eigenvalues of H
are nonnegative, but not necessarily positive because H is taken as the Hessian of (7) with = 0.
Hence, the problem is not strongly convex because the regularizer in (8) is cubic. For the same reason,
(8) is only locally smooth. Accordingly, the NAG method for weakly convex problems is used, with
step sizes found through a grid search, which is also how the step sizes of GD are determined.

Because this problem is only locally smooth, we expect its curvature to change substantially locally.
Hence, to keep only relevant curvature information, we restart NAG-free after some fixed number of
iterations, resetting L; and m; to the last value taken by c; and resetting y; = x;. In this experiment,
NAG-free is restarted every iteration. Figure 4 shows that NAG-free consistently outperforms all
other methods substantially. In particular, exploiting local information with NAG-free leads to better
results than finding step sizes for GD and NAG through grid search.

5.5 Matrix factorization

Our last experiment is matrix factorization, defined by the objective
FUV) =3 |UVT = All%, ©)

where U € R™*", V € R"*", r < min{m,n}, and || - || denotes the Frobenius norm. In this
experiment, the matrix A is taken from the MovieLens 100K dataset [Harper and Konstan, 2015], so
that m = 943 and n = 1682. Because (9) is nonconvex, we restart NAG-free every 100 iterations
to retain only relevant curvature information. As Figure 5a shows, after every restart there is a
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Figure 5: Matrix factorization and an adversarial toy problem.

momentary spike in the norm of the gradient—which could be due to overly aggressive step sizes. But
the spikes plummet as local information is updated, and NAG-free outperforms the other methods.

5.6 Further experiments

In Appendix C.6, we present further experiments targeting edge cases of the theoretical results from
Section 4.2. For example, on Figure 5b, we show the normalized performance of NAG-free on a
quadratic problem on the left-hand y-axis and the estimate gap m; — m with the golden line on
right-hand y-axis. The Hessian spectrum is specifically designed to stress test NAG-free when the
initial conditions are concentrated on the second smallest eigenvalue. We see that instead of slowing
down, NAG-free in fact accelerates, and behaves as if the effective condition number had increased
until the relative 2-norm of x; on the m-eigenspace becomes comparable to the total 2-norm.

6 Conclusion

In this paper, we introduced NAG-free, an optimization method designed for Lipschitz-smooth,
strongly convex problems. NAG-free efficiently estimates the strong convexity parameter m, while
maintaining reasonable worst-case guarantees without restart schemes. The method couples Nes-
terov’s accelerated gradient (NAG) method with a lightweight estimator that requires only the storage
of one more iterate and gradient already computed by NAG. We proved that NAG-free converges
globally as fast as gradient descent (GD) and achieves acceleration locally near the minimum. In
addition, we proposed a heuristic with good empirical performance, which estimates both m and the
Lipschitz-smoothness parameter L online. Importantly, the L-estimator does not require additional
storage or computation, and the two estimators make the heuristic free of hyperparameters.

Despite these advances, many questions remain for future work. An important one is whether methods
with stronger convergence guarantees than NAG, such as TMM, can be effectively coupled with
parameter estimators. Another avenue for exploration is whether replacing the curvature term used
by NAG-free with similar terms that lie in [m, L] can further improve practical performance, such as

(Vf(@eg1) = V(@) me1 — z) /|01 — e

A key limitation of this work is that, while we address the open question of efficiently estimating m
online without restarts, our experiments demonstrate that both m and L can be efficiently estimated
in practice. Theoretically analyzing the L-estimator will be an interesting future challenge. Moreover,
we conjecture that our L-estimator has promising applications in domains beyond the strong convexity
setting, and exploring this broader applicability will be another important area for future investigation.
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A Global convergence

In the following two theorems we prove that, up to a constant factor, Algorithm 1 converges globally
at least as fast as gradient descent (GD). The first theorem concerns the case where m; > m,
which always holds because ¢; > m, by design. The second theorem further allows for the case
where m; < m. We consider this case for the sake of completeness because it can occur under
Assumption 4.2, which we use to prove local acceleration. But since Assumption 4.2 only serves a
theoretical purpose, we omit the second theorem in the main paper.

Theorem (4.1). Let f € F(L,m), L > L and & = L/m. Then, the iterates of Algorithm 1 satisfy

) = £y < 2 (52 ) oo = 0

Theorem A.1. Let f € F(L,m), L > L and & = L/m. Also, suppose that Assumption 4.2 holds
for some v > 1. Then the iterates y, of Algorithm 1 satisfy

_ 7—1\*
) = ) < 2002 (T2 ) o = a7 (10)

Algorithm 1 takes some estimate L of L such that L > L as an input. If f € F(L,m), then since
(L/2)|ly — z||* > (L/2)||ly — z|| for any z and y, we have that f € F(L,m):

fy) < f@)+(Vf(x),y—z)+ (L/2)|ly — z|*. (11)
Al Casel:m; >m

The iterations of Algorithm 1 in which m; > m can be expressed as a convex combination of
appropriate GD and NAG iterations. In this subsection, we exploit this property to prove that if
Algorithm 1 receives some L > L as input, then it converges at least as fast as GD. The argument is
built upon a Lyapunov function that we denote by V,SP. The superscript “GD” indicates that V,SP
decreases at a gradient-descent type of rate along iterations in which m; > m. In the same vein,
in the next subsection we introduce VNAC and show that it decreases at an accelerated rate along
iterations in which m; < m.

The Lyapunov function V,SP is the sum of two components W and U scaled. First, we show W is a
common Lyapunov function for GD and NAG, then we analyze U and finally combine all results to
give Algorithm 1 the same type of convergence guarantees of GD. To analyze GD and NAG through
a common Lyapunov function, we add a trivial momentum step a:tcfl to GD, as in

yrp = 7> — (1/L)V f (), (12)
P =y, (13)

conforming GD to the algorithmic structure of NAG:

yriy =2 — (1/L)V f ("), (14)
oY = yrt? + 0ty — o), (15)

where the coefficient 6 defining the affine combination in (15) is given by

0=\E-1)/(VE+1), (16)
a function of an upper bound on the condition number of f € F (L, m):
E=L/m>L/m=k. (17)

The coefficient 6 is defined in terms of % because we consider the NAG implementation (14)—(15)
where m is known. In contrast, Algorithm 1 is implemented with an estimate m; of m, so that

Yir1 =z — (L/L)V f(z2), (18)
Ter1 = Yer1 + Be(Yes1 — Ye), (19)

where now the coefficient
Br = (VEe = 1)/ (VR + 1) (20)

11



is a function of the estimated condition number

The fact that we are able to write NAG-free as a convex combination of GD and NAG does not imply
that m is known and is only possible for iterations in which m; > m.

Expressed in the common structure of (12) to (15), GD and NAG can be analyzed with a common
Lyapunov function that can be found in [Bansal and Gupta, 2019, 5.5], and given by

Wi(se) = f(ye) + (m/2)]1]1%, (22)
where s, groups the descent and momentum steps into a single pair, as in

GD_( GD GD)
9

St = (xtayt)v S¢ =Ty LY MO = ( e yNAG)a (23)

and sy = (T, Y,
f denotes the objective function normalized to 0, meaning that

f=1—f), (24)
and z} is the pseudo-state defined as

Z: =z — x*’ 2t = Tt + \/%(th — yt) (25)

For the sake of exposition, we refer to the gradient at iteration ¢ as g; = V f (). Also, we define

Ty =z — " and Ty =z — yp. (26)
Remark A.2. Superscripts carry over from (12) to (15) to the notation above in the natural way. For
example, by gNC = V f(2¥C) and 27" = £8P — 2+,

Gradient descent is slower than Nesterov’s method, so even though W serves as a Lyapunov function
for both, we should expect W to decrease at a faster rate along NAG iterations than along GD
iterations. We now show that W decreases at the expected rate for each of the two methods, namely
(1+6(k))~* for GD and (1 + 6(v/&)) ! for NAG, where the rate increment § is defined by

é(p)=1/(p—1). (27)

For the sake of presentation, we also define
P =6(R) =1/(F—1) and NS = §(VR) = 1/(VE - 1). (28)

To prove global convergence results for Algorithm 1, we work with Lyapunov functions that fit the
same template of T¥: a sum of the difference f(y;) — f(z*) and an appropriately weighted 2-norm
of a pseudo-state, z; in the case of W. We characterize two types of changes for W and subsequent
Lyapunov functions: the decrease in a fixed W from one iteration s; to the next s; 11 and the increase
from W to W for the same iteration s;. Considering the second type of change is necessary because
W varies with t, following v/% on (25) as it varies with ¢. The first type of change always looks like
an inequality such as (29). To prove (29) and similar inequalities, the procedure is always the same:
express the difference f(y;) — f(z*) as the sum of two or three other differences, parse them using
properties of F (L, m), expand the pseudo-states inside the 2-norms and then put everything together.
The proof of the next result illustrates this procedure.

Lemma A.3. Let f € F(L,m), L > L, y°° = 2P, [fyffl, x?fl are given by (12) and (13), then
(1+8P)W (sPP) = W(sgP) < —(1/2L)]|g¢ |, 29)

Proof. Let f € F(L,m)and L > L. If y&P, and 2§ are given by (12) and (13), then plugging
y = yP and 2 = 2P back into (11), it follows that

FWeP) — F(@FP) < —(1/2L) 197", (30)

Following the procedure described above, we start by expressing f(y:) — f(«*) as the sum of two
differences

(146D FWeD) — FWi®) = L+ 6V (FWED) — FW™) + P (f(ye®) — f(=7)) -
#1 #2
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In the gradient descent 1mplementat10n above, step (13) simply propagates step (12), i.e., z$P = ySP
and in turn f(ySP) = f(2$P). Hence, since (30) holds, then the first difference is bounded as

1 + 5
(L +0P)(flyip) — Fui™) < = 92117 G
Moreover, applying (3) with z = yP = 28P and y = 2*, we bound the second difference as
5GD(f () = fla™) < 6P (g, 2") — 6P (m/2) g (32)
Also from 280 = ySP it follows that 2P = 2P and, likewise, 2 D = Yo ’P,. Therefore
(1+ 5GD)||Zth1’*||2 2P = (14 8P PPN — 2
GD(2  9/,GD ,,GDx*
— (1 4 6GD)(||g-fZ/2|| _ <gt L Ly >> =+ 6GD||$?D7* ‘2. (33)
To simplify the above and conclude the proof, we use the identities
1 R k-1 1+  k/(k—1
(+6P)(1-2) =" =1 and O _FEZL) e,
k=1 K I K

Multiplying (33) by m/2, summing the result with (31) and (32), then using the above, we obtain
(1+0P)W (sgPy) = W(sgP) < — (1+30%°)(1 — 1/R)(1/2L)] g1
— (69 — (14 8°) /) (gg°, ™)
< —(1/20):")1%,
proving (29). O

Lemma A4. Let f € F(L,m) and L > L. Given yNS, zN¥AS, if yNAG oNAS are generated by (14)
and (15), then

(14 MOW (s)1F) — W (sfA9) < 0. (34)

Proof. Let f € F(L,m) and L. If yM2{ and ¥ are generated by (14) and (15), then plugging
Y= yfﬁf and z = 4G back into (11), it follows that
Flyst) — F(@"C) < —(1/20)]1g7°|1%, (35)
To prove (34), our first move is to express a difference as the sum of three further differences:
(14 ) F ) - i) = (14 )OI - 1)
#1
+ f(23C) = fyr ™)
#2
+ VO(F(ay"0) — f(a).
#3

Since (35) holds, then we bound the first difference as
(L 4+ M) (fuph?) — F(@"€) < = (1 +0MC)(1/20) ]|t ||
Using that f is convex and applying (3) with = 2NAS and y = 2*, we bound #2 and #3 as

F(@0) = F(y0) < (g0, ),

F(@)29) = f(a*) < (g0, 2y 0) — (m/2) || 2.

To address the rest of (1 -+ SNAC)TW (sNA0) — W(sNAG), we expand 2}y "*, as in

NAGx _ /NAG NAG NAG
Zpi1 Typp + \f('rt-i-l — Y1 ) —

-+ 28— ) + VRIS —41%) o
_(1_;’_9( _;'_\/E)) AG/E+9( _i_f) NAG7y+ NAG,*
—\/Eg?IAG/E—I—(\/E—l) NAG,y+ NAG*

"
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and then note that the 2-norm term in W (sN6) is (m/2)]|z}*9* + VEz)9*||2, because

W) = FGO) + (m/2) e} + VRa o2

Also, we use the following identities after colons to simplify the coefficients of the terms before
colons:

(gNAG NAGwy (1+ N VR(VRE — 1) /R = 1,
(GG ) NAG oy (1 4 M6 /7 Jk = 6VAG,
I NAG,y||2 : (14 M6 (VE - 1)% = VR(WE - 1),
(z)AGY pNAGHy (1+ 6™ (VE-1) = V&,
Then, we write the 2-norm difference in (1 + JNAG)W(S?T?) W (sYA9) as
(1 8956 m2) | 200 2 — /0 4 VR 2 = L s
— (g9, )

_ 5NAG <gl,\IAG, I?AG *>

— (m/2)VE|z" |

+ 5NAG(m/2)||xNAG *| 2

Finally, we put everything together and then cancel several terms to get
(1+ MW (sR2F) = W (i) < —(m/2)VR ]t Y|* < 0,

proving (34). O

Now that we have shown that W is a common Lyapunov function for GD and NAG, we introduce the
second piece of V,SP, the function U defined by

U(se) = flu) + (L/2) |17 | (36)
where f = f — f(«*) and, in the same spirit of 27 and 2}, y} is a pseudo-state defined by
Yi =y — " (37)

Lemma A.5. Let f € F(L,m) and L > L. If Algorithm I receives L as input, then it generates
iterates sy such that

(1+6)U(st41) - Ulse) < Lial, ) — (L/2)||a 1 (38)

Proof. First, we address the difference (1 4+ 6°°) f(y,11) — f(y). By definition, f(z*) < f(y.),
thus —f(y;) < 0. Hence, adding & (1 + 6%°) f () to (1 + %) f(y+1) — f(y:) and discarding
—f(yr), we get
(1+6) F(yre1) = Flye) < L+ 6P)(F(Yrg) = (@) + (1 + 6P (f (o) — f(2)).-
#1 #2

If L, then plugging y = ;.1 and 2 = x; back into (11), it follows that #1 is bounded as

(1+3P)(f(yes1) = fle)) < = (1+6P)(1/20)[lge]1*.
To address the second difference, #2, we apply (3) with x = x; and y = =*, obtaining

(1+8%) () — (")) < (1+6%) ((gn,27) — (m/2) 7)),

Then, we put the two bounds together to get

(14 6) F(yera) — flw) < — ||9t|\2 + (1469 (ge, z7) = P(L/2)|lz7 ], (39)

2L
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where the coefficient multiplying ||z} ||? on the right-hand side above stems from the identity

(1+0%)(m/2) = —"—(m/2) = 6P(L/2).

To address the 2-norm difference in (1 + 09P)U(s¢11) — U(st), we expand pseudo-states inside
2-norms as:

(14 6% gt |2 = (1 4+ 8% (/22 el — 2/ E)ge, ) + 1 ?).
I I? = It = 26, 27) + a3

Expanding Hyt*+1|\2 and [|y7 |2

(L/2)((1+ 82 = i 12) = (1 + %) ((1/2D) lgnl1® = (g, 7))
+ (L2 |? +2(f, 2f) + 27]%). (@0)
Finally, combining (39) and (40), several terms cancel each other and we are left with
(1+0P)U (s141) = U(se) < Lia},z7) — (L/2)]|=71%,
proving (38). O

as above, we get

With Lemmas A.3 to A.5, we have sufficiently characterized W and U to prove the main result for
iterations of Algorithm 1 in which m; > m, using the Lyapunov function V;°P given by

Q-1

V&

VP =W+ —=1, (41)

with

1—C¥0, t—1§0,
Q1 = oy = & (42)
l—oyq, t—1>0,

Before using V,SP, we show that V,SP > 0 for iterations in which m; > m.

Lemma A.6. If m; > m and my is nonincreasing, then V;gD > 0forall 0 < t' < t. Moreover, ay is
nonincreasing.

Proof. The assumptions that m; > m and that m, is nonincreasing imply m, > m for all t' < ¢.
Moreover, m; > m implies that &, = L/m; < L/m = E, therefore

_VER-1_VE-1_,
N TS N

Hence, 3; < 6 for all ¢’ < t. Therefore, oy, &y € [0, 1] and, in turn, Vt/GD >(Oforallt' <t.

B

Moreover, since m; is nonincreasing, 3; given by (20) is nondecreasing, hence so is ay, by (42). In
turn, by (42), it follows that &, is nonincreasing. O

Theorem A.7. Let f € F(L,m) and L > L. If Algorithm I receives L as input, then it generates
iterates sy such that

VAR (s141) < 2L(1 + 6°) 7 ||| (43)

Proof. We establish (43) in three steps. First, we bound (1 + 69P)V,S5 (s,4.1) in terms of V,S5 (s;).
Second, we bound VS (s;) in terms of V,SP(s;). Third, we use the bounds in an inductive argument.

To bound (1 + §%P)V,SE (s;41) in terms of V,S8 (s;), we analyze their difference, which is the sum
of one difference involving W and another one involving U. We address the one involving W first.
To this end, we use the assumption that m; > m to show Algorithm 1 iterates can be expressed as
a convex combination of appropriate GD and NAG iterates and then we exploit the fact that W is
convex to bound the corresponding difference.
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To show Algorithm 1 iterates are a convex combination of GD and NAG iterations, we consider
fictitious “one-shot” GD and NAG iterations initialized at the given iterate of Algorithm 1. We let
yoP = 28D = gNAG — 4, and yNAS = y;. We initialize #8P and ySP “backwards” from z; to
conform them to the GD iteration constraint that thD = xGD On the other hand, since NAG works
with arbitrary initial points, we initialize NAG at the ¢-th iteration of Algorithm 1 exactly. With these
initial points in mind, let y'P;, #P;, yNaf and 2}2F be the GD and NAG iterations produced by (12)

to (15). Then, GD, NAG and Algorithm 1 produce the same descent step
yorr = 2p0 = V(@) /L =, = Vf(z,)/L = 2" = V(@) /L = g3
—_——
Yi4+1

In turn, xfﬁ? reduces to an affine combination of descent steps ;41 and y; of Algorithm 1:

pt 0 = (1 + 0)ypey — 00 = (1 + 0 ye1 — Orye.

Hence, for all t > 0 such that m; > m, x4 is a convex combination of z¢ D, = yffl = Y41 and

NAG
Tyi1, asin

i1 = (L+ B)yerr — By = (1 + 0, SZ g:)yt+1 0y %yt

- (1- ﬁ—)ytH + 51+ 0y — Oun)

0, 0;
Bt B
- (1 Qf)yt-t-l + et ((L+0)yst — 0eyi ™)

NAG
= atwt-{-l + Ty,

where, as defined in (41), the coefficients defining the convex combination are given by
ozf:ﬂt/ﬂe[(),l], O_[fZI*O[fG[O,l]

Likewise, y§P; = yhot = g4y trivially implies y, 11 = auyiP) + auypry so, in fact, the entire
iterate of Algorithm 1 can be expressed as a convex combination of GD and NAG iterates, as in

St+1 = OétSt 1 + OétsglA?,
+ +

where 541, s¢ P and s} +1 $ comprise the iterates of Algorithm 1, GD and NAG:

St+1 = ($t+17 yt+1)’

S?EI (J’.?Elayt+1) = (Ye+1, Yt+1)
st = (TRhT Ut ) = (Z00T s Yer1)-

2

Hence, since W is convex~, we can bound W (s;41) solely in terms of GD and NAG iterations:

W (se41) < @W(si)) + aW (si37).
In turn, since W (s;) = a;W (s¢) + ;W (s;) holds trivially, it follows that
(1+0PYW (se11) = W(se) = (1 +8%)W (sPP)) — W(se))
(1 + MO W (NAT) = W (sy) )
+ (8% — 5O ().

NAG — g, then applying (11) with y = ;.1 and = = x; we get

FOREY) = F(@¥0) = Flyenr) = fle) < —llgel*/2L = —lgr"°|?/ L.

Moreover, by assumption, my is initialized in [m, L] and L > my. Hence, the assumption that m; |
is computed by Algorithm 1 from m, implies that

L>mg>->my >myqq > 0. 44)

Now, since yH_l = y;4+1 and z;

By assumption f € F(L,m) is convex, thus so is f . Moreover, the affine transformation that defines z;
composed with the 2-norm yields a convex function. That is, VP is the positive sum of convex functions and is
therefore convex.
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That is, m, is positive nonincreasing. Therefore, Lemma A.4 applies because Lemma A.4 imposes
no restrictions on neither y*S nor x46. So, letting

Slt\IAG ( NAG NAG)

Ty Yy (It»yt) = S¢,

then Lemma A.4 combined with both the fact that §NAS > §P and that oi; > 0, imply
a ((1 + O (s30F) — W (s0) + (5P — 5NAG)W(SIJA?)) <0. (45)

The natural next move would be to address (1 + 69°)W (s¢P; ) — W (s,) in an analogous way. The

caveat, however, is that although Lemma A.4 applies to NAG iterations with arbitrary 2N and

y?’AG the same 1s not true of Lemma A.3. That is, Lemma A.3 applies to consecutlve GD iterations,

requiring that y©° = 2P Hence, to be able to apply Lemma A 3, we add FW (s8P) to the difference

involving W, using a GD iteration sSP such that %P = 8P, That is, we deﬁne a fictitious GD
GD <« ”» _ ..GD
iteration s;~ “backwards” from x; using the points that we already defined as y°P = 2P, as in

S?D - ( GDathD) ($t7l't)-

Although s§® need not equal s;, we do have that y'P, = y,41 and 2§® = x;, thus
Flyed) = F@f®) = fyen) = fxe) < =llgell?/2L = —[lgg°|1? /L

Therefore, since L > 0 by (44), Lemma A.3 applies with the newly defined GD iteration s, and
implies that

(1+6P)W (sir) — W(si®) < —llg”[I*/2L = —|lg:[|*/2L. (46)
Moreover, y°P = 8P = z, implies that xSD’y = 0, thus
R L L B N (U ()
and it follows that
W (sgP) = Wise) = fae) = f(ye) + (m/2)([l27 ]| = [l + VRt |?). (47)

Applying (3) with x = x; and y = y,, then using the simple fact that a cross product can be bounded
by a sum of quadratics, as in 2(g;, x7) < L~|g¢||* + L||z}||?, we obtain

2y .

Hence, expanding |z} + v&x?|? on (47) and then using the above inequality, we get

flae) = fye) < {g,af) — (m/2)l|=}|* < (1/2L)l|ge 1 +

2

W (si®) = W(se) < (1/20)|lge* + = Ll 12 + (m/2)(~2VR(d, 27) — Rllad ?)
= (1/2L)ge|* = (m/2)la?|]” = VIm(a}, 7). (48)
where m+\/k = v'Lm follows directly from (17). In turn, if we put (46) and (48) together, then
(1+ 0% (s82)) F W(s§P) = W(se) < — VIm(a, 27). (49)
Therefore, since §P < §NAG, combining (45) and (49), we obtain

(1 )W (s1.41) = W (s1) < @((1+ )W (s2) F W(s5) = W(s1))
(1 -+ MO (5A9) — W (s1))
+ (690 — SN ()

< —aV Lm{x), x}). (50)
Next, we address the U term in (1 + 6P)V,SH (s;41) — VS5 (s;). By Lemma A.5, we have that
T4 0%) U (s040) = Ulsi) < “ELlaf. o) = 6V Imda. 7). (51)
VE VE



where the identity on the right-hand side follows from (17). Combining (50) with (51), we get
(1 + 0P WV (se41) < Vi (s0). (52)

To continue the proof, we bound VS (s;) in terms of V%P (s;). By (44), m, are monotonic nonin-

creasing and so is ay, by Lemma A.6. Thus, a;/ /% is nonincreasing. Hence, using the definition of
V5P| we obtain

KiDl:W—k%USW—katflU:%GD. (53)
In turn, combining (52) and (53), we get
VR (se41) < (14 69P) 71V (s1). (54)

To conclude the proof, we employ (54) in an inductive argument. To establish the base case of the
inductive argument, we apply (11) with y = yo and x = z*, obtaining f(yo) < (L/2)||yg]|>. Then,
using the assumptions that yo = xo and that L, we have 2§ = x7 = y;, and it follows that

W (s0) = Flwo) + (m/2) g < Z 5™
Ulso) = F(uo) + L/l ]1° < Ll

Since ag/v/% € [0, 1), the above inequalities imply

lz51I* < L1,

VP (s50) = W(s0) + 22U (s0) < 2L a2 (55)
/R

Moreover, VP = VBP. Hence, if m; > m, then combining (52) with (55) yields
VP (s1) < 2L(1 +6P) a1, (56)
Having established the base case (56), suppose that
Vi1 (sv41) < 2L(1+6%P) 7" g2, (57)

holds for all ¢/ < ¢ — 1 such that my > m. Then, suppose m; > m. By (44), we have that my > m
for all t' < t. Hence, plugging the induction hypothesis (57) with ¢ = ¢ — 1 into (54), we obtain

Vi (se41) < 2L(1+ 6%°) ™"l 1%,

recovering (57) with ¢’ = ¢. Therefore, by induction, (57) holds for all ¢ > 0, proving (43). O
Theorem 4.1 follows immediately from Theorem A.7.

Proof of Theorem 4.1. From (41) and (22), we have that

Fpga) = F(@%) S W(sep1) < Vi (s041)- (58)

Hence, plugging (43) back into the right-hand side of the above inequality, we get
Fyss1) = f(2") < 2L(1 + 8%°)~||a51?,
which proves Theorem 4.1. O
A2 Case2: m; <m
In the previous section, we analyzed iterations in which m; > m. Now, we analyze iterations in

which m; < m and also the transition iteration ¢ such that m; > m and m;4+; < m. By design of
Algorithm 1, m; is nonincreasing, therefore there is at most one such ¢.
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Iterations in which m; < m

In Theorem A.7, we proved that up to a constant factor, f (yi) decreases along iterates of Algorithm 1
in which m; > m at least as fast as it does along GD iterates. Now, we prove that up to a constant
factor, f (y:) decreases along iterates of Algorithm 1 in which m; < m at an accelerated rate.
Specifically, if m; < m, then Algorithm 1 achieves the accelerated rate (1 + &(+/%;)) ", where

1

- =0,

srac — Vo -1 (59)
—, 21,
VEt—1 — 1

to work with more concise notation while maintaining it consistent.

Our proof once again consists in an inductive argument built upon descending and ascending bounds
on a Lyapunov function. The function we work with this time is VNAS, given by

Flyo) + (mo/2)llwp||*, ¢ =0,
V'tNAG(St) — ) (60)
f(yt)""_(mt*l/?)“w;"a t=>1,
where the pseudo-state w;, analogous to 27, is given by
- B ¢
w: = w; — .I‘*, wy = {SEO + VIjO(‘rO yO)v Oa (6])
Tt + \/Ht—l(mt — yt), t Z 1.

Once again, we first prove a descending bound and then immediately after prove an ascending one.
Lemma A.8. Let f € F(L,m) and L > L. Given xy,y; and my; < m, if s;11 is generated by
Algorithm 1, then

(1 + N VNAC (se41) — VA (s¢) < 0. (62)

Proof. The difference (1 +5fﬁf YVNAS (5041) — VYA (s¢) is the sum of two differences, one involving

f and another involving 2-norms. We start with the one involving 1, splitting it into three further
differences:

(14 00) fyean) = Flye) = (14089 (f(yerr) — f(x2))

#1
+ 007 (f () — F (7))
#2
+ fl@) = fyr) -
———
#3
If sy, is generated by Algorithm 1, then applying (11) with y = y;4; and z = x;, we get
(L+ 080 (f(yern) = fl@0) < = (L+690)(1/20)[lgal*. (63)
At the same time, the assumption that m; < m combined with (3) imply that for all x and y
f@)+ (VI(),y = 2) + (me/2) ||z — y[|* < f(y). (64)

Hence, plugging © = z; and y = z* in (64) and using the fact that f is convex, we bound #2 and #3
above as

NI (f (1) — f(2%)) < ONET (ge, 27) — 00 (me/2) |72, (65)
Jxe) = f(ye) < (ge,xf) . (66)

Next, we address the 2-norm difference in (1 + 5%‘? )VNAG(sH_l) VAAC(s¢), by expanding the
pseudo-states inside 2-norms. One pseudo-state is wy, ; Wthh, using (20) and (61), we express as

wiyy = Top1 + VE(Z — Y1) — 2

=Yer1 + Be(Werr — y) + VEL (Y1 —yp) — 2*

= — (L+Be(L+ VED))ge/L + Be(1 + VEe)x] + af
— VEge/L+ (Vi — Dy + a7
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After expanding wy, | inside the 2-norm, we use the following identities after colons to simplify the
coefficients of terms before colons:

llgell? : (Fe/L?)(my/2) = 1/2L,
(gt xf) : my(1+ 0N VRV —1)/L =1,
(ge, ) : mt@"‘&fﬁ)\ﬁ/izgﬁf,

= ]1* - (14089 (VR = 1)* = VE (VR = 1),
(xf,a7) - (1408489 (Ve = 1) = V.
Thus, the 2-norm difference in (1 + 0NA%)VNACG (s,41) — VNAS(s;) reduces to

(L4 08F) (me /2 wi P = (me/2) |12} + Vet |

_ 1+ 5??10 ||2 SNAG

gl = ges ) — B0 (g, ) + (me/ DV (VR — Dt
+ (me/2) (VR (], a}) + (14 G20 27 17) — (me/2) (Rl |1 + 2v/F (e 2) + |17 [1%)
5NAG R .
Tg“ll 9ell* = (gesx}) — 0L (9o, w7) — (mu/2)V/El|2}|* + 0007 (me/2) |27 1P, (67)

Finally, combining (63) and (65) to (67), cancelling terms and then using the assumption that m; > 0,
we obtain

(14 0389 VNAS (se41) — VIS (s0) < —(me/2)VEd|| 2] < 0.

Lemma A.9. Let f € F(L,m) and L > L. Given sy, if my_1 > my and my < m, then

R
VNAG( ) < FLTt‘/;NAG<St)- (68)

t—1

Proof. We divide the analysis in two cases, each representing a possible sign of (x}, z}). Building
upon the sign underpinning each case, we bound

a7 + VEa! |2 = will” = 2(VE: = VE—) (x5, af) + (Fe — Fee) |2 ] (69)
Assuming m; > my_1, bounds on (69) translate into bounds on VA%(s;) — VNAS(s,), since
VS () = V9 (s0) = (ma/2) ||} + VR |? = (my—1/2)|wi [P
< (me/2)(lef + VE? || — [w]]]?). (70)
NAG

Then, to prove (68), we express bounds on (70) in terms of V;}7~ and VNAG

First, suppose (Y, z}) > 0. Since m;_1 > my, then \/K;—1/+/Ft < 1, so that

= e e VEi—1  FRe— Re—1
VE: — \/t1<\/— \/tl\/— Tt

Hence, applying the above inequality to (69) and then adding a nonnegative ||«}||? term to it, we get

Rt—1

R A U R R L
= B+ VR an
Plugging (71) back into (70) yields
VNAG(s,) — VNAS(s,) < /‘%Tftlmt“ “ 4 Rl |? < %VNAG( s0), (72)
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where the last inequality follows from the definition of VNAS, (60), as f > 0 implies
VNS (s¢) = Flye) + (me/2)l|zf + VReal |* = (me/2) |} + VEea |- (73)
Thus, rearranging terms in (72) and then multiplying both sides by k. /7:—_1, we obtain

Rt

=2
VNG (se) € VM (s) < -V (sy),

t—1 t—1
where the second inequality holds because &;/R¢—1 > 1.

Now, suppose (x7,z}) < 0. We start by bounding the gap (69). But given the negative sign of

(x),x}) term, we bound the ||z}||? term instead. To this end, we first use the assumption that
(x},x}) < 0 to establish that

I?

lyi 1 = llys F 2t l” = i — 2f 1 = llo7]1* — 227, ) + |27 > [l27]|*. (74)

To use the above inequality on (69), first we rewrite it more conveniently as

_ VEt — \/Ki_1 — — — —
2 + VE!||? — wp|* = 22— N (27, V) + V(R — VR 2|
t

RSV — Rl ]? & YR YL 2

Y
= B g R+ VR — VR

\ﬁ VEt = VKi-1 2
Tt B (75)
Then, we establish an elementary inequality for 2-norms. If a,b € R? and ¢ # 0, then
(1/)|all* + 2(a, b) + E[|b]|* = [|a/c + be|* > 0,
so that —2(a, b) < (1/c?)||al|? + ¢?||b]|?, which implies
la =8l = llall* = 2(a, b) + [Ib]* < (1 + 1/l + (1 +¢*)[1b]1>. (76)
Applying (76) with @ = w}, b = 2} and ¢* = \/K;_1/+/F¢ to bound the ||z}||? term on (75), we

obtain
VRV — VR = VR (VR — VRl £ o Rl
= M” —x ||2
\/T '
f_it 1 m ¢
L Ve \/ﬁ( \/ﬁ>” |2
\/;t t
R s (RS R
Rt—1 VEL VEi—1

Kt—1

l=F ]2 a7
Plugging (77) back into (75) and then using (74), we get

ot + vt = il < YL o 4 Rt 4 BB
+ YRR (VR ) o
< R o 4 Rl P+ P
f\/ﬂl vill”. (78)

21



Then, plugging (78) back into (70) and using the assumptions that m;_; > m; and m; < m yields

Mt /Rt — \/Kt— _ me Kt — Ke—
VO (s0) — Vi) < VIS 2 4 B B

t+1 \/_—
+”“f e EVIE
2 KRt—1 Yt
\/> K 1m — K —1 M1 *
YRR P+ P B g
- YRR R )
t—
Now, as in (73), applying f > 0 to the definition of VNAG "we get
VNS (1) = Flye) + (mu—1/2)|wi|* = (me—1/2)[Jwi ||, (80)
In the same vein, applying (3) with = x* and y = y; to the definition of VNG, we obtain
VNS () = Flye) + (mu—1/2)[lwf | = (m/2) 7 |1*- (81)

Plugging in (73), (80) and (81) back into (79), and then moving all V;'9 (s¢) terms to the left-hand
side and all VNAS(s,) to the right-hand side, we obtain

Kt—1 f Kt—1
V\F VNAG( ) < (,{t : F&t\/_l )VNAG( ) (82)

Multiplying both sides of (82) by \/k:/+/Ft—1, and then using the fact that \/k; > \/k;_1 yields

\/E VK R2
‘/;IiAlG(St) S \/Rtil(ﬁt 1 \/> th— - 1>VNAG( ) 2t ‘/;NAG(St)

where the last inequality above holds because x; > k;_; implies the following equivalences hold:

)
t—1

— _ -3/2
Vit —Ri—1 _ R
ey 2/2 = VE1F+ R (V- V) <R
Ki—1 Ki—1 ,qf 1

— F—1(VE: — VEi—1) < Re(VEe — VEe—1).

Therefore, both when (z}, z¥) > 0 and when (2}, x}) < 0, the inequality
RQ
VNAG( ) < 72t VtNAG(St)
Ri1
holds generically for all s;, proving (68). O

Theorem A.10. Let f € F(L,m) and L > L. If Algorithm I receives L as input and my < m for
some T, then for all t > T the iterates s, of Algorithm 1 satisfy

—92 t+1 N
fyes1) — fa*) < f (H(1+5?AG)_1>VFAG(ST)~ (83)
Rr—1 \;Zp

Proof. Since Algorithm 1 generates m;, they are nonincreasing. Hence, m; < L for all ¢ > 0 since
mo < L by assumption. Moreover, if mpr < m, then m; < m for all ¢ > T'. Therefore, if mpr < m,
then Lemmas A.8 and A.9 hold for all ¢t > T'. So, plugging (68) into (62), we have that for allt > T'

=2
R K
(L+ 0 VI (s001) — =V (s) < (1 + MOV (s100) = VI (s0) 0. (84
t—1
Rearranging terms, we obtain
=2
K
VA (s141) < (L4 879) 15V (sy). (85)

Ki_1
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Applying the above inductively, we conclude that for all £ > T’

. [_{2 t+1 R B
Fyen) = f@*) VI (s140) < 5 (H(l +0,09) ) VP9 (sy),
T=1 \i=T

where the first inequality follows directly from (60), the definition of VNAS, since

VA (si41) = F(gean) + (me/2)|wia P = Flyern)-
O

We now have completed the analysis of iterations in which m; < m. To prove Theorem A.1, it
remains to analyze the transition to this kind of iteration from iterations in which m; > m.

From iterations in which m; > m to iterations in which m; < m

In Appendix A.1 and so far in this subsection, we have separately analyzed iterations in which
my¢ > m and iterations in which m; < m. To prove Theorem A.l, we must join the analyses,
allowing for a transition from the first kind of iteration to the second kind. Since m; is nonincreasing
by the design of Algorithm 1, there can be at most ¢ iterations such that m; > m and m;41 < m. Prior
to this transition iteration, we analyze Algorithm 1 with V8P and after it, we analyze Algorithm 1
with VNAG, Therefore, to join the analyses, we bound VtNAé in terms of VP,

Lemma A.11. Let f € F(L,m). If L > L and m;_, > m, then for all s;

VNAG (5,) < m;mGD(st). (86)

Proof. To prove (86), we split the analysis according to the sign of (z}, z¥), bounding the gap
mMe—1, — m., . —
27 + VRl = 5 llef + VEaY|?

VIO (s) = VP (sy) = 5
VI(/f=1 — v/m)
2

= T + 2

in terms of V,°P or V;NAS. We consider the case (x},x}) > 0 first.
Multiplying the coefficient of (x},x}) on (87) by (y/mi—1 + /m)/\/mi—1 > 1, we obtain

VIt = Vm) < R—i(m—y —m). (88)

I

(x}, xy) (87)

Hence, if (z},z}) > 0, then plugging (88) into (87), adding a nonnegative ||z
square to form a ||w}||? term and then applying (80), we get

term, completing a

VA9 (s4) = VP (sy) <

Mie—1 — 1T My—

———— (= I” + 2vE (e, 2Y) + Faa |2 ]?)
me_q 2

my—1

—m
< = VNAG(g,).
< ML Tyv(s)

Moving terms around and then multiplying both sides by m;_1/m > 1, we get

me—1

VNS (sy) < VEP (s4).

Now, suppose (z},z}) < 0. In this case, we cannot increase the (z}, z}) coefficient to complete a
square as we did before. Instead, we complete a square with the given (z}, z¥) coefficient by splitting
the ||z7||? term using the following identity and then handling an extra ||x}]|? term,

mi_1—m  u—1 —/mm_1+ym  m—/m VMe—1
= - (1+ ) ®9

To handle the ||«}]|? term that stays out of the square, we use that (x}, x}) < 0 implies
i1 = llyr £ 2117 = oy — 2} |1* = 271 — 20t 2f) + |2} |* > [l (90)
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By the definition of &;_1, the assumption that m;_; > m yields &;—1 > 0, thus dt,l/\/ﬁ > 0.
Moreover, U > 0 by its definition, (36). Since f is also nonnegative, from (41) we obtain

VP (se) 2 W (se) = f(ye) + (m/2)]| 271”2 (m/2) max {||27 1%, |7 1*} ©On
where the last inequality on the right-hand side follows from applying (3) with z = 2* and y = y;.
Splitting the coefficient of ||2}]|? on (87) according to (89), we get

me—1

MUt e = LT e VUL VIR () VT e
2 Tt m Ty \/ﬁ 2 \/TTL t

In the same vein, we rewrite the (2}, zY) term on (87) as

o YL(/mi1 = v/m) (@h,a¥) = VLTt = Vi) = (a7, a)
2 xal) = 2 m tr&t
Vi Vmm
fQTg\/E@tamt)

Plugging the above back into (87), adding a positive ||z} ||? term to form a ||2;||? term, applying (90)
and then using (91), we obtain

VN (5) = VP (sy) = VIV (3 VT iy 5 (o))

vm vm
_ Vi - \Fm” 2y YT = \F\/ﬁml‘ "
- vm Vvm vmo 2

me—1 —

IA

‘/tGD(st)‘

Finally, moving terms around, we get
VN (s) < TV ().
m
Therefore, both when (x}, ) > 0 and when (z}, x}) < 0, the inequality
VN (s) < TELVP(s))
m

holds generically for all s;, establishing (86). O

Now, we are ready to prove Theorem A.1, which combines Theorems A.7 and A.10 into a single
result that holds for all iterations of Algorithm 1 under Assumption 4.2. To this end, we replace Jy°

and 3,’5‘1’*6 with a common rate increment for all iterations. If Assumption 4.2 holds, then
L
my

Ry =

L

< —— =1k 92)
m/y

Plugging (92) into the definitions of 6P and 6N it follows that

1 1
St = - 712501 =90, (93)

" 1 1 1

opry = > > = §(7FR). 94
Moreover, by (4), m; < L holds for all m; generated by Algorithm 1. Furthermore, if Assumption 4.2
holds, then m; > m/~v. Therefore, given t and ¢’ such that ¢’ > ¢, we have that

~2 2 72 72

Ry my L L o

) m§m2/ S e T OE ©3)
¢ " v T m?/y
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Proof of Theorem A.1. If my > m for all t > 0, then by Theorem 4.1

_ - _ (R —1\"
) — () < 201+ 6%°) g — 2|2 < 2an2(” = ) o — 2*|.

Otherwise, let T + 1 be the first iteration for which mr4; < m. Then, combining (86) with (83),
plugging (95) in and then using (43), we obtain

o t+1

* R N -
o) = F@*) < =g [0+ 8¥9) V¥ (sp)
Fp_1 7
m2
< t 1 4 §NAGY—1y,GD
| CE i C

< yE%(1+0(vR) " TTDVER (s1)
< 2yLR?(1 + 8(yR)) = g — 2|2

_ E_1 t+1
§27Ln2(7/;’_i> llzo — z*|2.

Therefore, (10) holds for all ¢ > 0. O
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B Local acceleration

In this section, we prove that Algorithm 1 converges at an accelerated rate to *, the minimum of the
objective function f € F(L,m), when the iterates of Algorithm 1 get sufficiently close to z*. By
accelerated rate, we mean 7, (0% ), expressed in terms of a suboptimality factor o > 1 multiplying
the condition number £ = L/m > L/m = k, and 7y defined over [1, +00) as

Tace (2 :\/271
acc() \/g I

where L > L is the upper bound on L used in Algorithm 1.

(96)

Before proceeding, some notation remarks are in order.

Deriving most results assuming L = L. We derive most of the results in this section using L=1L
to avoid working with the cluttered notation L. This does not incur any loss of generality as long as
we replace L and < for L and & in the final results. In fact, the consequence of allowing L = L is
that the eigenvalues of V2 f(2*) can actually take the value of L, which cannot occur when L > L.
That is, we derive more general results that would also apply to the case where L > L.

Hessian eigenpairs and eigendecomposition of xo — z*. Let ()\;, v;) denote the d eigenvalues
A; and associated eigenvectors v; of V2f(z*). If f € F(L,m), then v; can be chosen to form
an orthonormal basis for R%. Hence, zg — z* uniquely decomposes into xy — x* = Zle Z4,04-
Moreover, A; € [m, L]. In the following, without loss of generality we assume \; ordered by their
indices, asin Ay < Ay < ... < Ag. Thus, 2 ¢ denotes the coordinate of £y — =™ in the eigenspace
associated with \1, the least eigenvalue of V2 f(x*).

Assumption (4.2). The estimates m;.1 of Algorithm 1 decay by a factor of at least v > 2 every time
they decrease and are always greater than m/v: if myy1 < my, then m/y < myp1 < my/7.
Assumption (4.3). The Hessian of f is locally Lipschitz-smooth at z*: there are Ly > O and ey > 0
such that if ||z — 2*|| < ey, then ||V2f(z) — V2f(2*)| < Ly|z — =*].

Assumption (4.4). There exists some ) € (0, 1) such that |m; — X\;| > d\L for every \; > m,
where m = A\; < ... < Ay < L denote the eigenvalues of V2 f(z*).
Assumption (4.5). There exists some w > 0 such that wa? ; > ||z — z*||*.

To prove Theorem 4.6, we first consider the simplified case where f is quadratic, and then analyze
the general case by showing it is a perturbation of the quadratic case. To this end, we use the fact
established by Theorem 4.1 that the iterates of Algorithm 1 converge to z* at a rate no worse than
that of gradient descent, regardless of the initial point zy. By that we mean

fy) — f(@*) < 2Lrep(R)"|lzo — ¥,
where rgp is defined over [1, +00) as
z—1

rep(z) = ot 97)

B.1 Quadratic case

First, we assume the objective function is quadratic and given by f(z) = (1/2)(z — 2*)"H(z — z*),
with H € R4, Every quadratic function (1/2)x"Hz + 27g + f(0) can be expressed® in the
form (1/2)(z — 2*)"H(x — x*) + f(z*), and minimizing the latter is equivalent to minimizing
(1/2)(x — 2*)TH(z — x*). Thus, Vf(x) = H(x — z*). Moreover, since f € F(L, m), H must be
positive definite with all d eigenvalues \; inside [m, L]. Hence, assuming \; ordered by their indices,
we have that

m=/\1§~-~§/\d:L.

3Since H is strongly convex, H is invertible and the first-order condition Hz* + g = 0 admits a unique
solution z*. Plugging = z* back into f(z), and solving for f(0), we get that f(0) = —%z*’THz*. Then,
plugging £(0) back into f(z) and replacing the inner-product g"z with ¢'z = —z*"Hz = —%IE*’TH:E —
12" Hz* yields the desired form of f(z).
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Since V2f is locally Lipschitz at z*, it is also continuous at z*. Hence, H = V2 f (z*) is real
symmetric in general, not only in the case where f is quadratic. Therefore, by the spectral theorem
[Conway, 2019] we can pick eigenvectors v; associated with \; such that {vi}‘le form an orthonormal
basis for R%. Then, z; — 2* and 3,1 — * can be uniquely decomposed in this eigenbasis as

d
ve— 2t =) @i, (98)
i=1
1 d py
Yol — X =14 — ZVf(xt) -z = Zl(l — f>xi7tvi. (99)
Substituting (99) for the descent steps yields
d
Z Lit+1V; = Te4+1 — z*
i=1
= (L+ Bt)ye+1 — Brye — o F fra”
= 1+ B)(Yerr — 27) = Belye — 27)
fzd: (1+5)(17ﬁ)1’- —5(17ﬁ)x» v (100)
- t t i3 it t I i,t—1 (3
where 8; = (m;) is a particular value taken by the function 3 : (0, L] — [0, 1) defined by
VL - m
Blmy) = ~=—Y—L. (101)
\/E —+ /My

That is, each component z; , of z; — 2* behaves as an LTV system Hespanha [2009]. But under
Assumption 4.2, m; decreases by a factor of at least v > 1 every time it is updated, which implies
m, only changes finitely many times. Hence, each z; ; behaves as a sequence of linear time-invariant
(LTT) systems described by

Xi,t+1 = Gi(mt)Xi,ta (102)
where X ; denote the vectors of current and past coordinates stacked together as in
[7i0 xi,O]T ,  t=0,
Xit = (103)

[T -1 xz‘,t]T, t>0,

and G; : (0, L] — R?*2 map estimates m; to system matrices given by
0 1

Gi my) = )\,’ /\i

) [—Mmt) (1-7) a+smp(i-7)
L L

Hence, the dynamics of (102) is determined by the eigenvalues of G;(m;), which are given by

) = HE (1 )+ JEIE 3 g (1- 7). a9

The greatest between the two eigenvalues given by (105) defines the so-called spectral radius [Golub
and Van Loan, 2013] of G}, captured by the function p : (0, L] x R>o — Rx>( defined by

1+3Wﬂ@_€)i¢ﬂ+ﬁmmfo_éf_ﬁmg@—im.<m®

(104)

p(s,£) = max 5 7 : 7

We also define a function p : (0, L] x R>¢ — Rx¢ for the least of the two eigenvalues:

)= ) oo )

o0(s,¢) = min (107)

Note that p and p take an argument “¢” that need not be an actual eigenvalue \; of H, which will be
convenient later on. Before that, in the next section, we prove some auxiliary results on p and p.
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B.1.1 Properties of the spectral radius p
Lemma B.1. Let s,¢ € (0, L]. The two numbers

S0 ) o) o

have nonzero imaginary part if and only if s < £ < L. If (108) have zero imaginary part, then

0= 00 ) [T

otherwise, if (108) have nonzero imaginary part, then

]
p(s,0) = 1/ B(s) (1 - f). (110)
Proof. Let r, be defined by

,e HTM(“E) +\/<1+ﬁ<8>>2(1€)25(5)(1€)

and let r_ be defined by

B ) ) (- )
Also, let A be defined by

A(s,£)=W(p%f—ﬁ(s)@—f) (111)

If ¢ = 0, then ¢ < s since s > 0, because s € (0, L]. Moreover, plugging £ = 0 into (111), we obtain
(14 8(s))*
4

Hence, A(s, £) > 0 because (1 — 3)? > 0. Furthermore, 1 — ¢/L = 1 and p(s, £) trivially reduces
to form (109).

Now, suppose £ > 0. If ¢ = L, then 1 — ¢/L = 0 and p(s, £) = 0 trivially has zero imaginary part
and takes the form (109). Otherwise, if £ < L,then 1 — ¢/L > 0 and A < 0 if and only if

Als,0) = —B(s) <0 = (1—B(s))* = (1 +B(s))* — 48(s) < 0.

14 1-0

where L// is well-defined since ¢ > 0, by assumption, while (1 — 8)~' is well-defined because
0 < B(s) < 1forall s € (0, L]. Plugging (101) into 3, the squared factor on the right-hand side of
(112) turns into

2
(1+5)2<1—%>—4ﬁ<0 — (1-B8)°L<(1+pB)% — £< <1+/B> . (112)

1

1+8  2VL/(VL+/s) ,
=6 25 /VErve VT

Thus, by (112), A(s, £) is negative if and only if s < £. Hence, if s > ¢, then A > 0, which combined
with the the assumption that L > ¢ implies

(113)

¢ Y4
e

so that

1+ﬁ<1_€)>\/(126)2(1_1{:)2_5(1_£)=¢Z.
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Plugging the above inequality back into 7 and r_, we obtain

re| =74
1B 0y, R
2,0
0Ly VA
500
=|r_

That is, p(s, ¢) takes the form (109).

Finally, if s < ¢, then A(s, £) is negative, so r5 and r_ are complex conjugates with the same norm
given by

1 2 N2 1 1
il = R (1L (1- 1) - SR ) "= fa(1-7)
Therefore, p(s, £) takes the form (110). O

Corollary B.2. Ifm; € (0, L], then the eigenvalues of G;(my) have nonzero imaginary part if and
only if my < A\; < L. Moreover, if \; < L, then the eigenvalues of G;(my) coincide if and only if
my = \;. Furthermore, if \; < my, then the eigenvalues of G;(my) are positive and distinct.

Proof. Plugging s = m; and £ = ), into (108), we recover the two eigenvalues of G;(m;) which, by
Lemma B.1, have nonzero imaginary part if and only if m; < \; < L.

Moreover, the eigenvalues of G;(m;) coincide if and only if the discriminant (111) is zero for £ = \;
and s = my. In turn, by (112) and (113), the discriminant (111) is zero for £ = \; and s = m if and
only if my; = ;.

Furthermore, if \; < my, then for all \; € (0, L], we have that

1;5(1_%)>m>o_

Therefore, the eigenvalues of G;(m;) are positive and distinct. O
Lemma B.3. Given a and b such that 0 < a < b < L, then p(s,b) < p(s,a) forall s € (0,L]. In
particular, if b € (m, L], then p(s,b) < p(s,m) forall s € (0, L].

Proof. Consider the following two cases:

case 1 (b < s). By assumption, s € (0, L], hence s < L and if b < s, then 1 — b/L > 0. Moreover,
a < b < s, so Lemma B.1 implies p(s, a) and p(s, b) both take form (109). If, in addition s = L,
then 3 = 0, which when substituted back into (109) yields

p(s,b) =1—-b/L<1—a/L=p(s,a).
Otherwise, if s < L, then 5 > 0. Moreover, a < b < s, so that b — a > 0, therefore

2 _ 2
A(s,b) < A(s,a) < <1+5>2b— 2A(1+ B)* — 28)(b— a)
— (1—|—ﬁ) ¢ < 2(1+ 8%
— 4(L/s) b+a<2(1+62)’

(VL/s+1)?
where the last equivalence follows at once from (101). Furthermore, a < b < s < L, thus

VvL/s+1>2and
4L/s b+a 4 b+a 8 9
(VL/s+1)2 L — (/L/s+1)2 s S( L/s+1)2<2(1+ﬂ)'
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Thus, A(s,b) < A(s,a). Hence, since p(s, a) and p(s, b) are given by (109) and 1 —b/L < 1—a/L,
it follows that

1 + b 1 —|—
p(s.0) = P (1- D) VAGD < T2 (1= ) 4 VAG @) = plsa).
case 2 (s < b). By assumption b < L, so a < b < L and it follows that

w(l_ﬁ)z_ﬁ(l_ﬁ)>M(1—3)2—ﬁ(1—3)207

4 L L 4 L L
that is ,
o<a(1- ) < 2 -2y’

If, in addition b = L, then p(s, b) = 0 the above inequality implies p(s, b) < p(s, a). Otherwise, it
must be that s < b, in which case p(s, b) takes the form (110) by Lemma B.1 and the above inequality

yields
o) =/B(1- ) <201 4) < (s,

Lemma B.4. Forevery s € (0, L] and every { € [m, L], p(s,£) < rgp(k) < 1.

Proof. Let s € (0,L] and ¢ € [m, L]. By Lemma B.3, p(s,¢) < p(s,m), so it suffices to show
p(s,m) < rgp(k). If m < my, then by Lemma B.1, the eigenvalues of G (s) have zero imaginary
part and, omitting the argument s in 8 = ((s), p(s, m) is given by

o) = 5521 5) [R5 (1 7)

Hence, after simple manipulations, we obtain the equivalences

o) <rae) = (-0 1 ) < T

(1+8)? (k=12 _ (1—p)? /k—1\2
4 ( K ) = 4 ( K ) +0
Since (14 8)? = (1 —8)? +48,8 > 0and (k — 1) < k, it follows that

1+8)2/k—1\2 (A-=pB)2+4B/x—1\2 _ (1-8)2%/k—1\2 k-1
() = () = () v
4 K 4 K 4 K K
Therefore, p(s,m) < rgp(k). Otherwise, if s < m, then by Lemma B.1 the eigenvalues of G1(s)
are complex, so that

k—1
<

K

m
,m) = 1——).
pls.m) = /B(1- 7
Hence, after simple manipulations, we obtain the equivalences
k—1 (n—1)2<:>\/ﬁ—1<\/ﬁ—1\/ﬁ+1'
K K VE+1 T Ve Wk

Since the right-hand side inequality above holds, so does p(s,m) < rgp(k) and we are done. ~ [J

Lemma B.5. If Assumption 4.4 holds, then |(; — &;| > \/010x, where ; = (;(my) and &§ = & (my)
denote the eigenvalues of G;(m:) and 65, = (L — L)/ L.

p(s,m) < rgp(k) <

Proof If Assumption 4.4 holds, then there exists some d, > 0 such that [m; — \;| > dx. Moreover,
since L > L, we have that §;, = (L — L)/L. Moreover, whether ¢; = (;(m;) and &; = &;(m;) are
complex or real, we have that

(1+8) (L-X)*  L-N|"? 145

G — &l =2 4 72 p I 7 (L = Xi)(me = X)[Y? = /0105,

where in the last equality we have replaced L with L in the identity

4L VI =5 (VL +/5)°
(1+ )2 f+\f AL

L=1L-s. (114)
O
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B.1.2 Sufficiently accurate m; estimates

In this section, we determine how good the estimate m; must be for x; to converge to x* at an
accelerated rate. From Lemma B.3, it follows that p(m;, m) dominates the convergence of z,
therefore our goal is to characterize ¢ = o (m;) such that p(m;, m) < ryc(0k), which may represent
a suboptimality factor relative to the optimal convergence rate of 7y ().

By the arguments in Appendix A.2, and Theorem A.10 in particular, if m; < m, then the iterates
converge at an accelerated rate. So, in this section, we focus on m; € [m, (14 §,,)m], where 6,,, > 0
is a small number. We proceed in two steps. First, we bound p(m;, m) for m; € [m, (1 + 0)m] in
terms of a rate rs that depends on the relative precision § > 0 and the condition number x. Second,
given some o > 0, we characterize d,, for which r5(k) < ruc(ok) holds for all § € (0,,] and
k > 1+ 0. The rate rs is parameterized by § € (0,1) and defined over z > 1 + § as

1+ -1 1+ 2z —1\2 -1
raz) = T2 +\/( R Ok (115)
where 35 is also defined over z > 1 + § as
—V14+9
Bs(z) = Viovltd (116)

CVEHVIFS

LemmaB.6. I[fm < s < (1+0)m < L, then p(s,m) < rs(k) forall k > 1+ 6.

Proof. Letm < s < (1+§)m < L. Since m < s < L, then by Lemma B.1

o) = EEEE(1- ) 4 LRI 27" (i ),

Omitting the arguments in 8 = 5(L, s) and using the identity (114), the discriminant above can be
expressed as
(1+ B)? (17ﬂ>27ﬂ(17 T) _ALL-m)(s—m) _(L—m)(s—m)

1 L L) " 4 (VI+5?  LVL+6)?
Plugging the above expression back into p(s,m), we obtain

o(s,m) = VL L—m+mm:\/L—m\/L—m+\/s—m.

’ VL+s L VL Vi+ys VL VL+/s
The right-hand side above is increasing in s > m since Ls > (L — m)(s — m), which implies that

O VL—m+s—m _ 1 1 VL-m+s-m

s VL+ys  2Vs—mVL+\s  2/5(VL+/5)?
m—!-\/f—m
2v/5Vs = m(VL +/5)?

> 0.
Therefore, for all m < s < (14 d)m and k > 1 + 4, we have that
p(s,m) < p((1 4 &)m,m) = rs(k).
O

Next, we bound 75 in terms of 7. We start with an identity involving S;5(k), analogous to (114):

Bs(k) :4\f—\/1+5(\/g+\/1+5)2:/@—(1—|—5)
(1+8s5(k)* VE+VI+0 4k PR

Plugging the above identity into the discriminant of r5(x) yields

(14 B5(k))? Kk — 12 k—1 K k—1/k—1 Kk—(149)
4 ( K ) — Bs() K 7(\/E+\/1+75)2 K ( PR K )
k=1 o
T (VRHVIFO?Z R
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In turn, plugging the above expression for the discriminant back into rs(k), we obtain an alternative
expression for rs(x):

B Vi k=l Ve Vo VE—T1vVE—1+V0
VE+VIFHd £ Jr+VIFoVE VE JE+VIFE
Using this alternative expression, we obtain the following.

Lemma B.7. Given o > 1, then r5(k) < ruec(0'k) forall 6 € (0,0,), 0’ > o and k > 1 + 6, where
8o = (0 — 1)%/40. Conversely, given § > 0, then rs/ (k) < Tocc(0k) for all §' € (0,6, 0 > o5 and

k>1+40, whereos =1+ 25+2,/6(1+9).

rs(k) (117)

Proof. Let o > 1. From (117) and (96), it follows that the condition that 75 (k) < 7c(ok) for some
0 > 0and k > 1+ ¢ is equivalent to

Vi TVE—T+VE _ Jor—1

VE VE+VIFE T Vor (118)
By successively manipulating (118), it follows that
(k) < ruslow) = VR I(VR— T+ VAWVG < (VR - D(VE+ VIT0)
= VE+VI+o< (1+/(1+8)k—b(k—1)Vo
VE+VI+S e o

= L4+ /(A + 8k —/6(k—1)

Taking the derivative of the left-hand side of the (119) with respect to x, we obtain

0 VE+V1+0 B SvE + 0k (1+6) —6/8(k — Dk
I+ /(1 +0)r—/0(k—1) 2r/6(k— 1)(1+ /(1 +0)k — /6(rk — 1))2
b}

> 0.

26k — D1+ /(T +0)k — /6(r — 1))

That is, the left-hand side of (119) is increasing in £ > 1 + § and it follows that
VE+VI+0d < tim VE+VI+4 _ 1
1+ /(0 +0)k— 0k —1) ~ koto L4+ /(T +0)k—/o(k—1) VI+0-+5

Moreover, 1/(v/1 + 8 — V/§) is increasing in § > 0. Therefore, if 0, = (0 — 1)?/40, then for all
§ €(0,0,], k> 1+dand o’ > o, we have that

VE+V1I+0 1
<
1+ +0)k—/6(k—1) ~ VI+o-0
1
< - -
T VI+ 6, — Vo,
N
V07— o1
= \/E
< Vo'
Conversely, given 6 > 0,if ¢’ € (0,6] and o > o5, where o5 = 1 + 2§ + 2,/6(1 + ), then
1 1
< = < .
Vito Vo ST VsV
Therefore, 15 (k) < Toec(ok) forall &’ < §, x > 1+ ¢ and o > oy. O

Corollary B.8. Given o > 1, then p(s,m) < ruc(0’'k) for all s € [m,(1 + §)m], § € (0,0],
o' > oand k > 1+ 8, where §, = (o — 1)? /4a. Conversely, given § > 0, then p(s,m) < Tyec(0K)
foralls € [m, (14 0)m], &' € (0,0], 0 > osand k > 1+ &', where o5 = 1 + 20 + 24/6(1 + 0).

Proof. The corollary follows by combining Lemmas B.6 and B.7. O
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B.1.3 Iterate dynamics between m; updates

Through G; (mt) the dynamics of X; ; are determined by m,, which is updated by Algorithm 1 after
the ¢-th iterate is computed. Moreover, under Assumption 4.2, m; is updated at most log, x+1 times.
So, suppose the estimates m; take M + 1 < log, x + 1 values. Then, let ¢; denote the iteration in
which my is adjusted to its j-th value p;, j = 0, ..., M. Since NAG-free computes the iterate x; and
then adjusts m; in iteration ¢, this means that £; 4- 1 is the first iteration in which the estimate j1; takes
effect, and Algorithm 1 computes iterates for ¢ € (¢;,¢;41] using m; = ;. For example, ¢, = 0 and
my = f19 = my for all ¢ < t;. Therefore, given t and ¢’ such thatt; < ¢/ <t;1; <t; <t <tji1,

—1 J—1
Xit = H Gipr) Xio = Gi(p)'™ tJ( H Gipn) tk>G (Mj)t”lfthi,th (120)
e

k=j+1

Now, if m; > m, then under Assumption 4.4, Corollary B.2 implies that the eigenvalues of G;(m;)
are distinct. So, letting ¢; = (;(m:) and &; = &;(m;) denote the eigenvalues of G;(m;), we define

Ti(my) = [Cl H . (121)

It can be checked that the columns of T;(m) are eigenvectors of G;(my), therefore T;(m;) diagonal-
izes G;(my):

Gi(my) = Ti(my)Di(my)Ti(my) "L (122)

That is, D;(m;) is a diagonal matrix whose diagonal entries are the eigenvalues of G;(m):

Di(my) = [% 50] . (123)

Combining (120), (122) and (123), then applying Lemma B.3 it follows that for every ¢; <t < ¢;4
j—1
Il < Capag 220 (T olae, 2209 ), (124)
k=0
where the constant C; that is uniformly bounded, since

2
1Xee ]2 = \

i (1) Di () =9 Ti(pag) (HT 1) Di (pure )~ T (page) ™~ 1>Xi,0
< NTi(py) Dipg) =" T () ||2<H 1T (o) Dy () 4~ T ()~ 1|2>ﬂvio

M j—1
= (H ||Ti(uk)ll2||Ti(uk)_1||2> D3 () =5 )12 (H ||Di(uk)t’““_t’“|2> 223
k=0

k=0
log,y;-g_t,-l
< (2 I1 |m<uk.>||2|m(uk>1||2> Y <Hpuk i m) .
k=0
and, by applying Lemmas B.4 and B.5 to (121), for all 5, we obtain
- 1 & -1 4
T 2 <y, T, e 1 [ ; } _ |
1T () II° < 17601 = ==l |2 1| <7
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where 07, = (L — L)/L and 6y is given by Assumption 4.4. Furthermore, omitting the 1, arguments,
fort € (¢j,t;4+1], we have that

t—t
Xiv=G; 7 Xy,
t—tj 1

— DI YTX,,

_ [1 1} {(it_tj 0 ] 1 |:£i 1] [xi,tj—1]
TG & 0 &hlg-¢|-G 1 Tig;

S SIS e
-GG & G o L[ iy
R B T e o } {xi,tj_l]
= —t. —t. t+1—t; —t;
G-GlagT T -agT T g T =g L
_ 1 [ (Eixi,tj—l X ,t )Ct b + (xz t; C’Lx'L t'—l)ft i] :|
= ot t+1—t;
é—i - Ci _(gixi,tjfl mz,t]-)C Tt + (xz t; szz t; 71)5 *
Therefore, X; ; can be decomposed into two modes:

Xig = Aig, G+ Big €74, (125)
where A; and B; are two-dimensional vectors given by
Tit; — &iTi;—1 [ 1 GiTit;—1 — Tig; |1
Ay, = 22— — d By, = —2—2 , 126
o G—& [Q] o " G—& [51] (120)

which are well-defined, by Lemma B.5. In particular, for ¢ty < t < ¢;, we have that

4 :(1—51')301‘,0[1} t (G —Dzipo {1} ¢
Xt G- G| S G—& 13 &

In turn, if without loss of generality we assume 19 > 0, then

Tip — T1p—1 = (G 39 (S I)GIZT * gl — D& = D&z < fi*lq_lm,o <0,

where in first inequality above we used the fact that 0 < &; < (; and the identity

a-o-6=(1- 321~ ALi))Q_Mﬁ(l_ALi)ZB(l_ALi) X

Moreover, for tg < t < t; we also have that

(1 —&)(G = &)+ (G = D& —&)éro (

Tie—§1T1,4—1 = Q-5 1- fl)qﬂﬁ,o <0,
QZ1t-1— T1t = 1=&) - Cl)qxlg +é§1 — DG = &) = (G = D&z > 0.

It follows that, for t; < t < tq
(10, — &21,0,-1) (G — DG + (G, -1 — 21,,) (& — 1DETT

L1t — T1t—1 =
G —&
<ih (@1, —&121,6,-1) (G — 1) + (G141 — 21,4, ) (&1 — 1)
G1—&

= (@ — w1 -1)

<R G() T o) e
<0,
since 0 < &1(m1) < ¢1(m1), and moreover

10— w101 = (@, — E010,-1) = G ()T = & (po))C(po) 1,0 < 0,
(

Qg1 — a1 =& (G -1 — T1) = &(1) T (G(ko) — D& (o) @10 > 0.
Therefore, using the fact that {; (m;) = p(my, m), it follows by induction that for ¢; < ¢t < t;4q

(21,0401 — 21,4)* = Cyp(py, m)* % (H P, m)? 1= “’) 2020, (127)

for some C'; > k2
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B.1.4 The dynamics of c;

Lemma B.7 bounds the suboptimality factor in the convergence rate of x; when m; € [m, (1 + §)m|,
for a given 6 > 0. Now, we determine how long m, takes to reach the interval [m, (1 + §)m]. Our
starting point is to determine the dynamics of ¢, ;. To this end, we plug (98) and (100) into (4),
obtaining*

2 HVf(xtH) V f(a) Z?Zl(xi,t-&-l —xi)?N]

E?:l(xi,t—i-l - JUi,t)Q
(128)

2
Y i 1$zt+1 i) Nvi ||
Ci41 =

Z, 1 xt A1 — JUi,t)Ui

Tt41 — Tt

The identity (128) reveals that c? 1 can be expressed as an average of the squared eigenvalues A2
weighted by (z; 141 — xiyt)g. Since the weights are a static map of x; ;, the dynamics of x; ; determine
the dynamics of the estimated effective curvature c;41. In particular, z; ; determine if one weight can
outweigh the others, in which case c;11 tends to \;.

By Lemma B.3, p(s, A\;) < p(s,m) forall \; € (m, L]. Hence, from (124) and (127), we conclude
that the weight associated with m eventually dominates the other weights, so that ¢;+; converges
to m. In the following, we show that this happens at an accelerated rate. To this end, we define’
¢:D—[0,1] as

. p(s,a)
6(5, a,b) = mm{l, p(s,b)}’ p(s,b) >0, (129)
1, p(s,b) =0,
where the domain D is given by
D= (0,L] x {(a,b) e RZ;:a+#b}, (130)

R+ being the set of positive real numbers. With ¢, we can bound how fast ¢, takes to decrease
below (1 4 )¢ for a given £ € [m, L], not necessarily an eigenvalue of H, where § > 0 represents
some estimate precision relative to £. To this end, we characterize ¢((1 + 6)¢, £, m)?, first showing
that it is decreasing in 4.

Lemma B.9. If 0 € (0,1] and k > 2, then ¢((1 + §)¢, €, m) is decreasing in £ > m > 0.

Proof. Let L > m > 0. Given £ and § > 0 such that m < ¢ < (1 4 0)¢ < L, by (129) and
Lemma B.1, we have that

L+ /T D0
(1 +0)6,6;m) T L—m+(L=m)(1+0)f—m)
Letting ¢, the derivative of ¢((1 4 &)¢, £, m) with respect to ¢, we obtain
—(L —m)d% — (L — ) (L —0)86L+ 0+ /(L—m)((1+6)f —m)—2m)
2¢/(L = 0)6+/(L —m)((1 +6)¢ —m)(L + /(L —m)((1 + 0)f — m) —m)?
(L —m)d(6% + £(\/(L — )60 + 2,/(L —m)((1 + 6)f — m) — 2m))
2¢/(L = 0)66+/(L—m)(1+0)f —m)(L+ /(L —m)((1+ ) —m) —m)2
(L —m)SL(\/(L —€)6¢ — /(L —m)((1+ )¢ —m) +m)
2¢/(L — 0)80r/(L —m)((1L +6)¢ —m)(L + /(L —m)((1 + 0)f —m) — m)?
(L —m)((L —m)\/(L = €)60 — 5(L — 20)\/(L —m)((1 + )¢ —m))
2 /(L= 036/ (L —m)(1+0)l —m)(L+ /(L —m)((1+0)f —m) —m)?

So, to show ¢((1 + 0)¢, £, m) is decreasing in ¢, it suffices to show the numerator above is positive.
To this end, since L > m, it suffices to show that the second factor is positive:

(L —m)\/(L = )60 + /(L — 0)30r/(L — m)((1 + 8)¢ —m)
—6(L = 20)\/(L —m)((1 4 6)¢ —m) > 0. (131)

o =

“Note that ;41 — z; = (Tp41 — ") — (2 — ™) = Zle(mm“ — Tit)Vs.
Note that p < 0 cannot occur by the definition of p, (106).
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The negative term on the left-hand side above is maximized at the critical point characterized by
0 (L—=20)(1+49)
—(L—2¢ 1+0)—m)=-2/(14+Hl -—m+ ———m—m="r
g (L= 2OVTAF =) = =2/ TF O =+ oo
(T4+6)(L—20)—4((14+06)¢—m)
21 +0)f—m

=0.

Taking ¢ at this critical point, £ = éL + ﬁm, and using the assumptions that x > 2 and 6 < 1,
it follows that

(L76)625L 4m (L +8)L +4m _ 5(1+6)L* +4(5 — (1 +6))Lm — 16m SO
6 6(1+0) 36(1+0) 36
Hence, plugging £ = %L + ﬁm back into (131) and using the assumptions that § < 1 and x > 2
yields

(6(L —20) — /(L = 0)60)\/(L — m)((1 + 6) —m)

(4—+5)L 1+6 2m
S DR PRy

SLML(L—TH)7
6v/6
and, similarly
5L —4m L Vo
L—20)60(L — >4/ ——— (L — > —L(L — .
(L= 0O5UL ~m) > e g Lmmz s —m)

Hence, canceling the common factor v/ L(L — m) above and then rearranging, we conclude that
(131) holds if

VoV +6 < V3,
which is true since v/§ < 1. [

In fact, ¢((1 + 9)¢, ¢, m) is decreasing for any § > 0, which can be seen in its graph, but the case
where 6 € (0, 1] suffices for the upcoming results. Namely, given §; > 0 and §,, € (0, 1], by
Lemma B.9 we have that for every £ € [(1 + §¢)m, L]

L— 04 \/(L=0)b,
AL+ 8 bm) =7 N ni)((l +) 5.l —m)
_L-(+d)m+ V(I = (1 +6)m)d,(1+ do)m
T L—m+ /(L —m)((1+6,)(1+d)m —m)
= (1400 + /(5 — (1+6¢))3u(1 + &)
k=14 /(K= 1)(64 + 60 + 6400)
=740y, ¢, K). (132)

Hence, to show ¢((1 + d,)¢, £, m)? is an accelerated rate, suffices to show that ry(8,, &, k) is

an accelerated rate for appropriate x, d,, and d;, which we do in the next result. The function 7

is well-defined for §; > 0, §, > 0 and k& > 1 + d; and, by simple inspection, it follows that

T¢(5u, 5@, H) S (0, 1).

Lemma B.10. Given 6,, > 0, §¢ > 0 and k > 1 + &y, there is a 04 = 04(0y, 0¢, k) such that
Tqb(éuv 5Z, 5)2 < Tacc(0¢/€)~

Moreover, the function k — 04(0y, 0¢, k) is bounded and satisfies

lim (0w, dp, K) !
1 0¢p\Ou, 0¢, = :
reroe O O T (B ¥ 00+ 0ude — /0u(1+ 60))?
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Proof. Letd, > 0,0, > 0and k > 1 + &,. By direct algebraic manipulation, we obtain

Voor— 1 ! (133)

S < .
T4k (1 —=7ry(6u,0r,K)%)%k — 7¢

76 (6u, 00, )% < Tace(0gk) =

For such 6, §¢ and , we have r4(dy, d¢, k) € (0,1), so that 1 — ri > 0. Therefore, the lower bound
of the inequality on the right-hand side of (133) is well-defined. So, let o4 be defined such that (133)
holds with equality:

1
(1 —7ry(u, 00, 5)%)%kK"

a¢(5u,6g, Ii) =

For fixed 6,, > 0 and 6, > 0, the map r4(J,, d¢, &) is continuous in x > 1 + §; and right-continuous
at K = 1+ &, hence so0 is (1 — r4(8y, 6¢, £)?)y/k. Moreover, (1 — r4(dy, 80, £)?)v/k > 0 for
k > 1+ ;. Therefore, 1/((1 — r4(0u, d¢, )?)?k) is continuous in £ > 1 + &, and right-continuous
at k = 1 + §;. Furthermore, lim,_, 4 oo 1 + 74(0y, 0, ©) = 2 and

. _ ~ lim Sev/k + Kk —1)6s — /K(k — (14 0¢)) 00 (1 + 0¢)
i (1= ry(Bu b)) VR = lm_ L L
= Vb, = Vou(1+60),

where 85 = 8y + 0, + 6,0,. It follows that

1
lim 04(0y,d,, k) = lm

1
K—+00 k=00 ((1 — T‘¢((5u7 80, K)?)%k N 4(@ — /0, (14 0¢))? .
Hence, £ +— 04(0y, d¢, k) attains a maximum on [1 + d¢, 00) and is bounded.

O

Figure 6 shows a plot of the map  + 1/((1 — 74(x)?)?k) for k = 10,...,10° and the asymptotic
value of oy,

lim 04(0y,de, k) =

1
= ~ 2.31,
R F00 4(v/8s — \/6u(1 + 67))?

for ¢, = 0.01 and J, = 0.18. We see that the asymptotic value of o is slightly less than the peak
value of o4, but the first still provides a good approximation to the second.

Building upon the two lemmas above, we now establish that ¢((1 + §)¢, ¢, m) is actually much faster
than ry.. (04 k) for most values of ¢.

Lemma B.11. Given d,, € (0,1], 6; € (0,1] and k > 2, there exist 04 = 04(0y,0¢, k) > 0 and
ay = ay(0y, 0, m) > 0 such that for all € € [(1+ dg)m, L/(1 + &y,)]

S((L+ 8L, £,m)* < ryce(ogr) Hoe U™, (134)
where the function k — 04(0y, d¢, k) is bounded and satisfies
1
lim 04(6y,dr, k) = .
B o0l ) A(V0u + ¢ + 0ude — /0u(1 + 7))

Proof. Combining Lemmas B.9 and B.10, we have that
P((1+64)6,4,m)* < race(04K)

forall £ € [(1+ 6¢)m, L/(1 + d,)]. Moreover, ¢((1 + 0,,)¢, £, m) is decreasing and continuously
differentiable with respect to . So, consider the maximum slope of ¢((1 + d,.¢, ¢, m)) over the
interval [(1 + d¢)m, L/(1 + 6,)]:

9 (14 82)t,6,m) < 0,

S = ma.
ée[(1+5e)m,)L(/(1+6u)] or
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Figure 6: Numerical (black solid line) lower bound on and asymptotic value (dashed red line) of o
such that T?b < Tacc(0pr) holds for all k > 1+ 1/8,, with 6, = 0.01 and 6, = 0.18.

Then, it follows that for all [(1 + d;)m, L/(1 + §,,)]

0
Y, (1 +06,0,£,m)) < s <ay/Tacc(0p) < ad((1+ d,¢,¢,m)) <0,

where a = s/7acc(0gk) < 0. Hence, Gronwall’s inequality implies that

d((1 4 6,4, ¢, m))2 <exp(2a(f — (1 4 dp)m))racc(0gpk) = Tacc(a¢/£)1+%([_(1+54)m), (135)

where, since a < 0 and log,.

w(osr) € < 0, (g Is a positive constant given by

ag = 2alog, (s,x€>0,

which proves the claim. O

Figure 7 illustrates Lemma B.11 numerically with L = 10,m = 1,§, = 1,04 = 4 and o = 10.
We see that ¢((1 + d,,)¢, ¢, m)? becomes significantly smaller than (0 k) as £ approaches L. In
fact, ¢(L, L,m) = 0, therefore the estimate adjustments take place extremely fast when the estimate
is large and gradually slow down as the estimate improves, but always at an accelerated rate. As we
now show, this implies drastic estimate convergence speed-up.

Lemma B.12. Let f € F(L,m) be a quadratic function, let L > L, and suppose that Assump-
tions 4.2 and 4.5 hold. Also, let 6,, and §,, be positive numbers such that 6,, > 6, > 0 and
let v’ = 1/(8y,0¢, k) be a function such that ryc(cpk) < v’ < 1 forall k > 1+ &y, where
00 = (14 6,)/(1+6,) —1 > 0and 0p = 04(dy, ¢, k) is given by Lemma B.10. Then, the
estimates my of Algorithm 1 reach [m/~, (1 + 6,,)m| after no more than T iterations, where

log., (r/(146m))
_ 2 ”

log '’ 1+ agm(l+d)(y7 — 1)’

=0

M, = max; 6¢/Q1, with w and v given by Assumptions 4.2 and 4.5.

Proof. Suppose that the last value of m; before reaching the interval [m/, (14 6y, )m) is (14 0y ).
Then, suppose that the value before last is (1 + d,,,)m, and so on, up to v* (1 + &, )m for some K
such that Y5 (1 + 6,,)m < L < vK+1(1 + §,,,)m. Using this m; schedule, we bound the number of
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Figure 7: Numerical illustration of Lemma B.11 with L = 10,m = 1,6, = 1,04 = 4 and oy = 10.

iterations that m; takes to reach the interval [m /v, (1 + d,,)m], and then we argue that no other m;
schedule can lead to a worse bound.

Let{; =47 (1+468,,)m/(1+6,). Then, we have that £; > (14-6,)m for 8y = ((140,,,)/(1+0,)) —
Since 0,, > dy, then 6y > 0, and Lemma B.11 applies. Now, let I; = min {i : A\; > ¢;}. That is,
A; > £ if and only if 7 > I;. Then, using this fact and separating the terms indexed by i < I from
those indexed by 7 > I in (128) into two sums yields

Ip—1 d 2 2
2 02 Z@il (Tip41 — xi,t)2 21':10 A7 (Tipg1 — Tit)
Civ1 <t =g o d 2
Zi 1(1?1' t+1 — L4 f) Zi 1(%‘ t+1 — T t)
In turn, plugging the above inequality into the identity (c;11 + £o)(ci+1 — Lo) = ¢741 — €3, and then
using the fact that \; < L and ¢y > m, we obtain

d
Ct+1 42 Zz 10()\2 I o) (@it — xi,t)z 2 (041 — !Bi,t)2
< o2 3 At Z i)
i1+ Lo Co X (a1 — wi4)? 5 @i =7

cir1 —bo = (137)

Moreover, using (124), we have that

(i1 —2i0)? = (1 1 Xi041)? < 2 Xiggall? < 2Cip(po, Xo)* 22 (138)

To address the terms in the sum in (137), we combine (138) and (127), assuming tx <t < tx 1.
That is, we consider the last adjustment before m; reaches the interval [m/+, (1 4 d,,)m). Then, we
apply Lemma B.3 twice, to get p(my, A;) < p(my,£o) and p(my, £o) < p(my, m) for all ¢ > I,
which gives

d
Z(fﬂztﬂ m” <2M12 zOHPme 2HPmk,

im1Io (I1t+1*ﬂv1f =1, Ti0 = i (mg, m (mg, m
< 2Miwe((1 + 6,)0o, Co, m)z(t_tK'H). (139)
where M7 = 2max; 6i/Q1. Next, we put (137) and (139) together, and since ¢y > m, we get
cer1 — Lo < 2REMiwe((1+ 8m)m, Lo, m)2 T 0y < 5,60 /2,
forall t > tx + Aty, where
Aty — _10g(4/<a2M1w/5u).
log racc(Tpk)
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Therefore, ¢; 11 < (1 + 84)0o = (1 4 6,)m for t > tx + Aty or, equivalently,
try1 —tr < Aly.

Note that for every m; schedule, if 1 ;e denotes the last value of m; before reaching [m /v, (14 6,,)m],
then pgx > (1 + d,,,)m, by definition. Hence, letting ¢{, = px /(1 + d,) and I = {i : Ay > 4},
then I}, > I, and it follows that

(ﬂfzt+1 szt <2M12 10 pmm 2Hp:;k,
k, M

T —x p(m
Z,:I(,J(1t+1 1,t) =1 10kt ky ™M

<2Mlz 120 H pmlw

}) mk,
2 l]
m m
1= I() 10]{) t k, k’

< 2Miwe((1 + 6,)0o, Co, m)2<t—fk+1).

Therefore, the last adjustment cannot take more than At iterations for any m, schedule.

Then, let At; be quantities analogous to Atg, defined for j = 0,..., K as

log(4Kx%Myw/d,,)
1+ ap(t; — (14 dp)m)) log racc(opk)

By Assumption 4.2, m; decreases by a factor of at least y every time it is adjusted to a new value.
Hence, px—1 > ypx for every m; schedule, which implies that £; < pgx—1/(1 + d,,) for every
m; schedule. Hence, by the same rationale above, it cannot take more than At; for m; to be
adjusted to its second last value before reaching the interval [m/v, (1 + d,,)m]. It follows by
induction that it cannot take more than At; for m, to be adjust to its K — j-th to last value before
reaching the interval [m/~, (1 + d,,)m|. Moreover, since by design m; < L, it cannot more than
K <log,(#/(1 4 6,,)) adjustments before m; reaches the interval [m/~, (1 + d,,)m]. Therefore,
we conclude that my 1 < (1 4 d,,,)m for all ¢ > 7, where

At; = —

lo k/(14+6m
—log(4k?Myiw/8y) gw(% ) 1

logr’ 1+ agm(l+d,) (7 — 1)

=0

— log( 4/{2M1w/5 EK: 1

log racc (k) 1+ agm(l+68)(y7 —1)’

Jj=

because log is monotone and 7yec(0¢r) < 7' < 1, and K <log. (k/(1 + dn))- O

B.1.S Main result in the quadratic case

We now prove the main local convergence result for NAG-free when the objective function is quadratic.
There is no difference between local and global convergence in this case, but it will be the foundation
to derive the main local convergence in the general case later. To this end, we first establish that for
every G;(my), there is a quadratic Lyapunov function certifying convergence of X ; at rate p(my, \;)
up to arbitrary precision, at the expense of worse condition numbers.

Lemma B.13. Let m; € [m/~, L] for some v > 1, and let p(G;(my)) denote the spectral radius
of Gi(my). Then, given r € [p(Gi(m¢)),1) and § > 0 such that (1 + §)r < 1, there is some
P = P(Gi(my),r,6) € R™4 such that G;(m;)" PG;(m¢) < (14 8)*r2P and P = I. Moreover,
letting Amin (P) and Amax(P) denote the least and the greatest eigenvalues of P, then

1+(146)72 2M3 1+ (1+96)2
P .
m&ﬁﬁu”(Gmm%“®”<]fw1+®ﬂ 1+0)22(1— (1+0)2)3

where Mo is an appropriate constant that does not depend on neither § nor r.

(140)

where p(G;(m;)) denotes the spectral radius of G;(m;). Therefore, the interval [p(G;(m¢)),1) is

Proof. By Lemma B.4, p(my, \;) < 1forall m; € (0,L]andi =1,...,d. Thus, p(Gi(my)) < 1,
nonempty. So, let r and § be two positive numbers such that r € [p(G;(m4)), 1) and ( +)r

40



Then, take v = (1 + &)rand P = >0 (G, (my)T /v)*(G;(my)/v)*. The matrix P is well-defined
because p(G;(m:)/v) <1/(1446) < 1,and P > I, by construction. Moreover, it satisfies

—+oo

(Gi(mo) /)T P(Gi(my) /v) =Y (Gi(me))T/v)*(Gi(me)) fv)* = P — 1.

k=1
Therefore, G;(m;) T PG;(m;) < (1 + §)r? P, which proves the first claim.

To prove the second claim, we first express G;(m;) in Schur form [Golub and Van Loan, 2013,
7.1.3]. To this end, we construct a two-by-two orthogonal matrix @Q);(m;), whose first column is a
unit eigenvector ¢; 1 associated with ¢; = (;(m.), the top eigenvalue of G;(m;), as in

_ 1 1
%,1 - 7,71 T |CZ‘2 |:€z:| .

To determine the second column of @;(m;), we apply the Gram-Schmidt orthogonalization procedure
[Golub and Van Loan, 2013, 5.2.7] to obtain from e; a vector orthonormal to g; 1:

o _ fe14i1) :H_ 1 {1}: 1 [mz}
e e ™ T T TRIGR (6] T TGP 6]

Normalizing the vector above, we obtain

L 1 1 PQQ]
B2 = ARG -G

So, letting Q; (m;) be the orthogonal matrix given by

Qi(my) = @i 2], (141)
and letting T (m;) be the matrix given by
T;(my) = Qi(me)"Gi(my)Qi(my), (142)

where Q;(m; )" denotes the conjugate-transpose of Q;(m;), it follows that

T,(me) = [qi 1 (m)NGi(me)gi 1 (my) qz‘,1(mt)HGi(mt)qz‘,2(mt)]
’ @i 2(me)NGi(my)gin(me) i 2(me)NGi(my)gi2(me)
— [ Gi Qi,l(mt)HGi(mt)qi,Q(mt)]
Gigi2(m)gii(me) g2 (me)Gi(my)qi 2 (my)
_ [¢ Qi,l(mt)HGi(mt)Qi,Q(mt)]
_0 qi,Z(mt)HGi(mt)Qi,Z(mt)

because ¢; 1(m;) is a unit eigenvector of G;(m;) associated with ¢;, and is orthogonal to g; 2(m;).

Moreover, the product Q; (m; )1 G (m4)Q; (m;) preserves the eigenvalues of G; () because Q; (1)
is orthogonal, therefore

T;(my) = qz”l(mt)HGi(mt)qi’z(mt)} : (143)

0 &i

where ¢; denotes the other eigenvalue of G;(m;). Now, G;(m;) and, therefore, Q);(m,) are continu-
ous functions of my, thus

My= max gi1(m)"Gi(my)gia(me) < +oo
m¢€[m/v,L]

is well-defined. Moreover, left-multiplying and right-multiplying (143) by Q;(m;) and Q;(m:)",
respectively, yields

Qi(me)T;(my)Qi(my)" = Ti(my).
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Substituting the above for G;(m;), using submultiplicativity of the Euclidean norm, the fact that
Q;(my) are orthogonal and the fact that p(my, A;)/v < 1/(1+ ), where v = (1 + d)r, we get

1Pl <ZII i(me) /)" (Gi(my) /)|
<ZIIQ me)(Ti(me) /)" Qi(me)"||?

<1+ Z Q3 (me) PPN Ts (me) /v *[| Qi (me) |

k=0

= B+ (k4 1) M, AM |7
< Z ok 1) || [P(Mts Ai) (k + 1) Map(my, \;)
si+ k_OV 0 P(mt,/\ )k+1

+oo 2
<1+ wE (ﬂ(mt, X)) (k4 1) Map(my, /\i)k)
k=0

1+Z< 1+46)" (’“+1)+M (k+1)(1+6)’“) .

k=0
Then, using the fact that (a + b)? < 2a% + 2b? for any a and b, yields

1P| <1+ Z( ) 2 2M2 (k+1)*(1 +5)—2k>

14 2(1+6)72 2M?2 1+(1+5)*2
- 1—(1+9)"2 v2 (1—(1446)72)3
1+(1+6)"2 2M3 1+(1+6)?
TI1-(140) 2 12 I-(1+0) 2
where the second inequality follows by noting that for any « such that 0 < o < 1, we have that
+00

la(l+a) l1+a
k+1)? ok = =
3 e e
and then plugging (1 + &) 2 into a. O

Proposition B.14. Let f € F(L, m) be a quadratic function with k = L/m > 4, and let L > L.
Suppose that Assumption 4.2 holds for some v > 2, Assumption 4.5 holds for some w > 0, and that
Assumption 4.4 holds as well. Also, let 6., and 6., be positive numbers such that 6,, < min{d,,,1/2}
and 6., < v — 1. If Algorithm 1 receives L as input, then its iterates x; satisfy

2(1+”)racc(20k)t||xo -z, (144)

where i = L/m > K, 0 = max{7y,0m, 04}, Om = 1+ 20 + 2/ (1 + 6m), 04 = 04(u, ¢, k)
is a function that depends on 6y = (1 + 6,,)/(1 + 6,) — 1 and is bounded in & > 1 + &y, such that

1
lim o04(0y,ds, k) =
R—+o0 ¢( ¢ ) \/5 1—|—5z + 6y — \/(5 +5e

and C' is a constant factor that depends on +y, 6, 0 and w.

[241 — 2" < CR

Proof. Letr' =r (6u, d¢, ) be a function such that ry.(0pk) < 7/ < 1forall kK > 1+ §;, where
0y = 04(0u, ¢, k) is given by Lemma B.10. Then, by Lemma B.12 we have that m; < (1 + §,,,)m
for all t > 7, where
1 k/(1+6m
—log(4k*Miw/6y,) ol g: g

log r’

1
1+ agm(146)(v7 — 1)’

(145)
§j=0
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M1 = maxiél-/Ql.
Assumption 4.2 implies that then m; > m/~. If m; < m, then by Lemma B.1, and unsing the fact
that (\/L/m¢ — 1)/(y/L/m; + 1) is decreasing in m; and (k — 1)/k is increasing in k, we get

p(m m)\/\/mln—l \/\/%_1%;_1

= Tacc (’YH) .

VL/my+1 K VYE+1 vk

Otherwise, if m; € [m, (1 + d,,,)m], then by Corollary B.8, we have that p(m;, m) < ryec(om k) for

all kK > 1+ d,,, where 0., = 04, (0) = 1+ 20, + 24/01 (1 + d,,). Hence, p(my, m) < ryec(01K)
for all ¢ > 7, where o1 = max{y, o, }.

Now, by Lemma B.3, we have that p(my, \;) < ryc(01k) for all ;. Hence, given d, such that
(1 4+ 05)Tacc(01K) < 1, by Lemma B.13 there is a P;(my) = P;(my,d,) = I for each \; such that
Gz(mt)TPZ(mt)Gz(mt) = (1 + 5(7)2Tacc(0'1/€)2pi(mt). Hence, lftj <t< tj+1 and t >, then
X Pima) X1 = X[ Gi(pg) T Pi(1) G (1) X
<(1+ 50)274300(571/{)2)(;3'(ﬂj)Xi,ta
since m; = ;. Consecutively applying this inequality, we obtain
Amin(Pi(ma)) [ Xi o> < X7 Pi(me) Xip < ((1+ 60)race(01£)) > X Pi(pi) Xy,
< A (Pi() (1 + 80 ) race(015)) 27| X1 |

Rearranging the above yields

)‘maX(P'(/f“j))
~ Amin(Pi(py))

Moreover, since by assumption 1 + 6, < 7, m; is adjusted at most once if m; < (1 + J,,)m,
therefore denoting by p—; and p_o respectively the last and before last values taken by my, for all
t > 7 we have that

”XZ t”2 (1 + 50)7'%0(01”))2(75_”) ||Xi»tj ”2

)\max(P’(,U/fl)) )\max(Pi(H/fQ))
o )‘mln( (.“ 1)) )‘min(Pi(N—2))

In turn, the above bound yields

”Xz tH2 ((1+ 50)7“&66(‘71’{))2“_[7” HXi,fﬂ H27

d
1Xe)1* = Z ey
- L A (Pi(1-1)) Amax (P (1—2))
B — )\min(Pi(ﬂ—l)) Amin(Pi(N—Q))

i=1

(1+ 50)742160(01’%))2(1‘1_ ) ||Xi’(‘r1 ”2

Since 7y is monotone and % [|X; 4|2 = || X, |2, defining o = max{v, 0n, 54}, it follows that
11 < MZ((1+ 00 )race (0)) TV X1 |1, (146)

where M2 is given by the product of the worst condition numbers of all P;(z1—1) and P;(p—_s):

Amax(lji(,ul—l)) Amax(Pi(,u—Q))
My = cmax M
s \/ 21 Ain(Pa(—1)) 2 1esd Anin(Pi(p1—2))

Plugging 7’ = (1+ 3, )racc (oK) in (145), it follows that m; € [m/~, (1 +d,,)m] for all ¢ > 7, where

! 146,
 —log(4k2Myw/5,,) Og”(ﬂi g 1
~ log(1 4 84)racc (oK) = 1+ agm(1+d) (7 — 1)
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By assumption, y > 2, which implies that 4/ — 1 > 47~ for all j > 1, so that

log., (k/(146m))

_ 2
;< log(4k*Myiw/6y,) N Z 1
log(l +5a)7’acc(0'/‘€) oz¢m(1 +§i) = 7]71
—log(4k2Myw/6,, <1 N 1 7 )
log(l + 5U)racc(0/§) Qem vy — 1
Therefore, since ryec (k) > 1/2, Tace (k) < raee(ok) € (0,1) and [7] < 7 + 1, it follows that

(1 + 85 Tacc (o)) "I < My, (147)

<

for a constant M, given by
My = (4x*Myw/6,)", wherev =1+ v/ (apm(y — 1)).
Then, plugging (147) into (146), we obtain
Jell < 10l < MyMi((1+ 8, )raee(om) X -
To establish (144), it remains to bound || X1 ||. To this end, we plug z = 2* and y = y; 1 into (3),

and then use the global convergence bound from (4.1) to get

Iy =217 < () — F(*)) < dnran() o — 2

Then, substituting x;,1 with its definition from Algorithm 1, summing +5;2* = 0, using the above
bound and then the fact that 3, € [0, 1) and that rgp € (0, 1), we obtain

21— 2** = 111 + B)yesr — Beye — 2 £ B> = (L + Be) (g1 — 2*) — Be(ye — )|
< @llyerr — 2| + llye — 2*[])?
< 36krgp (k) |zo — 2|2, (148)
which implies that
X1l < lzpll + Nz -1l < 12¢mrap(8) 1737220 — 2| < 12v/K||20 — 27]|.
If [7] > 3, then
Xl < 12V[lzo — 27]|.

Otherwise, if [7] < 3, then using the fact that ry.c(0k) > Tacc (k) = 1/2, which follows from the
assumption that x > 4, and the assumption that v > 2, we obtain

,}/2

(14 00)ace (06)) T < rpee(0k) ™3 < —on

Moreover, since the following equivalences hold for x > 4

(s—1? _ VR-1
K2 = VE

76D (k)% > Taee(K) <= — k%2 —2kVE+VE >0,

we have that
(k) ™% < raee(r) T < 671
Combining the two bounds above yields
((1+ 50)racc(am))_HTGD(,@)%/Q < M.

Therefore, for all values of [ 7], we have that

llzerr — 2*|| < MaMyv/E((1 + 65)Tace(0r)) |0 — 2. (149)
Our next step is to express the rate (1 + 0, )7acc(0k) in terms of 7, (02k) for some o3, as in
vVok —1 02K — 1

(1 + 60)7"2100(0'%) = (1 + 6") \/0-7“ - \/(727
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Solving the above identity for o5, we obtain

g

(40, —0,vor) = (1=, Jom)?

09 =

That is, 02 = (1 + 0)o, where

5 _ B V/TR(2 — 0,/5F)
(- o, Jar)2

So, if 6, = 1/(4+/0K), then § < 7/9, which implies that 1 + § < 2 and

(14 05)Tace(0K) < Taec(20K).

Moreover, since o > v > 2 and k > 4, it follows that 6, = 1/(4y/ok) < 1/11 and

1 _(A+6)* (41?1 122 1
1—(1+6,)72  6,(2+6,) — 2 6o 2-1126,’
Ly 0,(2+6,) 1 9
_ 2 _To\2 T 7o) ~ 7
1—(1+56,) 015, <6,(2+405) = 4F(2+1/(4\/0E)) e
2+ 0,(2 4 65)
= 9= 9L .
14+ (1+6,)72 s <2(1446,)

In the same vein, using the fact that Ay (P;(—1)) > 1 and that Apax(Pi(p—1)) < || P;(e—1)]l,
plugging 6, = 1/(4+/ok) into (140) and using the fact that r,c. (oK) > 7r4ec(8) yields

)\max( 1( 1))
)

< P,
X S (Bl = e 1Pl
(1+3,)2 M3 1+ (1+5,)2
1+2 9
< + ]_ — (]. + 50’)*2 + (]_ + 50—)2743.00(0—/{)2 (1 _ (1 + 50)72)3

122 (1+6,)% M3 1+,
2112 0o (14 05)%racc(0k)? 52

(L, 4 \M
113 2114 ryee(ok)2 ) 63

Using the above bound twice yields

max -~—— - % < T—
d )\mm(P (M 1)) ----- d )\min(Pi(,U/72)) 62

Finally, we prove (144) by plugging (150) into (149), and then replacing « with &, so that

)\max P )\max Pz — M2 B E
M3 _ \/ max ( (M 1)) ( (,LL 2)) 2 — 7.43M220_3/2H3/2' (150)

leer — @) < CREHriee(20R)" 20 — 2],
where the constant C is given by

C =84 - 43 My(4Myw/6,) 0%/,

B.2 General case

We now build on the quadratic case to prove that the iterates x; of Algorithm 1 also converge to the
optimum x* at an accelerated rate when the objective function f is not necessarily quadratic. Our
approach is to show that if z; is sufficiently close to *, then z; — x* consists of a perturbation of the
iterate when the objective is given by local quadratic approximation of f at x*.
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B.2.1 Iterate dynamics in the general case

Under Assumption 4.3, it follows that f is twice continuously differentiable at z*. Hence, by Taylor’s
theorem [Nocedal and Wright, 2006, theorem 2.1], the gradient at x; can be expressed as

Vf(xy) =Vf(x /V2 x* + s(xy — %)) (xy — x*)ds

ZVQf(!E*)(Et + / (v2f($* + s(zy — %)) — V2f(x*))(xt —z*)ds
0
=(H 4 H;)(z; — z*), (151)
where the Hessian error term H, = f{t(xt) is given by
1
H, :/ (V2f(x* + s(zy — 2%)) — V2 f(x*))ds. (152)
0

Moreover, by (148), we have that ||z;+1 —2*|| < \/36kr6p(K) 1 ||xg —2*||. Since rop(k) € (0,1),
if [[zg — 2*|| < e3/Top(k)/36kK and € < dg, then for all ¢ > 0, we have that ||z, — z*|| < dy, and

B 1
[H: < /0 IV2f(@* + s(xe — a*)) = V2 f(a*))lds

1
< LH/ sl|lze — x*||ds
0
< eLyrep(k)t? (153)

Since v; form an eigenbasis for R%, H;v; can be expressed in v;-coordinates, h; j 1, as

Hyw; = hijvi, j=1,...,d (154)
Then, using (154) and the decomposition z; — 2* = ijl x;,4v; yields
d d d_ d d
H (l’f — I’ Hf Z.’,EJ tV; = Z l‘j7thUj = Z Tj.t Z hi,j,tvi == Z Z hi,jimj,tvi. (155)
j=1 j=1 i=1 i=1j=1

.. L. d
In turn, combining the decomposition x; — z* = ijl

Yep1 — 2" =2 — (1/L)V f(xs) — 2"
= -H/L—-H,;/L)(z; — x*)
d

= i {(1 —Ai/L)xis + Z(ibi,j,t/L):Cj,t] V4,

=1

x;,+v; with (151) and (155), we obtain

from which it follows that
d

*
E Tjt4+1V5 = Ti41 — T
Jj=1

= (14 Bi)yi+1 — Biye — 2™ F Bra”

Zd:[ (1+5) ( %)xi,t—ﬁt@— %)xm_l

i=1

d ~
hi i
+Z( 1+ﬁ 7]’ l‘jﬂg—ﬁt I’f’txj,t_l)]vi.

Jj=1
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Therefore, we have that

Xip1 = (G(me) + Gi) Xy, (156)
where X is the vector with “stacked” X ¢, as in
X
Xi=1 |, (157)
Xat
while G(m;) and G are matrices given by
G(my) = diag(G1(my), ..., Ga(my)), (158)
0 0 0 0
1 —Bthige—1 1+ Bhiis .. —Bihiagi—1 (14 Be)hias
Gi=1| : SR : . a59)
0 0 0 0
—Bthaii—1 1+ Bhais .. —Bthaai—1 (14 Be)hdas

where G;(m,), defined by (104), are the system matrices governing the dynamics of each X, ; in the
quadratic case where f(z) = (v — 2*)" Hy(z — 2*). Using the fact that h; j = v] Hyv;, the matrix
G, given by (159) can be expressed as

-1
G, = + B — 2 wIvVTH VW, — &WJVTHtVWQ, (160)
where the matrices V' € R4%¢, Wl,Wg € R4*24 are given by
: 0100 ...00 1000 0 0
vy 0001 ...0°0 00 10 0 0
V=1, Wa=1o 000 0, We=go 0 Do
o 0000 ...0°0 00 0 0 0 0
0000 ...0°1 00 0 0 10

Since v; are orthonormal, so is V. Thus, V' has unitary norm, as do W; and W. Therefore, applying
the triangle inequality and norm submultiplicativity to (160), then using the fact that 5; € [0, 1) and
lastly plugging in (153), we obtain

. 2 . 1 N
1G]l < ZHWITH”VTHHHtHHVlleln + EHWITHHVT”HHtHHVHHW2H
3 .
= 2\a
kel
L
< ETHrGD(n)t/? (161)

We continue by noting that if Assumption 4.4 holds for some § > 0, then it also holds for every
d% < dx. So, without loss of generality, suppose that Assumption 4.4 holds for some ¢y < d,,m.
Then, while m; > (1 + J,,,)m, we have that [m; — \;| > J, foralli = 1,...,d. Hence, noting that
for all \; we have that \; < L, then from Corollary B.2, it follows that the two eigenvalues (; (m;)
and &;(my) of each G;(m;) are distinct. Therefore, because (;(m;) and &;(m;) are continuous in m;,
we have that

6r = min_ min [G;(m) — &(m)| > 0, (162)

m+€S i=1,...,d
where S = S(d) is a compact set defined in terms
S = [(14 6m)m, L] \ U, B(\i, 62,

and B(\;,05) = {x : |x — A\;| <} is the open ball of radius ) centered at );. In the same vein,
since T; defined by (121) are continuous in (; and &;, and || - || is continuous, it follows that

T
max max [[T;(me)]| < oo.
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Furthermore, explicitly computing the inverse of 7; for m; € S yields
1 & —1 1 & —1

: < — ’ . 163

el =&l T e

Hence, since both sides of (163) are continuous in my, it follows that

IT:(me) ™| =

T, -1 )
gggf}_{d\\ i(me) || < o0

Therefore, we have that

Mr = max grllaxd||Ti(mt)||||Ti(mt)*1H < +oo. (164)

Then, let T" denote the coordinate transformation given by
T(my) = diag(Th(my), ..., Ta(my)). (165)
The block-diagonal structure of 7' combined with (164) implies that
ma | 7(me) 1T (me) ™" || < M. (166)

Furthermore, T'(m;) diagonalizes G(m;), as in
G(my) = T(me) D(me)T(my)~", (167)

where D(m;) is the block-diagonal matrix defined as D(m;) = diag(D1(my),. .., Da(m;)) and
D;(m;) are the diagonal matrices given by (122). So, defining the state Z; = T~ *(ug)X; for
t € [to,t1] and plugging Z; and (167) into (156), since m; = pq for t € [to, t1), it follows that

Ziy1 =T (po) Xe
= T (10)(G(my) + G1) X,
=T~ (G(po) + G1)T(10) Zt
= (D(uo) + Dy) Zi, (168)

where D, is a perturbation matrix given by

Dy =T~ (my)GT(my). (169)
Using submultiplicativity and then combining (161) with (166), yields
~ ~ L
D]l < T (ma) G T (me) || < 6MTTHTGD(H)W- (170)
Then, summing (170), we obtain
+oo —+o00
~ Ly 9 Ly 1
|Dy|| < eMp== rep(k)/? < eMp—2r ———e. (171)

Moreover, since \; < L < L, it follows that G (my) are nonsingular. This fact combined with (171)
allows us to use results from the theory of asymptotic integration of difference equations [Bodine and
Lutz, 2015] to establish that the solutions to (168) are perturbed solutions of the particular case when

D, = 0. Namely, by [Bodine and Lutz, 2015, Thm 3.4, p.73], for ¢ € [to,t1) we have that
Zyy1 = [I+0(€)]D(po)' Zo,
which implies that for ¢ € [to, 1), we have that
Xi1 = T(po)lI + O()]D(10)' Zo = Tpo)[I + O()1D(110)'T(110) ™" Xo,
which can also be written as a perturbation of the solution of the quadratic case G(110)! Xo:

Xip1 = G(uo)' Xo + T(110) DEO(€)T (10) ™" Xo.
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By repeatedly following the above procedure, we conclude that

J—1
Xes1 =T(us) L + O} (1us)™ T(us) ™ (H ()T + 0(6)]D(uj)”“‘t"T(Mj)‘1>Xo

=0

=T (ps)D(ps)' = T(pas)~ <HTW ) I () )Xo
+T(MJ)O(€)D(/,LJ)t t‘]T /.LJ <HT /_j,J ]+1 t_]T( ) 1>X0+
+ T0)0(OD ()~ Tp1s) (HTMJ )BT ) X, (17

where ¢t € [ty,t711).

B.2.2 The dynamics of ¢; in the general case

Having established that the components X, ; in the general case behave like perturbed components of
the quadratic case, we can also derive the dynamics of ¢; in the general case. To this end, we establish
bounds on the differences x; 141 — ;. First, we notice that

Xi,t—i—l == [O e 0 I 0 e 0] Xt-‘rla
where [0 ... 0 I 0 ... 0] € R?*2djsamatrix made of a row of two-by-two blocks, where
the i-th block is I € R?*2 and all other blocks are 0 € R2*2, Also, we have that
0 ... 0 I 0 ... O)T(us)D(ps)""T(us)~ (HT (1) D ()5 =5 T ()~ 1>X0
=0 ... 0 I 0 .. ,tht’HG YTt X
= |:O ... 0 G?_tJ Hj:_o Gi(,uj)tj'*'litj 0 ... 0} Xo

=GI” tJHG )55 X,

since Gi(,uj) = T;(pj)Di(pj)Ti(p;) "1, by (122), and G, T and D are block-diagonal matrices
with blocks given by G;, T; and D;, respectively. Then, we notice that all but the first term in (172)
are O(e), and p(p;, A;) < p(pj,m) for all the eigenvalues p(p;, A;) of D(1;), by Lemma B.3.
Therefore, combining the above remarks with Assumption 4.5, it follows that for t € [t;, ;1)

X1 1* < Caplpgs Ae)> ™ ”(Hpuk i) t’”lt’“‘))xio

j—1
+ O(G)P(Hp m)z(tit]‘) <H p(:ukv m)Z(tk-Htk)) I%,Ov

k=0

for some C';. The above bound is analogous to (124), but with an additional O(e) term accounting
for the perturbation of the quadratic solution. Thus, for ¢ € [t;,¢;1), we have that

(i1 —2ig)? = ([-1 1] Xie41)?

< 2C;p(pj, \i)2 )<HP g, N ) 2t tk) 23

+O(e)p(pz,m)* =) (H pp, m)““““”) 1o (173)

k=0
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In the same vein, combining (172) with Lemma B.3, we have that for ¢ € [t;, ;1)

| Xt l* < 21+ 0(e)Cplpg,m)* ) (H plur. m)z“k“-tk)) laol®, (174)
k=0

where C' = max;—1 4 C;. Similarly, combining the derivation of (127) with (172) and Assump-
tion 4.5, for ¢t € [t;,t;41) we have that

Jj—1

(@101 — 21,0)° > (1= O(6))Cy p(p, m)>¢ 1) (H ppun m)2<tk+1tk>> ate,  (179)
k=0

for some C.

Our next step is to also express V f (x¢11) — V f(z) as a perturbation of the quadratic case. To this
end, we substitute (151) for V f(z¢41) and V f (x), and obtain

Vf(@err) = V() = (H + Hepr)(wepy — a*) = (H + Hy)(x, — %)
= H($t+1 - l‘t) + ﬁt+1(xt+1 — LE*) — Ij]t(xt — ZE*).

Using z; — 2* = ¢ 1 T5,¢j, the terms of V f(z441) — V f(x+) above can be written as

j:
d
H(zip1 — o) = Z(Iz‘,t-u — T 1) A,
=1
d d ~ ~
Hyp1 (w41 — %) — Hy(wy — 2%) = Z (Z(hi,j,tﬂzj,tﬂ - hmt%x)) V;.
i=1 \j=1

In turn, using the above expressions, it follows that

IV f(@e41) = V() = Z)\ Tipp1 = Tig)”
d d i
+2 Z Ai@ip1 — Tie) Z(hz',j,t+1Ij,t+1 = hijat)
i=1 =1

2
+ Z <Z ig 1T 41— BL;‘J%J)) .

j=1
Our next step is to bound the third term above in |V f(z¢+1) — V f(2;)||?. Combining the identities

[ Hya |3+ |3 = 0 ZJ (12 e 07 ) and || X ||? = 2?21(953,754-1 +a3,) with the
bound (153), it follows that

d d 2
> D (higerameen — hijaexga)

i=1 \j=1

{
( :

( Z ,_],H—l"‘ilzg,]t)( Z ]t+1+l‘]t>

Jj=1

2
(Ihijesa] + i el (zg041] + l’j,t|)>

-

K2

M=
7 -

.
Il

d
(‘hu t+1] + |h gitl) )(Z (|25 e41] + |j,e]) >

j=1

I
Q. L

HM@.

= 4(||Ht+1||F + (L3 X 12
< Ad([| Hea|* + | Hel )1 X e
< 4L d|| X | (176)
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In turn, we address the second term of ||V f(z¢41) — V f () ||* using (176), which gives

d
E $1t+1 wzt E z],t+1$j,t+1—hi,j,t$j,t)
i=1

j=1

d d d 2

< Z(xi,t+1 - xi,t)Q Z (Z(hi,j,t+l$j,t+l — }Nli,j,txj7t)>
=1 i=1 \j=1
d

<[22 +m%7t)\/m

i=1
< 2Ly V2| Xpp > a7

Then, combining (174), (176) and (177) we obtain

d
IVf(@ee1) = V@)l <Y N (@1 — i)

i=1

j—1

+0(e)p(py,m)* =) (H plhn, m>2<tk+1tk>> #lo. (78
k=0

In turn, plugging (178) into (4), and then using (175), it follows that

Zj 1 /\2(-751 t+1 — Tq, t>2
Z?:l(xi,t+1 — Zit)?

Lemma B.15. Let f € F(L,m) and suppose that Assumptions 4.2 to 4.5 hold. Also, let 0y,
and §,, be positive numbers such that 6., > 0, > 0 and let v’ = 1'(d,, ¢, k) be a function such
that Tac(opr) < 1" < 1forall k > 14 &, where §p = (14 6,,)/(1 +6,)) —1 > 0 and
0y = 04(0u, ¢, k) is given by Lemma B.10. Then, there exists some € > 0 such that if ||zo —z*|| <,
then the estimates my of Algorithm 1 reach [m/~, (1 + §,,)m] after no more than 7 iterations, where

1 = c(wpgr, ) < + O(e). (179)

log., (1/ (146,1))

—log(8k%Miw/6,,) Z
log r’

1
[+ agm(l+o)(77 —1)°

(180)
j=0

M; = max; C;/C, with w and ~y given by Assumptions 4.2 to 4.5.

Proof. Suppose that the last value of m; before reaching the interval [m /v, (146, )m) is (14 0,,)m
Then, suppose that the value before last is (1 + d,,,)m, and so on, up to v** (1 + §,, )m for some K
such that Y5 (1 + 6,,)m < L < v%+1(1 + §,,,)m. Using this m; schedule, we bound the number of
iterations that m, takes to reach the interval [m/~, (1 + 6,,)m], and then we argue that no other m;
schedule can lead to a worse bound.

Let{; = 7 (1+46,,)m/(1+6,). Then, we have that £; > (148,)m for d; = ((1+6,,)/(1+68,))—
Since d,;, > 9y, then d, > 0, and Lemma B.11 applies. Now, let I; = min{i : X\; > ¢;}. That is,
A; > £; if and only if ¢ > I;. Then, using this fact and separating the terms indexed by 7 < I from
those indexed by 7 > I in (179) into two sums yields

d
2 Z (-Ti,t+1 —zi0)? | Di-i, A (@ipr1 — 2ig)?
i <Ly = . v 5 + O(e).
D e 1(%‘ t+1 = Tit) Yim1 (Tigr1 — Tiy)

In turn, plugging the above inequality into the identity (c;11 + £o)(ci1 — bo) = ¢741 — €3, and then
using the fact that A\; < L and £, > m, we obtain

d
Ct+1 G D Io(>‘2 —08) (i1 — i)

cry1 — Lo = +O(e
t+1 0= Cit1 ¥ EO é() ZZ 1(% 1 — T t)2 ( )
2
< loK? M O(e). 181
oF Z (1,041 — 21¢)? 0 (D
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To address the terms in the sum in (181), we combine (173) and (175), assuming tx <t < tx 1.
That is, we consider the last adjustment before m; reaches the interval [m/~, (1 + §,,)m). Then, we
apply Lemma B.3 twice, to get p(my, A;) < p(my,£o) and p(my, £y) < p(my, m) for all ¢ > I,
which gives

d

(@441 — T4, t)2 3 p(mi, A p(mi, A
= < 2(1 4+ 0(e)) M +0
z; I1 4+1 — T1 t)2 122;0 T1.0 kl_t[ mk, 2 H mk7 (E)
2(1 4 O(€)) Mywo((1 + 6,)4o, Lo, m)Z(t—tKH) + O(e). (182)

where M7 = 2max; C;/C;. Next, we put (181) and (182) together, and since £y > m, by choosing
e sufficiently small, we get

cerr — Lo < 201+ O(€)) K2 Mywd((1 + 6, )m, Lo, m)2EEH D00 4+ O(e) < 8,00/2,
for all t > tx + Aty, where

log(8k2Myw/d,,)
Aty = ——————F—~,
log racc(0pk)
Therefore, ¢;11 < (1 + 3,)lop = (1 4 d,)m for t > tx + Aty or, equivalently,
try1 —tr < Ay,

Note that for every m, schedule, if 11 denotes the last value of m; before reaching [m/~, (14 0,,)m)|
then px > (1 + 8,,)m, by definition. Hence, letting £, = px /(1 +d,) and I = {i : Ny > €},
then ) > I, and by applying Lemma B.3 before, it follows that

(SUi t+1 — xi.t)Q z 0 P Mg, A ,0 M, A
= < 2(1 4+ 0(e)) M E I | | I + O(e
I ($1,t+1 - l‘l,t)Q ! A 1 0 K=ty mk, 2 mlw ( )
1= 0 1=
7,0 ,0 mka p mka
2(14 O(e)) M, E I | (s, m 2 | I (e, m + O(e)

i=Io 1 0 k=tx
2(1 4 O(€)) Mywo((1 4 6,40, Lo, m) (HKH + O(e).
Therefore, the last adjustment cannot take more than At iterations for any m, schedule.

Then, let At; be quantities analogous to Atg, defined for j =0, ..., K as

log(8x2Myw/d,,)
(1+ ap(l; — (14 d¢)m)) log racc(cpk)

Aty = —

By Assumption 4.2, m; decreases by a factor of at least y every time it is adjusted to a new value.
Hence, py—1 > yux for every my schedule, which implies that £1 < pg—1/(1 + §,,) for every
my schedule. Hence, by the same rationale above, it cannot take more than A¢; for m; to be
adjusted to its second last value before reaching the interval [m/~v, (1 + 0,,)m]. It follows by
induction that it cannot take more than At; for m, to be adjust to its K — j-th to last value before
reaching the interval [m/~, (1 + d,,)m|. Moreover, since by design m; < L, it cannot more than
K <log (x/(1 + d,,)) adjustments before m; reaches the interval [m/7, (1 + d,,,)m]. Therefore,
we conclude that my 1 < (1 + 6,,)m for all ¢ > 7, where

log., (k/(140m
—log(8x2Myw/5y,) o8 g: ) 1
log r’ = L+ agm(l+6,)(v7 — 1)
—log( 8/@2M1w/6 i 1
lograce(ogr)  4=g L+ agm(l+35) (37 —1)°

because log is monotone and rycc(0pk) < 1" < 1,and K < log. (r/(1 + 0p))- O
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B.3 Main result

At last, we are ready to prove Theorem 4.6, which we restate below, establishing that Algorithm 1
achieves acceleration around the minimum.

Theorem (4.6). Let f € F(L,m), L > L and & = L/m. Suppose that & > k = L/m > 4 and that
Assumptions 4.2 to 4.5 hold. Then, there is some € > 0 such that if |[zg — 2*|| < ¢, then the iterates
x4 produced by Algorithm 1 satisfy

leesr — a*]| < Crue(o)! o — 2,

where o depends on -y, C depends on % and w, with v and w given by Assumptions 4.2 to 4.5.

Proof. Let 6, and §,, be positive numbers such that J,, < min{d,,,1/2} and d,, < v — 1. Then,
define 8y = (1+9,,)/(14+9,)—1, and let ' = r'(d,, d¢, k) be a function such that 7y (0pk) < 17 < 1
forall & > 1 + §;, where 0y = 04(dy, ¢, k) is given by Lemma B.10. By Lemma B.135, it follows
that m; < (14 §,,)m for all t > 7, where
lo: k/(14+6m
—log(8k%Myw/6.,) By g: )
T =
log r’

1
T+ agm(L+60)(7 — 1)’

(183)
j=0

M, = max; C;/C,. In turn, as in the proof of Proposition B.14, Corollary B.8 then implies that
plme,m) < re(o1k) forall t > 7, where 0y = max{vy, 0., },and o, = 14286,, 421/ (1 + 6 ).
Now, by Lemma B.3, we have that p(my, \;) < 7c(01k) for all A;. Hence, given d, such that
(14 6¢)racc(o1k) < 1, by Lemma B.13 there is a P;(m;) = P;(my,d,) = I for each A; such
that G;(my) T Pi(my)Gi(my) = (1 + 04)?7ace(016)? Pi(my). Using P;(m;) as diagonal blocks, we
define the matrix P(m;) = P(my, 6,) = diag(P1(ms), ..., Ps(m:)). The block diagonal structure
of P and G implies that P(m;) = I, and that G(m;) T P(m)G(my) < (1 + 64)%7acc(015)2P(my).
Hence, if t; <t < ;41 and ¢ > 7, then (156) yields
X[ P(me) Xepr = X{(G(ug) + Go)TP(uy) (G(uy) + Ge) Xo
< (14 05)  race(016)? X[ P(pj) Xt + X Py X3, (184)
since my = 5, where
Pt = étTP(mt)G(mt) + G(mt)TP(mt)ét + étTP(mt)ét
By Equation (104), we have that

0 1 0 :
IGi(ma)]| < l—mmt)(l 7)o"l avsman(i-7) H
— max {1,5(mt)(1 — ’z)} +(1+ B(mt))(l - %)
., (185)

Furthermore, since 6, > 0 and 7. (01K) > Taec(4) = 1/2, because by assumption « > 4, the block
diagonal structure of P combined with (140) yields

2 16M2
I'= = T =
1—(1+4,) (1= (146,)72)3
Therefore, combining (161), (185) and (186), and taking e such that eL /L < 1, we obtain

[P () = Ms. (186)

12| < @IG(mo)|| + G Gell < TeMs L /L. (187)
Then, since P(m;) = I, from (184) and (187) it follows that
XL PXe < ((140)%r® +TeMsLy /L)X PX, = X[ PXy, (188)
where we conveniently use a perturbed rate 7, given by
7= +/(1+6,)2r2+ TeMsLy /L. (189)
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Consecutively applying (188) and reproducing the steps in the proof of Proposition B.14, we get
241 — 2¥|| < ORI |z — 2], (190)
where the constant C'is given by
C' =84 - 43 My (8Myw/5,)" 032,
with v = 14 v/(agm(y — 1)), 02 = max{y, 0,04}, and §, = 1/(4,/02k) is chosen such that
(14 05)Tacc(02K) < Taee(202K).

Hence, choosing e sufficiently small such that

\/(1 +05)212 4+ TeMs Ly /L < 1yec(202K),
and then plugging this choice of e back into (190), we obtain
21 — 27| < Crace(0R) [0 — 27,

where o = 205 and C' = C'%2(11¥) | which concludes the proof. O

Remarks To conclude this section, we make a few remarks on the constant C' and convergence rate
o in Theorem 4.6. One of the factors of C involves a power v = 1 + v/(agm(y — 1)). Although
this factor is an artifact of our conservative analysis, v is nonetheless small. For example, we find
numerically that g ~ 10 when the base rate is 75 (4k), as Figure 7 illustrates. Moreover, y > 2
by Assumption 4.2, therefore v < 1.2. In the proof of Theorem 4.6, we work with ¢ = 209,
where 0o = max{2,0,,,04}, which is a function of two further suboptimality factors given by
Om =1+ 26 +2y/6m(1 +0p) and 0y < 1/4(y/6u + 8e(1 + 0y) — /0 (1 + 6¢))%. The factor
2 in 0 = 209 is a result of a compromise to obtain a reasonable condition number for the matrix
P in the Lyapunov analysis of the final regime of NAG-free, when m, is sufficiently accurate for
accelerated convergence. In reality, this compromise is an artifact of any Lyapunov analysis of linear
systems, whose solutions are linear combinations of some ¢*7* terms, rather than purely exponential
solutions 7¢. Hence, this compromise is typically ignored, e.g. as in Lessard et al. [2016], in which
case the convergence rate is max{2, o,,, 0, }. Then, for example, letting v = 2, §,,, = 0.2, d,, = 0.01
and 0 = (1 +0,,)/(1 + 0,) — 1, we obtain max{~y, o, 04} < 2.4. Therefore, the convergence rate
in this case would not be worse than 7,..(2.4rx). The ~ factor is an artifact of our analysis, but there is
areal tension between the other suboptimality factors o, and o4. That is because as m; approaches
m, the estimation convergence rate slows down, whereas the actual convergence rate improves, since
the estimate gets more accurate. This translates into reduced &, and &,, which reduces o,,, but
increases 0. The bound on these suboptimality rates is conservative, however. In the next section,
we present experiments in which we see that in practice the suboptimality factor is much closer to 1.
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C Numerical experiments

In this section, we present further experiments and provide more details of those already presented in
Section 5. We start by recalling which methods are used in the experiments.

C.1 Methods

As baselines, we take GD, NAG and the Triple Momentum Method [Van Scoy et al., 2017, TMM],
replacing L and m with problem-specific bounds. As competing methods, we consider two restart
schemes based on [O’Donoghue and Candes, 2015]: one where L is replaced with a problem-specific
bound, that we refer to as NAG+R, and another where L is estimated online with backtracking, that
we refer to as NAG+RB. For NAG+RB, every time the L estimate L, fails to produce enough descent,
itis increased to 1.01 L, and tested again. This choice of adjustment factor produces less conservative
estimates at the expense of more function evaluations, which largely favors NAG+RB since in all
experiments we plot the suboptimality gap f(x;) — f(«*) versus iterations. As additional methods
for comparison, we consider the adaptive gradient method AdGD [Malitsky and Mishchenko, 2024]
and its accelerated heuristic, AdGD-accel2, both using v = 1/ V2, as well as a previous variant of
the accelerated heuristic [Malitsky and Mishchenko, 2020], which we denote by AdGD-accel.

C.2 Smoothed and regularized log-sum-exp

We start by clarifying the remark made in Appendix C.2 that log-sum-exp approximates the max
function, by which we mean that

n i
) Ilila}-(,npl 0 10g< E eXp( 9 )) l_nﬁaxmpl + 0 IOg n

i=1,..
i=1

Thus, as € decreases, the approximation gets tighter. In the first experiment, we also compare some
variants of Algorithm 1 that employ different strategies to estimate L. One of them is Algorithm 3,
which estimates L by backtracking line search.

Algorithm 3 NAG-free-back: a variant of NAG-free that estimates L via backtracking.

1: Input: T > 0,29 = yo

2: Qutput: xp

3y~ xo + UJ0,1076)*

4: Lo,mo < [V f(zo) = VFW)l/llzo — vl

5. fort=0,...,T—1do

6: yt+‘1 — Ty — (1/Lt)Vf(.f('t)

7. while f(y;41) — f(xe) > —(1/2L,) ||V f(x¢)]? do
8 Ly <+ 1.01L,

9 Y1 < 2 — (1/ L)V f(21)

0 end while

—_

VIi - i

11: Tit1 < Yegp1 + m(ytﬂ - Z/t)
t t

12: cpp1 < ([Vf(@e1) = V(@) /|41 — 2l
13: mey1 < min(mt, Ciiq
14: end for

In Appendix C.2, we also mention different variants of Equation (6), in which we fix n = d = 600
and vary the regularization and smoothing parameters, 1 and 6, respectively. Figure 8 shows the
results of those experiments. In particular, Figure 8a shows the results for § € {0.1, 1,10}, when
1 = 0.1. Similarly, Figure 8b shows the results for € {0.01,0.1,1}, when § = 0.1.

C.3 Regularized logistic regression

Table 1 contains details of the datasets used in the experiments described in Appendix C.3, all of
which were taken from the LIBSVM dataset Chang and Lin [2011].
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Figure 8: Suboptimality gap for log-sum-exp (n = 600, d = 600) using methods from Appendix C.1.

Table 1: Details of datasets and method precisions used in the logistic regression problem.

dataset datapoints dimensions
a9a 32,561 123
covtype 581,012 54
gisette_scale 6000 5000
mushrooms 8,124 112
phishing 11,055 68
svmguidel 3,089 4
web-1 2,477 300

C.4 Cubic regularization

Section 5.4 describes experiments that refer to a “restarting” variant of NAG-free, which is summa-
rized by Algorithm 4. In those experiments, ;.5 = 100.

Algorithm 4 NAG-free with restarts.

1: Input: T' > 0,20 = Yo, trest > 0
Initialize:
y ~ xo+ U[0,1076]%
Lo, mo < ||V f(z0) = VF()|l/llzo =yl
fort=0,...,7T do
Yeg1 < Ty — (U\%Vf(xt)

. L — Vi

T Tl ¢ Yo + N \/ﬁt(yt-&-l Yt)

8 cry1 = [[Vf(@ig1) = VI (@)|l/llzeea — 2]
9: ift+ 1 mod t,.s = 0 then

SARNANE N

10: Lt+1 — Ctt+1

11: M1 < Cia1

12: Yt+1 < T41

13:  else

14: Lt+1 — HlELX(Lt7 Ct+1)
15: M1 < min(me, ce41)
16:  end if

17: end for

C.5 Matrix factorization

Appendix C.5, like Appendix C.4, also refers to a “restarting” variant of NAG-free, which is
summarized by Algorithm 4. In those experiments, tscs¢ = 1.
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Figure 9: Normalized suboptimality gaps for f(z) = (1/2)x" Az, with A = diag(1, 5, 10%).

C.6 Further experiments

Finally, we discuss how to interpret some edge cases of the theoretical results derived in Appendix B.
Specifically, we are interested in how initial conditions, dimensionality, and distribution of Hessian
eigenvalues affect the performance of NAG-free. To study these features, we consider a stylized
quadratic objective given by f(z) = (1/2)x" Az, where A is a diagonal matrix. We choose this
simplified model because it captures the essential features of the local convergence setting of NAG-
free in which the theoretical results in Appendix B were derived.

First, we consider the issue of initial conditions. Assumption 4.5 requires the existence of some
constant w such that wz? ; > |lzo||?. In reality, this requirement only serves the technical purpose
of allowing us to define a region of local acceleration. Otherwise, if x%’o could be arbitrarily small

relative to ||z, then we would not be able to lower bound the difference (x1 41 — 1.+)* only
in terms of x;1 o and p(m;, m), since the perturbation components of z; ; due to other z; ; could
dominate the entire solution of x1,, if 23 ; were sufficiently small relative to 27 ,. With that in
mind, we let A = diag(1,5,10%), and initialize 2o with zo = [107°, 1, 1]T, which corresponds to a
situation where w < 1, since w = ||xo||?/21, &~ v/2- 107°. Moreover, we choose L = 10* such
that the condition number is x = L/m = 10%, which is among typical values found in practice.
Figure 9a shows the normalized suboptimality gaps for NAG initialized with L = 10* and m = 1, for
Algorithm 1 initialized with L = L = 10%, and the normalized suboptimality gap 7, (k)’ based on
nominal convergence rate for this problem, r.. (k) = (/ — 1)/+/k. By normalized suboptimality
gap, we mean that the suboptimality gap, which is the same as function values, is divided by the
initial suboptimality gap, such that the initial normalized suboptimality gap is unity for all methods.
In addition, we plot in gold the estimate gap m; — m, measured on the right-hand y axis. As we can
see in Figure 9a, m, almost immediately reaches the value of m; = Ay = 5, as depicted by the solid
black horizontal line. Indeed, the effect of small x; ¢ is that, initially, the effective strong convexity
parameter increases to Ao = 5, which makes the problem better conditioned. Hence, during this stage,
Algorithm 1 converges faster at a rate faster than the nominal rate. Once x%t becomes comparable

with ||z |2, a second stage begins. In this second stage, m; approaches the actual strong convexity
parameter m = A\; = 1, and Algorithm 1 slows down to the true nominal convergence rate for the
problem. In particular, we see that m; only has to be sufficiently accurate for Algorithm 1 to achieve
acceleration. Accordingly, the rate at which the estimate gap m; — m converges to 0 decelerates as
mt becomes more accurate, as expected. Figure 9b shows a similar result, where instead of reducing
3 o relative to ||zol|?, we equivalently increase 3 , therefore ||zol|?, relative to z7 ;. Therefore, as
w becomes large, NAG-free performs better initially, and Theorem 4.6 should be apphed to each stage
with a different effective strong convexity parameter. Conversely, small w represents the worst-case
scenario for NAG-free, since it cannot take advantage initially of increased effective strong convexity
parameters. Figure 10a illustrates this remark, where z is initialized with o = [1,1,1]T. We see
that m, approaches A\; = m much faster than in the previous two edge cases, and NAG-free only
matches the nominal convergence rate for this problem.
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Figure 11: Normalized suboptimality gaps for f(z) = (1/2)z" Ax.

Next, we consider the issue of dimensionality. Like initial conditions, dimensionality also influences
w under most reasonable initializations of x(. For instance, if x is initialized uniformly, then on
average xog = 1, a vector of appropriate dimensions whose entries are all 1’s. To assess the impact
of dimensionality, we continue with a diagonal quadratic objective where A; = 1 and Ay = 10%,
but increase the number of eigenvalues \; such that \; = \y = 5. Thatis, f(z) = (1/2)z" Az,
with A = diag(1,57,10*), where I € R(?=2>(4=2) is the identity matrix with dimension d — 2.
We consider d € {1027 103, 104}. The results, shown in Figures 10b, 11a and 11b, demonstrate
that dimensionality has a somewhat similar effect of initial conditions. That is, as the number
of eigenvalues \; such that A\; = o increases, the effective condition number of the problem
increases, and NAG-free initially enjoys improved convergence rates. Then, as the relative norm
of the coordinates associated with these eigenvalues become comparable with that of x; ;, then
NAG-free enters a second stage in which it matches the nominal convergence rate of the problem.
The influence of dimensionality is slightly more subtle than that of initial conditions but the overall
effect is similar. That is because each coordinate x; ; associated with A\; = Ao decays in parallel,

independent of d, but as d increases, but before m; can start to approach m, Z?;Ql x?t ~ dx%_’t
must become comparable with 22 ,. In any case, we see that dimensionality cannot degrade the

performance of NAG-free beyond that of nominal acceleration.

The last issue that we consider is the distribution of Hessian eigenvalues. We start by experimenting
with uniform distributions. Specifically, we fix \; = m =1land \y = L = 10%, and consider the
remaining eigenvalues uniformly distributed in the interval [1, \4_1], for A\q_1 € {2,10, 100, 10*}.
In all experiments, xg = 1 € R% and d = 103. Also, we fix mg = L. On Figures 12 and 13, in
addition to NAG, NAG-free and the nominal convergence curve 7. (#)?¢, we also plot a suboptimal
convergence curve rflfb, where rg, = Tac(1.26). As we can see, although the performance of
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Figure 12: Normalized suboptimality gaps for f(x) = (1/2)z Az, with A = diag(1, D, 10*) and
D a diagonal matrix with eigenvalues uniformly distributed in [1, A;—1]. The dashed and dotted red
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Figure 13: Normalized suboptimality gaps for f(z) = (1/2)zT Az, with A = diag(1, D, 10%) and
D a diagonal matrix with eigenvalues uniformly distributed in [1, A;—1]. The dashed and dotted red
lines represent 7, ()% and r2% | respectively, where 7, = Tacc(1.25).

NAG-free can degrade when the eigenvalues are uniformly distributed, the impact is mild, and
the convergence rate is never worse than rg,;,, which represents a suboptimality factor of only
20% in the condition number. To conclude, we consider the situation where the eigenvalues are
clustered. We study three levels of clustering, where there are roughly 20, 40 and 60% of the total
number of eigenvalues. In each experiment, the clusters are evenly distributed in [m, Ag_1], for
Ai—1 € {2,10,100,10*}. In Figures 14 to 19, we see that the results are similar to the case where
the eigenvalues are uniformly distributed, and again the rate of convergence of NAG-free is never
does worse than rg,;,, which represents a suboptimality factor of only 20% in the condition number.
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Figure 14: Normalized suboptimality gaps for f(z) = (1/2)zT Az, with A = diag(1,C, 10*) and D
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Figure 15: Normalized suboptimality gaps for f(z) = (1/2)zT Az, with A = diag(1, C, 10*) and D
a diagonal matrix of roughly 0.2d clusters of eigenvalues evenly distributed in [1, A4—1]. The dashed

and dotted red lines represent 7, ()% and r2! | respectively, where 7, = 7ycc(1.25).
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Figure 16: Normalized suboptimality gaps for f(z) = (1/2)zT Az, with A = diag(1,C, 10*) and D
a diagonal matrix of roughly 0.4d clusters of eigenvalues evenly distributed in [1, A4—1]. The dashed

and dotted red lines represent 7, ()% and r2! | respectively, where 7, = Tacc(1.25).

60



—— NAG === racc —— NAG-free -:-:- I'sub — NAG

=== racc —— NAG-free ----- Fsub
1104 2
10_67 10 10 “\\ )\2 =17 103
102 1078
— 10_16’ — 10—18 1071
< o & < &
E 10726 110 T =g 105 |
< = -
10736 11072 £ 2 10-38 107° E
1046 l10-4 1048 10-13
0 2000 4000 6000 0 2000 4000 6000
iteration iteration
(@) Ag—1 = 100. (b) Ag—1 = 10000.

Figure 17: Normalized suboptimality gaps for f(z) = (1/2)zT Az, with A = diag(1, C, 10*) and D
a diagonal matrix of roughly 0.4d clusters of eigenvalues evenly distributed in [1, Aq—1]. The dashed

and dotted red lines represent 7, ()% and r2t | respectively, where 7, = Ty (1.25).
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Figure 18: Normalized suboptimality gaps for f(z) = (1/2)zT Az, with A = diag(1, C, 10*) and D
a diagonal matrix of roughly 0.6d clusters of eigenvalues evenly distributed in [1, A4—1]. The dashed

and dotted red lines represent 7, ()% and r2! | respectively, where 7, = 7ycc(1.25).
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Figure 19: Normalized suboptimality gaps for f(z) = (1/2)xT Az, with A = diag(1,C, 10*) and D
a diagonal matrix of roughly 0.6d clusters of eigenvalues evenly distributed in [1, A4—1]. The dashed

and dotted red lines represent 7, ()% and r2! | respectively, where 7, = Tacc(1.25).
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