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Classical (centralized) control
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» P;; and K are matrices of proper rational transfer functions.
» Closed-loop map: Top: w +— z
-1
Tee := P11 + P12k (I — PpaK) Py

» Find a stabilizing I that minimizes || 7./|.



Decentralized control
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» /C has sparsity pattern S. e.g.
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» Assumption: Pos also has sparsity pattern S.



Main contribution

A decentralized version of the state-space H, result
[Doyle, Glover, Khargonekar, Francis '89] (DGKF)

» existence condition (iff)
» structural result

» computational result



Ho and H,, cost

H2 cost: G132 = %/ trace(G(jw)*G(jw)) dw

Hoo cost: [Glloo = esssup & (G(jw))




H> and H,, cost

1 o0
Ho cost: IGI% = 271_/ trace(G(jw)*G(jw)) dw
Hoo cost: 1Glloo = sup 5 (G(jw))

Minimum-entropy surrogate

ent(G,7) = _2f /O; log ‘det (I - V*QG(jw)*G(ij ’ dw

key properties:
> entropy is smooth, strictly convex.
» ent(G,7) < 0 = |G|l <
> ent(G,00) = ||G|3



Standard approach

Instead of minimizing ||7c¢||, use the fact that

ent(Ter,7) <00 = |[Telloo <7

1. choose 7.

2. Find stabilizing K that minimizes ent(7., )

Finite minimum: || 7z¢|/c < 7. Decrease « and repeat.

Otherwise: [ 7eelloo > 7v- Increase v and repeat.



DGKEF result
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DGKF result

Preliminaries

State-space realization for the plant:

A | B B

[7311 7312} B R P
Por Pool| — 1 12
21 Pa2 Col Dy 0

Assumptions:
> (A, By) stabilizable, (Cy, A) detectable
» D15 has full column rank, D9y has full row rank

» additional technical assumptions
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DGKF result

There exists a stabilizing controller with ||7.|lcc < 7 if and only if

(i) X > 0 satisfies a Riccati equation.
(ii) Y > O satisfies a Riccati equation.
(iii) p(XY) <+

> One possible realization:

A+ ByK + ZLCy — 4B BTX | —ZL
K o

with K := —BJ X, L:=-YCJ,and Z := (I —y2YX)~!

> KC also minimizes ent(7.s,y). [Glover, Mustafa '89]
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Main result

Preliminaries

State-space realization for the plant:

Py P AlB B A
11 P2 11
[7721 7322} |G 0 D A= [Am

Assumptions:
> (A, By) stabilizable, (Cy, A) detectable
> (Agg, Byy) stabilizable, (Cy1, A1) detectable
» Dj5 has full column rank, Dy has full row rank

» additional technical assumptions
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Main result

There exists a triangular stabilizing controller with || Tz¢|loo < 7y iff
(i) there exists a stabilizing controller with || 7cs||co < 7
(i) There exists X and Y such that

X — X = 0 satisfies a Riccati equation that depends on Y.
Y — Y = 0 satisfies a Riccati equation that depends on X.

where both p(XY) < 42 and p(XY) < 42

A realization for the controller that minimizes ent(7.s, ) is

A+ BoK + Z,LCy +~v2BiBI X 0 —ZL
Bo(K — KZxZ71) A+ BoKZyi + LOy + 472V 0] C1| —L
K—KZxZ™! K Zx o

where Zg == (I =~y 2YX) tand Z, == (I =y 2V X)~".
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Comparison: H

Centralized:
oo A+ ByK + ZLCy — vy °BiB{X | —ZL
— " ‘
| A+ BKZ+LC, —y*YCICy | L
N KZ | 0
Decentralized:
A+ ByK + Z,LCy +~v ?BiB{ X 0 —ZyL
Bo(K — KZxZ™1) A+ ByKZi + LCy +~y72vCTCy| —L
K—KZxZ™" K Zx o

Ha is limit v — o0
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Comparison: 7,

Centralized:

oo | AfBK+LC | -L

K o
Decentralized:
A+ By K + ]302 0 _ij
By(K — K) A+ BeK + LO>|—L
K-K K | 0

Recovers the Ho result [Lessard, Lall '11]

and more recently [Tanaka, Parrilo '14]
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Computation

There exists X and Y such that

Y — Y = 0 satisfies a Riccati equation that depends on X.

{X — X = 0 satisfies a Riccati equation that depends on Y.

where both p(XY) < 4% and p(XY) < 42

Find (X(©, V() for v = 0
Choose v(9) sufficiently large
Initialize with (X#), y(k) (k)
and solve for (X (+1) y (k1))

For fixed To minimize ~
1. Guess YO L.
2. X1 = é1(Vi) 2.
3. Yiy1 = ¢2(Xpy1) 3.
4. repeat.
4,

Choose 7*+1) < 4(*¥) and repeat.
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Numerical evidence
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100 random systems, n = 20 states, v & 27opt

Iteration number k
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Proof outline



Proof outline

1. Convert to convex model-matching problem [QI]

minimize ent (Pn + Png(I — pQQ}C)il,P217 "Y)

K stabilizing
KeS
becomes: minimize ent (7'1 + T297Ts, ’7)
QQsta‘tSJIe
€

2. Use person-by-person approach [smoothness]

_ Qu 0
grmge (74 (g 0] 7o)

» fix Q11 and solve for Qa1, Qgo. (centralized!)

» fix Qoo and solve for Q11, Qo;. (centralized!)

3. Impose matching conditions (and lots of algebra)



Summary

I |

: P P P2 - Ps E : P

i Py Py Py Py : i Py Py

: Y Y Y \ : : Y A

: K Kip--r Ko p--+ Ks E LK Ko
Tractable Intractable

Decentralized version of DGKF result

» Existence condition (iff)

v

Explicit state-space formula

v

Recover Hs result in limiting case

v

Computational approach
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Thank you!

Paper and additional information available at:
www.laurentlessard.com



