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Abstract

We revisit the classical problem of absolute stability;
assessing the robust stability of a given linear time-
invariant (LTI) plant in feedback with a nonlinearity be-
longing to some given function class. Standard results
typically take the form of sufficient conditions on the
LTI plant, the least conservative of which are based on
O’Shea–Zames–Falb multipliers. We present an alterna-
tive analysis based on lifting and interpolation that di-
rectly constructs a Lyapunov function that certifies abso-
lute stability without resorting to frequency-domain in-
equalities or integral quadratic constraints. In particular,
we use linear matrix inequalities to search over Lyapunov
functions that are quadratic in the iterates and linear in
the corresponding function values of the system in a lifted
space. We show that our approach recovers state-of-the-
art results on a set of benchmark problems.

1 Introduction

We consider the classical absolute stability problem, also
known as the Lur’e problem [8], illustrated in Fig. 1. A
linear time-invariant (LTI) systemG with internal state x
is in feedback with a static nonlinearity ϕ.
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Fig. 1: System G with internal state x in feedback with
a nonlinearity ϕ belonging to a given function class. The
absolute stability problem is to find conditions on G that
ensure stability of the closed-loop system for all initial
states and all nonlinearities in the function class.

The standard approach to absolute stability uses Zames–
Falb multipliers1 [18] and integral quadratic constraints
(IQCs) [10], which we review in Sections 2 and 3. Exis-
tence of a suitable multiplier provides a guarantee of ro-
bust stability, and one can search over all finite impulse
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1Also known as O’Shea–Zames–Falb multipliers.

response (FIR) multipliers using convex linear matrix in-
equalities (LMIs) [4]. There is an abundance of literature
on this topic, including tutorials such as “Zames–Falb
Multipliers: Don’t Panic” [14] that aim to communicate
the main results to a broad audience.

While searching over Zames–Falb multipliers is the state-
of-the-art, it does not (at least directly) construct a Lya-
punov function to certify absolute stability. Instead, the
Kalman–Yakubovich–Popov (KYP) lemma [12] is typi-
cally used to relate feasibility of an LMI to a correspond-
ing frequency domain inequality (FDI). The main result
for integral quadratic constraints [10] is that this FDI is
sufficient for absolute stability (see Section 3).

In contrast to the standard approach, we propose ap-
proaching absolute stability via lifting and interpolation.
We lift the system to a higher-dimensional space, and
then search for a Lyapunov function in this lifted space
using linear matrix inequalities. The LMI is derived from
a dissipation inequality whose supply rate is a combina-
tion of valid inequalities satisfied by the nonlinearity.

Our approach has several benefits. First, a feasible solu-
tion to our LMI directly provides a Lyapunov function.
Since our approach is based on a simple dissipation in-
equality, it generalizes naturally to other settings such as
robust or stochastic performance certification (see Sec-
tion 6). Also, we relate the set of all valid multipliers for
a given function class to interpolation, which provides a
systematic way to construct all valid inequalities satisfied
by the inputs and outputs of the nonlinearity.

1.1 Main idea

To certify absolute stability of the Lur’e system, we
propose using a common quadratic-plus-linear Lyapunov
function candidate of the form2

V (x,f) := xTP x+ pTFf (1)

where (x,f) is the state of a lifted system, which we
describe in Section 4.1. The matrix P and vector p are
parameters of the Lyapunov function that we search over
using a linear matrix inequality, and F is a fixed matrix.

To show that V is a Lyapunov function, we will search
for a quadratic-plus-linear form σ1(yt,ut,ft) ≥ 0 that is
nonnegative over all system trajectories and that satisfies
the discrete-time dissipation inequality

V (xt+1,ft+1)− V (xt,ft) + σ1(yt,ut,ft) ≤ 0. (2a)

2This quadratic-plus-linear form is similar to the Lur’e–
Postnikov Lyapunov function. The difference is that the lifted state
(x,f) is augmented to include past input and function values.
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A Lyapunov function must also be positive definite. This
can be enforced by requiring P ≻ 0 and p > 0, but a
less conservative approach is to find another nonnegative
quadratic-plus-linear form σ2(yt,ut,ft) ≥ 0 such that

∥xt∥2 − V (xt,ft) + σ2(yt,ut,ft) ≤ 0. (2b)

Combining the two inequalities in (2) and using the fact
that σ1 and σ2 are nonnegative along system trajectories,

∥xt∥2 ≤ V (xt,ft) ≤ V (xt−1,ft−1) ≤ . . . ≤ V (x0,f0),

so the Lyapunov function V certifies absolutely stability.

We characterize the set of all nonnegative quadratic-plus-
linear forms in Section 2, which we then use in Section 4
to search over all Lyapunov functions of the form (1).

1.2 Assumptions

To illustrate our results, we focus on the case where G
is a discrete-time finite-dimensional linear time-invariant
single-input single-output (SISO) system, and the non-
linearity ϕ : R → R is bounded, satisfies ϕ(0) = 0, and is
monotone, which means that

0 ≤
(
ϕ(x)− ϕ(y)

)
(x− y) for all x, y ∈ R.

Since the nonlinearity ϕ : R → R is monotone, it is the
gradient of a scalar-valued function f : R → R, that is,
ϕ = ∇f . Furthermore, f is a closed convex proper func-
tion since ϕ is monotone; see [1]. We assume without loss
of generality that f(0) = 0. We choose this simple set-
ting to highlight our results, although we emphasize that
our results generalize to other classes of nonlinearities.

2 Quadratic inequalities & interpolation

We first review standard results concerning quadratic
constraints that hold between the input and output of a
monotone map ϕ. We then use interpolation conditions
to construct all such inequalities that are also linear in
the values of the convex function f whose gradient is ϕ.

2.1 Background

The conventional approach to robust stability analysis is
to replace the nonlinearity ϕ by valid inequalities, typi-
cally quadratic, that hold between its inputs and outputs.
Willems and Brockett [17] were the first to construct all
valid quadratic inequalities for a monotone nonlinearity.
The inequalities are described in terms of a doubly hy-
perdominant matrix. A matrix M = {Mij} is doubly
hyperdominant if Mij ≤ 0 for all i ̸= j and∑

i

Mij ≥ 0 and
∑
j

Mij ≥ 0 for all i and j.

The following result from [17] characterizes SISO mono-
tone functions in terms of quadratic inequalities. The
result was extended to the MIMO case in [9].

Proposition 1. The quadratic inequalityuℓ

...
u0


T

M

yℓ...
y0

 ≥ 0 (3)

holds for all finite sets of points such that ut = ϕ(yt) for
all t = 0, 1, . . . , ℓ for some monotone function ϕ : R → R
with ϕ(0) = 0 if and only if M is doubly hyperdominant.

Proposition 1 provides an exact characterization of all
quadratic inequalities that hold between a finite set of
input-output pairs of a monotone function. In contrast,
Zames–Falb multipliers [17,18] describe a set of inequal-
ities that hold over an infinite horizon.

Proposition 2. Suppose Π is a stable discrete-time LTI
system. Then the quadratic inequality

∞∑
t=−∞

ut (Πy)t ≥ 0 (4)

holds for all square-summable signals u and y such that
ut = ϕ(yt) for all t for some monotone function ϕ : R → R
with ϕ(0) = 0 if and only if the impulse response π of Π
satisfies πt ≤ 0 for all t ̸= 0 and

∑∞
t=−∞ πt ≥ 0.

In contrast to (3) and (4), which only involve the inputs
and outputs of the nonlinearity ϕ, our analysis will use
inequalities that also depend on the values of the convex
function f whose gradient is ϕ (which always exists since
ϕ is monotone and one-dimensional by assumption). To
this end, we characterize all tuples (M,m) for which the
quadratic-plus-linear inequalityyℓ...

y0


T

M

uℓ

...
u0

+mT

fℓ...
f0

 ≥ 0 (5)

holds for all sets of points such that ut = ∇f(yt) and ft =
f(yt) for some convex function f : R → R with∇f(0) = 0
and f(0) = 0. We shall see that such conditions naturally
arise as the dual of conditions for convex interpolation.

2.2 Interpolation

We now show how to systematically derive the set of all
quadratic-plus-linear inequalities (5) using interpolation.

Definition. A set of points (yi, ui, fi) for i = 0, . . . , ℓ
is interpolable by a convex function that passes through
the origin if there exists a convex function f : R → R
with f(0) = 0 and ∇f(0) = 0 such that ui = ∇f(yi) and
fi = f(yi) for all i = 0, . . . , ℓ.

The following result provides necessary and sufficient
conditions for interpolation by a convex function that
passes through the origin; see [13, Thm. 1].
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Proposition 3. The set (yi, ui, fi) for i = 0, . . . , ℓ is
interpolable by a convex function that passes through
the origin if and only if fi ≥ fj + uj (yi − yj), uiyi ≥ fi,
and fi ≥ 0 for all i, j = 0, . . . , ℓ.

The interpolation conditions in Proposition 3 are linear
in the function values and quadratic in the gradient and
the point at which it is evaluated. We can therefore rep-
resent the interpolation conditions in terms of the Gram
matrix and vector of function values,

G =

yℓ...
y0


uℓ

...
u0


T

and f =

fℓ...
f0

 . (6)

In particular, a set of points is interpolable by a convex
function that passes through the origin if and only the
tuple (G,f) is in the interpolation set, defined as

K = {(G,f) | fi ≥ fj +Gij −Gjj , Gii ≥ fi,

and fi ≥ 0 for all i, j and rank(G) = 1}

Given a Gram matrix G and vector f in the interpola-
tion set, we can factor G as in (6) since it has rank one.
Then, from the definition of the interpolation set, the
points (yi, ui, fi) satisfy the interpolation conditions in
Proposition 3, so there exists a convex function that in-
terpolates the points. While the interpolation set exactly
characterizes the Gram matrices and function values that
can be generated by a convex function, the quadratic-
plus-linear inequalities (5) are naturally characterized by
the dual of the interpolation set,

K∗ =
{
(M,m)

∣∣ tr(MTG) +mTf ≥ 0, ∀(G,f) ∈ K
}
.

This is precisely the set of all tuples (M,m) such that
the inequality (5) holds for all sets of points that are
interpolable by a convex function that passes through the
origin. Any such parameter is referred to as a multiplier.
An important implication of this is that, since the set of
multipliers is a dual cone, it is always a convex set [2].
This will allow us to efficiently search over all multipliers
using convex optimization.

To find the dual cone, we take a nonnegative linear com-
bination of all inequalities defining the interpolation set,

ℓ∑
i=1

ℓ∑
j=1

λij (fi − fj −Gij +Gjj)+ γi (Gii − fi)+ δi fi ≥ 0

where the coefficients λij , γi, and δi are nonnegative.
Assembling the coefficients into the matrix Λ = {λij}
and vectors γ = {γi} and δ = {δi}, we can write this
inequality compactly as tr(MTG)+mTf ≥ 0, where the
matrix M and vector m are given as follows:

M = diag(ΛT1)− Λ + diag(γ)

m = (Λ− ΛT)1− γ + δ

Therefore, the dual cone of the interpolation set for the
class of convex functions that pass through the origin is

K∗ = {(M,m) | MT1 ≥ 0, M1+m ≥ 0,

and Mij ≤ 0 for all i ̸= j}. (7)

We summarize this result as follows.

Proposition 4. The quadratic-plus-linear inequality (5)
holds for all sets of points (yi, ui, fi) for i = 0, . . . , ℓ that
are interpolable by a convex function that passes through
the origin if and only if the tuple (M,m) is in the dual
cone K∗ in (7).

Here, we focused on characterizing quadratic-plus-linear
inequalities that hold for points that are interpolable by
a scalar convex function that passes through the origin.
We emphasize, however, that our construction general-
izes to other function classes and other types of inequal-
ities. We summarize this general principle linking inter-
polation with the set of multipliers as follows:

The set of all multipliers is the
dual of the interpolation set.

Remark 1. Instead of using the interpolation conditions
in Proposition 3 that involve function values, we could
equivalently use the cyclic monotonicity conditions that
are also necessary and sufficient for convex interpolation
but only involve yi and ui (but not fi). Then the dual
of the interpolation cone would only involve a matrix M
(and not a vector m) and would consist of all doubly
hyperdominant matrices, recovering Proposition 1.

Remark 2. There are several generalizations of slope-
restricted nonlinearities to the multi-input multi-output
case, including diagonal, repeated, or full-block cases [9].
The MIMO generalization of monotonicity is defined by
the inequality

0 ≤ (ϕ(x)− ϕ(y))
T
(x− y) for all x, y ∈ Rn.

However, care must be taken because a MIMO monotone
nonlinearity is not necessarily the gradient of a convex
function f : Rn → R. If it is, then the interpolation con-
ditions in Proposition 3 become fi ≥ fj + uT

j (yi − yj).
Otherwise, we can use the definition itself as the set of
valid inequalities: (ui − uj)

T(yi − yj) ≥ 0. The ability
to work directly with valid inequalities means that there
is no need to translate information about the function
into a frequency-domain IQC. This is particularly useful
in scenarios where the nonlinearity is implicitly charac-
terized by the inequalities that it satisfies, as in iterative
algorithm analysis [7]. See [13] for the interpolation con-
ditions for many other function classes.

3 Absolute stability via Zames–Falb

We now summarize how to use Zames–Falb multipliers
to verify absolute stability of the Lur’e system.
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3.1 Frequency domain formulation

Applying Parseval’s theorem, the time-domain quadratic
inequality (4) is equivalent to the frequency-domain
quadratic inequality

∫
u(z)∗Π(z) y(z) dz ≥ 0, where the

integral is over the unit circle in the complex plane. This
is an integral quadratic constraint [10].

Since the signals are related by y(z) = G(z)u(z) where
G(z) is the transfer function of the LTI system in Fig. 1,
the IQC can be written as

∫
Π(z)G(z) ∥u(z)∥2 dz ≥ 0.

The main IQC result is that the system is absolutely
stable for all signals satisfying the IQC if and only if the
following frequency-domain inequality3 holds [10,17].

Re{Π(z)G(z)} < 0 for all z ∈ C with |z| = 1. (FDI)

Therefore, a sufficient condition for robust stability of the
interconnection is the existence of a multiplier Π(z) that
satisfies the conditions in Proposition 2 and (FDI).

3.2 Time domain formulation

The frequency-domain inequality (FDI) is not conducive
to numerical verification since it must hold over an in-
finite number of points. By applying the Kalman–
Yakubovich–Popov lemma [12], we can transform (FDI)
to an equivalent linear matrix inequality, which is more
amenable to computation.

Suppose the Zames–Falb multiplier Π has finite impulse
response πt of length ℓ, that is, πt = 0 for |t| > ℓ. Define
the 2 (ℓ+ 1)× 2 transfer matrix

Ψ(z) :=

[
1 z−1 . . . z−ℓ 0 0 . . . 0
0 0 . . . 0 1 z−1 . . . z−ℓ

]T
and define the matrix

N =


π0 π1 . . . πℓ

π−1 0 . . . 0
...

...
. . .

...
π−ℓ 0 . . . 0

 . (8)

Then, (FDI) can be written as[
G(z)
1

]∗
Ψ(z)∗

[
0 NT

N 0

]
Ψ(z)

[
G(z)
1

]
< 0.

Let (A,B,C,D) be a minimal realization of the system[
A B

C D

]
= Ψ(z)

[
G(z)
1

]
. (9)

Applying the KYP lemma (specifically, the positive-real
lemma), we see that (FDI) is equivalent to the existence
of P = PT ≻ 0 satisfying[
ATPA− P ATPB
BTPA BTPB

]
+

1

2

[
C D

]T[ 0 NT

N 0

][
C D

]
≺ 0.

(LMI)

3Some authors use the negative feedback convention, in which
case the direction of the inequality (FDI) is flipped.

This is a linear matrix inequality, which can be readily
solved using interior-point solvers, for example.

To summarize, if (LMI) is feasible, then we have found
an FIR multiplier of length ℓ that certifies (FDI), which
then implies absolute stability.

We can also verify absolute stability directly from the
feasibility of (LMI) as follows. Suppose that (LMI) is
feasible for some positive definite matrix P and some
FIR multiplier Π of length ℓ. Multiply the LMI on the
right and left by (xt, ut) and its transpose, respectively,
where xt is the state of (9) at time t. Doing so, we obtain
the dissipation inequality

xT
t+1P xt+1 − xT

t P xt +

 ut

...
ut−ℓ


T

N

 yt
...

yt−ℓ

 < 0. (10)

We now sum the dissipation inequality over t from 0 to T .
The first two terms form a telescoping sum so that

0 > xT
T+1P xT+1 − xT

0P x0

+


uT

...
u1

u0


T 

π0 . . . πT−1 πT

...
. . .

...
...

π1−T . . . π0 π1

π−T . . . π−1 π0



yT
...
y1
y0

 .

The conditions on the multiplier ensure that the Toeplitz
matrix is doubly hyperdominant, so the quadratic form
is nonnegative from Proposition 1. We conclude that
xT
TP xT < xT

0P x0 for all T > 0, so the Lur’e system is
absolutely stable since P is positive definite.

To motivate our approach, suppose that we required N
to be doubly hyperdominant instead of having the struc-
ture in (8). Then we could apply Proposition 1 directly
to the dissipation inequality (10) to obtain xT

t+1P xt+1 <
xT
t P xt for all t. Then xTP x is a Lyapunov function for

the system that verifies absolute stability. While this ap-
proach directly constructs a Lyapunov function, we find
that it is quite conservative for small values of ℓ. If we
also include the function values in the analysis (as we
describe in the following section), however, we directly
construct a Lyapunov function using values for ℓ similar
to those needed using Zames–Falb multipliers.

4 Main result

We now describe our main result, which is an LMI
that directly searches over Lyapunov functions that are
quadratic in the iterates of the system and linear in the
corresponding values of the convex function f whose gra-
dient is ϕ. Existence of such a Lyapunov function certifies
absolute stability of the system. As we will show in Sec-
tion 5, our analysis matches state-of-the-art results while
also explicitly constructing a Lyapunov function.
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4.1 Lifting

The main idea behind our analysis is to augment the
state of the system in Fig. 1 so that it becomes more
amenable to analysis. This procedure is known as a lift-
ing, and the transformed system is called the lifted sys-
tem. The idea of lifting is commonly used in polyno-
mial optimization [6], kernel methods [5], and Koopman
theory [3], where an intractable problem is lifted to a
higher-dimensional space in which it becomes tractable.

Fig. 2 provides an overview of the lifting procedure,
where a lifting maps trajectories of the original system
to those of the lifted system. While direct analysis of
the original system is conservative, the analysis becomes
less conservative in the lifted space; in particular, feasi-
bility of a linear matrix inequality for the lifted system
provides a Lyapunov function that guarantees absolute
stability of the original system.

Lyapunov
function
certifying
absolute
stabilityOriginal system

Lifted system

Conservative search in
original coordinates

Lifting

Less conservative search
via interpolation

Fig. 2: Overview of the lifting procedure. The state
of the original system in Fig. 1 is lifted to a higher-
dimensional space in which absolute stability can be ver-
ified using a linear matrix inequality.

Given a nonnegative integer ℓ, referred to as the lifting
dimension, the lifted system is a dynamical system that
describes the evolution of the the lifted iterates

yt =

 yt
...

yt−ℓ

, ut =

 ut

...
ut−ℓ

, ft =

 ft
...

ft−ℓ

 (11)

where ut = ∇f(yt) are the gradients and ft = f(yt)
the corresponding function values of the original system.
These trajectories satisfy the lifted dynamicsxt+1

yt

ut

 =

[
A B
C D

] [
xt

ut

]
and Fft+1 = F+ft (12)

where the state-space matrices (A,B,C,D) are defined
in (9) and the matrices describing the evolution of the
function values are defined as

F =
[
0ℓ×1 Iℓ

]
and F+ =

[
Iℓ 0ℓ×1

]
.

The key feature of the lifted system is that each element
of the lifted iterates satisfies the uncertainty, thereby cap-
turing information about the uncertainty across multiple
time steps of the original system. Larger lifting dimen-
sions produce higher-dimensional lifted iterates that are
able to capture more information about the uncertainty
and therefore produce a less conservative analysis.

4.2 Linear matrix inequality

We now construct an LMI that uses the set of multipliers
in (7) to search over the class of quadratic-plus-linear
Lyapunov functions in (1) for the lifted system (12) that
satisfy the dissipation and positivity inequalities (2).

Theorem 1. Consider the system in Fig. 1 with state
dimension n. Given a lifting dimension ℓ, construct
state-space matrices (A,B,C,D,F ,F+) for the lifted
system (9), and denote the lifted state dimension as n.

If there exists a symmetric P ∈ Rn×n, vector p ∈
Rℓ+1, and multipliers (M1,m1) and (M2,m2) in the
dual cone K∗ defined in (7) such that the following
linear matrix inequality is feasible:[
ATPA−P ATPB
BTPA BTPB

]
+

1

2

[
C D

]T[ 0 MT
1

M1 0

][
C D

]
⪯ 0

(F+ − F )Tp+m1 ≤ 0[
I − P 0

0 0

]
+

1

2

[
C D

]T[ 0 MT
2

M2 0

][
C D

]
⪯ 0

−F Tp+m2 ≤ 0

then for any initial state x0 ∈ Rn and any bounded
monotone function ϕ : R → R with ϕ(0) = 0, the
system in Fig. 1 is Lyapunov stable.

Proof. Consider a trajectory of the original system along
with its corresponding lifted iterates (11). Multiply the
first LMI on the right and left by the vector (xt, ut) and
its transpose, respectively, and add the result to the inner
product of the second inequality with ft to obtain

V (xt+1,ft+1)− V (xt,ft) ≤ 0,

where the function V is defined in (1) and we used that
the inequality yT

t M1ut +mT
1ft ≥ 0 holds from Proposi-

tion 4 since the lifted iterates are interpolable by a convex
function that passes through the origin and the multiplier
(M1,m1) is in the dual cone K∗. A similar computation
with the last two inequalities gives

∥xt∥2 − V (xt,ft) ≤ 0.

Combining these, we have that

∥xt∥2 ≤ V (xt,ft) ≤ V (xt−1,ft−1) ≤ . . . ≤ V (x0,f0),

which proves that the system is Lyapunov stable. ■

5 Numerical validation

We tested our approach on the examples from [4, Table I],
which are shown in Table 1 below.

In each example, the system G(z) is in negative feed-
back with a slope-restricted nonlinearity in (0, α), so the

nonlinearity satisfies 0 ≤ ϕ(x)−ϕ(y)
x−y ≤ α for all x, y ∈ R.

The goal is to find the largest α such that we can ensure
absolute stability of the closed-loop system. To apply
Theorem 1, we first use a loop-shifting transformation.
Namely, the following statements are equivalent:
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Ex. Plant G(z)

1 0.1z
z2−1.8z+0.81

2 z3−1.95z2+0.9z+0.05
z4−2.8z3+3.5z2−2.412z+0.7209

3 − z3−1.95z2+0.9z+0.05
z4−2.8z3+3.5z2−2.412z+0.7209

4 z4−1.5z3+0.5z2−0.5z+0.5
4.4z5−8.957z4+9.893z3−5.671z2+2.207z−0.5

5 −0.5z+0.1
z3−0.9z2+0.79z+0.089

6 2z+0.92
z2−0.5z

7 1.341z4−1.221z3+0.6285z2−0.5618z+0.1993
z5−0.935z4+0.7697z3−1.118z2+0.6917z−0.1352

Table 1: Numerical examples from [4, Table I].

i) Absolute stability of G in negative feedback with a
slope-restricted nonlinearity in (0, α).

ii) Absolute stability of −(1+αG) in positive feedback
with a monotone nonlinearity.

We find the largest feasible α by performing a bisection
search over α and repeatedly applying Theorem 1 to test
absolute stability. For each example, we were able to
recover state-of-the-art results found using the IQC ap-
proach with FIR Zames–Falb multiplier search as in [4],
and the lifting dimension required was comparable to the
number of Zames–Falb multipliers needed in the IQC ap-
proach. Results are shown in Table 2.

Ex. α (nb, nf ) ℓ

1 12.9960 (1, 0) 1
2 0.8027 (1, 4) 4
3 0.3054 (0, 1) 1
4 3.8240 (0, 4) 4
5 2.4475 (0, 1) 1
6 0.9114 (1, 2) 2
7 0.43474 (3, 3) 3

Table 2: Comparison of the IQC approach vs. our lifting
approach on the examples from Table 1. Both achieve
the same α. Here, nb and nf are the fewest causal and
anticausal Zames–Falb multipliers needed, and ℓ is the
smallest lifting dimension needed to achieve α.

We now explain one of the examples in greater detail.
Consider Example 6 with α = 0.91. We begin with any
realization of −(1 + αG). For example, we could pick

−(1+αG) =

[
A B

C D

]
=

 0.5 0 2
1.0 0 0

− 0.91 −0.4186 −1

.
Construct the lifted realization in (12) with lifted state
xt = (xt−2, ut−2, ut−1) and lifting dimension ℓ = 2. Solv-

4It was noted in [4] that α = 0.4922 is achieved if nb = nf = 25.
Our numerical solver was error-prone and unreliable for such large
LMIs, so we simulated a suboptimal value instead.

ing the LMI from Theorem 1, we obtain the feasible point

P =


1.4483 −0.2173 −2.4073 −2.4262
−0.2173 0.8523 −2.6369 0.1214
−2.4073 −2.6369 2.4142 −1.5938
−2.4262 0.1214 −1.5938 0.4756

 ,

M1 =

 8.6813 −8.6813 −0.0000
−0.0000 5.8115 −5.8115
−2.5025 −0.0000 2.5278

 ,

M2 =

11.2412 −3.3521 −1.6564
−1.6595 10.6892 −2.7451
−1.3351 −1.5047 5.9290

 ,

p =

[
−6.1534
−3.2837

]
, m1 =

−6.1788
2.8698
3.2837

, m2 =

−8.2467
−5.8325
−0.0000

.
Consequently, a Lyapunov function that certifies robust
stability of Example 6 with α = 0.91 is given by

V (xt,ft) =

xt−2

ut−2

ut−1

T

P

xt−2

ut−2

ut−1

+ pT
[
ft−2

ft−1

]
.

The function V satisfies (2) for all trajectories of the sys-
tem and all slope-restricted ϕ in the sector (0, α). Note
that P is an indefinite matrix, yet the feasibility of the
LMI ensures that V is positive over all trajectories. Note
also that V is realization-dependent, so using a different
realization (A,B,C,D) would transform P accordingly.

Remark 3. Different (sometimes simpler) Lyapunov
functions can be sought by imposing sparsity constraints
on the LMI variables. For example, the LMI from Theo-
rem 1 remains feasible if we set p = 0 (no function value
dependence), but increase the lifting dimension to ℓ = 3.

6 Beyond absolute stability

Our proposed approach using lifting and interpolation
has the benefit of producing a stability certificate in the
form of a Lyapunov function and associated dissipation
inequality. Moreover, our approach operates entirely in
the time domain using finite sums, which leads to simple
and intuitive proofs. We only treated the case of ab-
solute stability for discrete-time SISO systems, but our
approach generalizes easily to other use cases. We now
discuss a few of these potential extensions.

Continuous time. Lifting works analogously in con-
tinuous time if we replace the time lags with integrals.
For example, where the lifted state might include a lagged
input ut−k in discrete time, we would use the input∫
·· ·

∫
u(t) (integrated k times) in continuous time. We

still use a Lyapunov function of the form (1), except the
associated dissipation inequality (2a) becomes

0 ≥ d

dt
V (x(t)) + σ(y(t),u(t),f(t)),

which leads to
[
ATPA−P ATPB

BTPA BTPB

]
7→

[
ATP+PA PB

BTP 0

]
in

Theorem 1.
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Exponential stability. Theorem 1 can be generalized
to certify exponential stability by introducing a scaling
factor ρ in (2). We state the result below.

Proposition 5 (exponential stability). If the following
dissipation inequalities are satisfied:

V (xt+1,ft+1)− ρ2V (xt,ft) + σ1(yt,ut,ft) ≤ 0

∥xt∥2 − V (xt,ft) + σ2(yt,ut,ft) ≤ 0

then ∥xt∥ ≤ V (x0,f0)
1/2ρt for all t ≥ 0. In particular, if

ρ < 1, then G is robustly exponentially stable.

If the task is to find the fastest certifiable exponential
rate (smallest possible ρ), this can be efficiently achieved
by performing a bisection search on ρ [7].

Robust performance. The lifting approach can be
used to certify a variety of performance criteria beyond
absolute stability. Essentially, any performance measure
compatible with dissipativity can be used. For example,
consider the system of Fig. 3, where the LTI system G
is augmented to include a performance channel w → z.
Similar to how the dissipation inequalities (2) lead to
proving absolute stability via Theorem 1, we can state
analogous results for quadratic performance and perfor-
mance under stochastic disturbances.

G

ϕ

x

uy

wz

Fig. 3: System G with internal state x in feedback with
a nonlinearity ϕ and a performance channel w → z.

Proposition 6 (quadratic performance). If the following
dissipation inequalities are satisfied for all signals w:

V (xt+1,ft+1)− V (xt,ft) + σ1(yt,ut,ft) ≤ σp(wt, zt)

∥xt∥2 − V (xt,ft) + σ2(yt,ut,ft) ≤ 0

then
∑T

t=0 σp(wt, zt) ≥ 0 for all T ≥ 0. For example,
if σp(wt, zt) := γ2∥wt∥2 − ∥zt∥2, then G has a robust ℓ2
gain from w to z of γ.

Proposition 7 (stochastic performance). Suppose wt is
i.i.d. zero-mean random noise with cov(wt) = Σ, and the
following dissipation inequalities are satisfied:

V (xt+1,ft+1)− V (xt,ft) + σ1(yt,ut,ft) + ∥zt∥2 ≤ 0

−V (xt,ft) + σ2(yt,ut,ft) ≤ 0

tr
(
PBwΣB

T
w

)
≤ γ2,

where Bw comes from the lifted state equations for G,
analogous to (12). Namely, xt+1 = Axt +But +Bwwt.

Then, lim supT→∞ E 1
T

∑T−1
t=0 ∥zt∥2 ≤ γ2. This allows us

to certify a robust H2 performance.

Propositions 5 to 7 have similar analogs with IQCs [11,
16]. A recent application of similar results to the analysis
of iterative optimization algorithms can be found in [15].
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