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¥ Continuous limits of discrete algorithms 
can be used to explain acceleration 

¥ New algorithms can be obtained by 
discretizing dynamical systems



Gradient Flow
¥ Unconstrained problem  

¥ Gradient descent  (GD) 

¥ Gradient Flow  (GF) [1] 

¥ Convergence rate !
(for convex functions)

f (x) ! f (x! )
Gradient Descent O(1/k )

Gradient Flow O(1/t )
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Accelerated Gradient Flow
¥ NesterovÕs Accelerated Gradient Descent  (AGD) [1] 

¥ NesterovÕs Accelerated Gradient Flow  (AGF) [2] 

¥ Convergence rate (optimal for convex functions)

f (x) ! f (x! )
Accelerated Gradient Descent O(1/k 2)

Accelerated Gradient Flow O(1/t 2)
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Contributions
¥ Recent work 

Ð Smooth functions, unconstrained problems, gradient based algorithms 

¥ Constrained optimization [1] 
Ð Differential equations, Lyapunov stability and convergence rates for 

ADMM, accelerated ADMM, and relaxed/accelerated ADMM 

¥ Non-smooth optimization [2] 
Ð Differential inclusions, proximal gradient, and splitting methods 

¥ Conformal, symplectic and relativistic optimization [3] 
Ð Structure preserving discretization of dissipative Hamiltonians 
Ð Momentum is conformal symplectic, but Nesterov is not 
Ð New relativistic gradient descent method is conformal symplectic

[1] Fran•a, Robinson, Vidal. ADMM and Accelerated ADMM as Continuous Dynamical Systems, ICML 2018 
[2] Fran•a, Robinson, Vidal. A Dynamical Systems Perspective on Nonsmooth Constrained Optimization, arXiv:
1805.06579, 2018 
[3] Fran•a, Sulam, Robinson, Vidal. Conformal Symplectic and Relativistic Optimization, arXiv:1903.04100, 2019



Generalization to Constrained Problems
¥ Constrained problem 

¥ ADMM Flow 

¥ Accelerated !
ADMM Flow 

¥ Convergence !
rate

min
x,z

{ ! (x, z) ! f (x) + g(z)} s.t. z = Ax

(AT A) úX (t) = !" ! (X (t))

(AT A)
!
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úX (t)
"

= !" ! (X (t))

ADMM A-ADMM
Discrete O(1/k ) O(1/k 2)

Continuous O(1/t ) O(1/t 2)
[1] Fran•a, Robinson, Vidal, ADMM and Accelerated ADMM as Continuous Dynamical Systems, 
ICML 2018



Stability of ADMM Flow

X !
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¥ Objective:   
Ð f, g: continuously differentiable & convex 
Ð A: full column rank 

¥ Matches the known rate of ADMM [2] 
¥ Proof based on Lyapunov functions

O(1/k )
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[1] Fran•a, Robinson, Vidal, ADMM and Accelerated ADMM as Continuous Dynamical Systems, ICML 2018 
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Multipliers: Theoretical and Computational Perspectives. 2015. 

¥ ADMM Flow:
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! (X ) = f (X ) + g(AX )
<latexit sha1_base64="0o5ARU0y7ncirDyPbIg/7rUTmjc=">AAAB/3icdVDLSgMxFM34rPU1KrhxEyxCi1AyVTt2oVTcuKxg24F2KJk004ZmHiQZodQu/BU3LhRx62+482/MtBVU9MDlHs65l9wcL+ZMKoQ+jLn5hcWl5cxKdnVtfWPT3NpuyCgRhNZJxCPheFhSzkJaV0xx6sSC4sDjtOkNLlO/eUuFZFF4o4YxdQPcC5nPCFZa6pi77Vqf5Z0CPIN+2g5hL3/hFDpmDhURqlTKNkRFy7as0pEmJ2Ub2Ta0tJUiB2aodcz3djciSUBDRTiWsmWhWLkjLBQjnI6z7UTSGJMB7tGWpiEOqHRHk/vH8EArXehHQleo4ET9vjHCgZTDwNOTAVZ9+dtLxb+8VqL8U3fEwjhRNCTTh/yEQxXBNAzYZYISxYeaYCKYvhWSPhaYKB1ZVofw9VP4P2mUipaO6Po4Vz2fxZEBe2Af5IEFbFAFV6AG6oCAO/AAnsCzcW88Gi/G63R0zpjt7IAfMN4+AZnGkz8=</latexit><latexit sha1_base64="0o5ARU0y7ncirDyPbIg/7rUTmjc=">AAAB/3icdVDLSgMxFM34rPU1KrhxEyxCi1AyVTt2oVTcuKxg24F2KJk004ZmHiQZodQu/BU3LhRx62+482/MtBVU9MDlHs65l9wcL+ZMKoQ+jLn5hcWl5cxKdnVtfWPT3NpuyCgRhNZJxCPheFhSzkJaV0xx6sSC4sDjtOkNLlO/eUuFZFF4o4YxdQPcC5nPCFZa6pi77Vqf5Z0CPIN+2g5hL3/hFDpmDhURqlTKNkRFy7as0pEmJ2Ub2Ta0tJUiB2aodcz3djciSUBDRTiWsmWhWLkjLBQjnI6z7UTSGJMB7tGWpiEOqHRHk/vH8EArXehHQleo4ET9vjHCgZTDwNOTAVZ9+dtLxb+8VqL8U3fEwjhRNCTTh/yEQxXBNAzYZYISxYeaYCKYvhWSPhaYKB1ZVofw9VP4P2mUipaO6Po4Vz2fxZEBe2Af5IEFbFAFV6AG6oCAO/AAnsCzcW88Gi/G63R0zpjt7IAfMN4+AZnGkz8=</latexit><latexit sha1_base64="0o5ARU0y7ncirDyPbIg/7rUTmjc=">AAAB/3icdVDLSgMxFM34rPU1KrhxEyxCi1AyVTt2oVTcuKxg24F2KJk004ZmHiQZodQu/BU3LhRx62+482/MtBVU9MDlHs65l9wcL+ZMKoQ+jLn5hcWl5cxKdnVtfWPT3NpuyCgRhNZJxCPheFhSzkJaV0xx6sSC4sDjtOkNLlO/eUuFZFF4o4YxdQPcC5nPCFZa6pi77Vqf5Z0CPIN+2g5hL3/hFDpmDhURqlTKNkRFy7as0pEmJ2Ub2Ta0tJUiB2aodcz3djciSUBDRTiWsmWhWLkjLBQjnI6z7UTSGJMB7tGWpiEOqHRHk/vH8EArXehHQleo4ET9vjHCgZTDwNOTAVZ9+dtLxb+8VqL8U3fEwjhRNCTTh/yEQxXBNAzYZYISxYeaYCKYvhWSPhaYKB1ZVofw9VP4P2mUipaO6Po4Vz2fxZEBe2Af5IEFbFAFV6AG6oCAO/AAnsCzcW88Gi/G63R0zpjt7IAfMN4+AZnGkz8=</latexit><latexit sha1_base64="0o5ARU0y7ncirDyPbIg/7rUTmjc=">AAAB/3icdVDLSgMxFM34rPU1KrhxEyxCi1AyVTt2oVTcuKxg24F2KJk004ZmHiQZodQu/BU3LhRx62+482/MtBVU9MDlHs65l9wcL+ZMKoQ+jLn5hcWl5cxKdnVtfWPT3NpuyCgRhNZJxCPheFhSzkJaV0xx6sSC4sDjtOkNLlO/eUuFZFF4o4YxdQPcC5nPCFZa6pi77Vqf5Z0CPIN+2g5hL3/hFDpmDhURqlTKNkRFy7as0pEmJ2Ub2Ta0tJUiB2aodcz3djciSUBDRTiWsmWhWLkjLBQjnI6z7UTSGJMB7tGWpiEOqHRHk/vH8EArXehHQleo4ET9vjHCgZTDwNOTAVZ9+dtLxb+8VqL8U3fEwjhRNCTTh/yEQxXBNAzYZYISxYeaYCKYvhWSPhaYKB1ZVofw9VP4P2mUipaO6Po4Vz2fxZEBe2Af5IEFbFAFV6AG6oCAO/AAnsCzcW88Gi/G63R0zpjt7IAfMN4+AZnGkz8=</latexit>

Theorem [1]:  Let        be a strict local 
minimizer and isolated critical point of !
   . Then,       is asymptotically stable .

X !
<latexit sha1_base64="wOeGxB5xudv21UKRGSVNZPg6x2o=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisYD+gjWWz3bRLN5uwOxFC6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ35nSeujYjVA2YJ9yM6UiIUjKKVOt3HvkGqB9WaW3fnIKvEK0gNCjQH1a/+MGZpxBUySY3peW6Cfk41Cib5tNJPDU8om9AR71mqaMSNn8/PnZIzqwxJGGtbCslc/T2R08iYLApsZ0RxbJa9mfif10sxvPZzoZIUuWKLRWEqCcZk9jsZCs0ZyswSyrSwtxI2ppoytAlVbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawGACz/AKb07ivDjvzseiteQUM8fwB87nD1IOj4g=</latexit><latexit sha1_base64="wOeGxB5xudv21UKRGSVNZPg6x2o=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisYD+gjWWz3bRLN5uwOxFC6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ35nSeujYjVA2YJ9yM6UiIUjKKVOt3HvkGqB9WaW3fnIKvEK0gNCjQH1a/+MGZpxBUySY3peW6Cfk41Cib5tNJPDU8om9AR71mqaMSNn8/PnZIzqwxJGGtbCslc/T2R08iYLApsZ0RxbJa9mfif10sxvPZzoZIUuWKLRWEqCcZk9jsZCs0ZyswSyrSwtxI2ppoytAlVbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawGACz/AKb07ivDjvzseiteQUM8fwB87nD1IOj4g=</latexit><latexit sha1_base64="wOeGxB5xudv21UKRGSVNZPg6x2o=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisYD+gjWWz3bRLN5uwOxFC6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ35nSeujYjVA2YJ9yM6UiIUjKKVOt3HvkGqB9WaW3fnIKvEK0gNCjQH1a/+MGZpxBUySY3peW6Cfk41Cib5tNJPDU8om9AR71mqaMSNn8/PnZIzqwxJGGtbCslc/T2R08iYLApsZ0RxbJa9mfif10sxvPZzoZIUuWKLRWEqCcZk9jsZCs0ZyswSyrSwtxI2ppoytAlVbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawGACz/AKb07ivDjvzseiteQUM8fwB87nD1IOj4g=</latexit><latexit sha1_base64="wOeGxB5xudv21UKRGSVNZPg6x2o=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisYD+gjWWz3bRLN5uwOxFC6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ35nSeujYjVA2YJ9yM6UiIUjKKVOt3HvkGqB9WaW3fnIKvEK0gNCjQH1a/+MGZpxBUySY3peW6Cfk41Cib5tNJPDU8om9AR71mqaMSNn8/PnZIzqwxJGGtbCslc/T2R08iYLApsZ0RxbJa9mfif10sxvPZzoZIUuWKLRWEqCcZk9jsZCs0ZyswSyrSwtxI2ppoytAlVbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawGACz/AKb07ivDjvzseiteQUM8fwB87nD1IOj4g=</latexit>

X !
<latexit sha1_base64="wOeGxB5xudv21UKRGSVNZPg6x2o=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisYD+gjWWz3bRLN5uwOxFC6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ35nSeujYjVA2YJ9yM6UiIUjKKVOt3HvkGqB9WaW3fnIKvEK0gNCjQH1a/+MGZpxBUySY3peW6Cfk41Cib5tNJPDU8om9AR71mqaMSNn8/PnZIzqwxJGGtbCslc/T2R08iYLApsZ0RxbJa9mfif10sxvPZzoZIUuWKLRWEqCcZk9jsZCs0ZyswSyrSwtxI2ppoytAlVbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawGACz/AKb07ivDjvzseiteQUM8fwB87nD1IOj4g=</latexit><latexit sha1_base64="wOeGxB5xudv21UKRGSVNZPg6x2o=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisYD+gjWWz3bRLN5uwOxFC6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ35nSeujYjVA2YJ9yM6UiIUjKKVOt3HvkGqB9WaW3fnIKvEK0gNCjQH1a/+MGZpxBUySY3peW6Cfk41Cib5tNJPDU8om9AR71mqaMSNn8/PnZIzqwxJGGtbCslc/T2R08iYLApsZ0RxbJa9mfif10sxvPZzoZIUuWKLRWEqCcZk9jsZCs0ZyswSyrSwtxI2ppoytAlVbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawGACz/AKb07ivDjvzseiteQUM8fwB87nD1IOj4g=</latexit><latexit sha1_base64="wOeGxB5xudv21UKRGSVNZPg6x2o=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisYD+gjWWz3bRLN5uwOxFC6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ35nSeujYjVA2YJ9yM6UiIUjKKVOt3HvkGqB9WaW3fnIKvEK0gNCjQH1a/+MGZpxBUySY3peW6Cfk41Cib5tNJPDU8om9AR71mqaMSNn8/PnZIzqwxJGGtbCslc/T2R08iYLApsZ0RxbJa9mfif10sxvPZzoZIUuWKLRWEqCcZk9jsZCs0ZyswSyrSwtxI2ppoytAlVbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawGACz/AKb07ivDjvzseiteQUM8fwB87nD1IOj4g=</latexit><latexit sha1_base64="wOeGxB5xudv21UKRGSVNZPg6x2o=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisYD+gjWWz3bRLN5uwOxFC6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ35nSeujYjVA2YJ9yM6UiIUjKKVOt3HvkGqB9WaW3fnIKvEK0gNCjQH1a/+MGZpxBUySY3peW6Cfk41Cib5tNJPDU8om9AR71mqaMSNn8/PnZIzqwxJGGtbCslc/T2R08iYLApsZ0RxbJa9mfif10sxvPZzoZIUuWKLRWEqCcZk9jsZCs0ZyswSyrSwtxI2ppoytAlVbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawGACz/AKb07ivDjvzseiteQUM8fwB87nD1IOj4g=</latexit>

!
<latexit sha1_base64="+i2WbofzTzO4DSTQ5a9WAEIAQy0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisYGuhDWWz3TRL9yPsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8KOXMWN//9ipr6xubW9Xt2s7u3v5B/fCoa1SmCe0QxZXuRdhQziTtWGY57aWaYhFx+hhNbgv/8Ylqw5R8sNOUhgKPJYsZwbaQBu2EDesNv+nPgVZJUJIGlGgP61+DkSKZoNISjo3pB35qwxxrywins9ogMzTFZILHtO+oxIKaMJ/fOkNnThmhWGlX0qK5+nsix8KYqYhcp8A2McteIf7n9TMbX4c5k2lmqSSLRXHGkVWoeByNmKbE8qkjmGjmbkUkwRoT6+KpuRCC5ZdXSfeiGfjN4P6y0bop46jCCZzCOQRwBS24gzZ0gEACz/AKb57wXrx372PRWvHKmWP4A+/zB+GFjhs=</latexit><latexit sha1_base64="+i2WbofzTzO4DSTQ5a9WAEIAQy0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisYGuhDWWz3TRL9yPsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8KOXMWN//9ipr6xubW9Xt2s7u3v5B/fCoa1SmCe0QxZXuRdhQziTtWGY57aWaYhFx+hhNbgv/8Ylqw5R8sNOUhgKPJYsZwbaQBu2EDesNv+nPgVZJUJIGlGgP61+DkSKZoNISjo3pB35qwxxrywins9ogMzTFZILHtO+oxIKaMJ/fOkNnThmhWGlX0qK5+nsix8KYqYhcp8A2McteIf7n9TMbX4c5k2lmqSSLRXHGkVWoeByNmKbE8qkjmGjmbkUkwRoT6+KpuRCC5ZdXSfeiGfjN4P6y0bop46jCCZzCOQRwBS24gzZ0gEACz/AKb57wXrx372PRWvHKmWP4A+/zB+GFjhs=</latexit><latexit sha1_base64="+i2WbofzTzO4DSTQ5a9WAEIAQy0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisYGuhDWWz3TRL9yPsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8KOXMWN//9ipr6xubW9Xt2s7u3v5B/fCoa1SmCe0QxZXuRdhQziTtWGY57aWaYhFx+hhNbgv/8Ylqw5R8sNOUhgKPJYsZwbaQBu2EDesNv+nPgVZJUJIGlGgP61+DkSKZoNISjo3pB35qwxxrywins9ogMzTFZILHtO+oxIKaMJ/fOkNnThmhWGlX0qK5+nsix8KYqYhcp8A2McteIf7n9TMbX4c5k2lmqSSLRXHGkVWoeByNmKbE8qkjmGjmbkUkwRoT6+KpuRCC5ZdXSfeiGfjN4P6y0bop46jCCZzCOQRwBS24gzZ0gEACz/AKb57wXrx372PRWvHKmWP4A+/zB+GFjhs=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="F9lLky7z3FXW+y47ilII6Tk4vLg=">AAAB4HicbZDNSgMxFIXv1L9aq1a3boJFcFVm3OhScOOygv2BdiiZNNMJTTJDcqdQhr6CGxeK+FTufBszbRfaeiDwcU5C7j1RJoVF3//2Kju7e/sH1cPaUf345LRxVu/aNDeMd1gqU9OPqOVSaN5BgZL3M8OpiiTvRdOHMu/NuLEi1c84z3io6ESLWDCKpTVsJ2LUaPotfymyDcEamrBWe9T4Go5TliuukUlq7SDwMwwLalAwyRe1YW55RtmUTvjAoaaK27BYzrogV84Zkzg17mgkS/f3i4Iqa+cqcjcVxcRuZqX5XzbIMb4LC6GzHLlmq4/iXBJMSbk4GQvDGcq5A8qMcLMSllBDGbp6aq6EYHPlbejetAK/FTz5UIULuIRrCOAW7uER2tABBgm8wBu8e8p79T5WdVW8dW/n8Efe5w/CHIzJ</latexit><latexit sha1_base64="F9lLky7z3FXW+y47ilII6Tk4vLg=">AAAB4HicbZDNSgMxFIXv1L9aq1a3boJFcFVm3OhScOOygv2BdiiZNNMJTTJDcqdQhr6CGxeK+FTufBszbRfaeiDwcU5C7j1RJoVF3//2Kju7e/sH1cPaUf345LRxVu/aNDeMd1gqU9OPqOVSaN5BgZL3M8OpiiTvRdOHMu/NuLEi1c84z3io6ESLWDCKpTVsJ2LUaPotfymyDcEamrBWe9T4Go5TliuukUlq7SDwMwwLalAwyRe1YW55RtmUTvjAoaaK27BYzrogV84Zkzg17mgkS/f3i4Iqa+cqcjcVxcRuZqX5XzbIMb4LC6GzHLlmq4/iXBJMSbk4GQvDGcq5A8qMcLMSllBDGbp6aq6EYHPlbejetAK/FTz5UIULuIRrCOAW7uER2tABBgm8wBu8e8p79T5WdVW8dW/n8Efe5w/CHIzJ</latexit><latexit sha1_base64="kGVXu6J4tmDunZykqvZAFJLwxT8=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqex60ZMUvHisYD+gXUo2zXZDk+ySZIWy9C948aCIV/+QN/+N2XYP2vpg4PHeDDPzwlRwYz3vG1U2Nre2d6q7tb39g8Oj+vFJ1ySZpqxDE5HofkgME1yxjuVWsH6qGZGhYL1welf4vSemDU/Uo52lLJBkonjEKbGFNGzHfFRveE1vAbxO/JI0oER7VP8ajhOaSaYsFcSYge+lNsiJtpwKNq8NM8NSQqdkwgaOKiKZCfLFrXN84ZQxjhLtSlm8UH9P5EQaM5Oh65TExmbVK8T/vEFmo5sg5yrNLFN0uSjKBLYJLh7HY64ZtWLmCKGau1sxjYkm1Lp4ai4Ef/XlddK9avpe03/wGq3bMo4qnME5XIIP19CCe2hDByjE8Ayv8IYkekHv6GPZWkHlzCn8Afr8AeBFjhc=</latexit><latexit sha1_base64="+i2WbofzTzO4DSTQ5a9WAEIAQy0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisYGuhDWWz3TRL9yPsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8KOXMWN//9ipr6xubW9Xt2s7u3v5B/fCoa1SmCe0QxZXuRdhQziTtWGY57aWaYhFx+hhNbgv/8Ylqw5R8sNOUhgKPJYsZwbaQBu2EDesNv+nPgVZJUJIGlGgP61+DkSKZoNISjo3pB35qwxxrywins9ogMzTFZILHtO+oxIKaMJ/fOkNnThmhWGlX0qK5+nsix8KYqYhcp8A2McteIf7n9TMbX4c5k2lmqSSLRXHGkVWoeByNmKbE8qkjmGjmbkUkwRoT6+KpuRCC5ZdXSfeiGfjN4P6y0bop46jCCZzCOQRwBS24gzZ0gEACz/AKb57wXrx372PRWvHKmWP4A+/zB+GFjhs=</latexit><latexit sha1_base64="+i2WbofzTzO4DSTQ5a9WAEIAQy0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisYGuhDWWz3TRL9yPsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8KOXMWN//9ipr6xubW9Xt2s7u3v5B/fCoa1SmCe0QxZXuRdhQziTtWGY57aWaYhFx+hhNbgv/8Ylqw5R8sNOUhgKPJYsZwbaQBu2EDesNv+nPgVZJUJIGlGgP61+DkSKZoNISjo3pB35qwxxrywins9ogMzTFZILHtO+oxIKaMJ/fOkNnThmhWGlX0qK5+nsix8KYqYhcp8A2McteIf7n9TMbX4c5k2lmqSSLRXHGkVWoeByNmKbE8qkjmGjmbkUkwRoT6+KpuRCC5ZdXSfeiGfjN4P6y0bop46jCCZzCOQRwBS24gzZ0gEACz/AKb57wXrx372PRWvHKmWP4A+/zB+GFjhs=</latexit><latexit sha1_base64="+i2WbofzTzO4DSTQ5a9WAEIAQy0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisYGuhDWWz3TRL9yPsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8KOXMWN//9ipr6xubW9Xt2s7u3v5B/fCoa1SmCe0QxZXuRdhQziTtWGY57aWaYhFx+hhNbgv/8Ylqw5R8sNOUhgKPJYsZwbaQBu2EDesNv+nPgVZJUJIGlGgP61+DkSKZoNISjo3pB35qwxxrywins9ogMzTFZILHtO+oxIKaMJ/fOkNnThmhWGlX0qK5+nsix8KYqYhcp8A2McteIf7n9TMbX4c5k2lmqSSLRXHGkVWoeByNmKbE8qkjmGjmbkUkwRoT6+KpuRCC5ZdXSfeiGfjN4P6y0bop46jCCZzCOQRwBS24gzZ0gEACz/AKb57wXrx372PRWvHKmWP4A+/zB+GFjhs=</latexit><latexit sha1_base64="+i2WbofzTzO4DSTQ5a9WAEIAQy0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisYGuhDWWz3TRL9yPsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8KOXMWN//9ipr6xubW9Xt2s7u3v5B/fCoa1SmCe0QxZXuRdhQziTtWGY57aWaYhFx+hhNbgv/8Ylqw5R8sNOUhgKPJYsZwbaQBu2EDesNv+nPgVZJUJIGlGgP61+DkSKZoNISjo3pB35qwxxrywins9ogMzTFZILHtO+oxIKaMJ/fOkNnThmhWGlX0qK5+nsix8KYqYhcp8A2McteIf7n9TMbX4c5k2lmqSSLRXHGkVWoeByNmKbE8qkjmGjmbkUkwRoT6+KpuRCC5ZdXSfeiGfjN4P6y0bop46jCCZzCOQRwBS24gzZ0gEACz/AKb57wXrx372PRWvHKmWP4A+/zB+GFjhs=</latexit><latexit sha1_base64="+i2WbofzTzO4DSTQ5a9WAEIAQy0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisYGuhDWWz3TRL9yPsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8KOXMWN//9ipr6xubW9Xt2s7u3v5B/fCoa1SmCe0QxZXuRdhQziTtWGY57aWaYhFx+hhNbgv/8Ylqw5R8sNOUhgKPJYsZwbaQBu2EDesNv+nPgVZJUJIGlGgP61+DkSKZoNISjo3pB35qwxxrywins9ogMzTFZILHtO+oxIKaMJ/fOkNnThmhWGlX0qK5+nsix8KYqYhcp8A2McteIf7n9TMbX4c5k2lmqSSLRXHGkVWoeByNmKbE8qkjmGjmbkUkwRoT6+KpuRCC5ZdXSfeiGfjN4P6y0bop46jCCZzCOQRwBS24gzZ0gEACz/AKb57wXrx372PRWvHKmWP4A+/zB+GFjhs=</latexit><latexit sha1_base64="+i2WbofzTzO4DSTQ5a9WAEIAQy0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisYGuhDWWz3TRL9yPsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8KOXMWN//9ipr6xubW9Xt2s7u3v5B/fCoa1SmCe0QxZXuRdhQziTtWGY57aWaYhFx+hhNbgv/8Ylqw5R8sNOUhgKPJYsZwbaQBu2EDesNv+nPgVZJUJIGlGgP61+DkSKZoNISjo3pB35qwxxrywins9ogMzTFZILHtO+oxIKaMJ/fOkNnThmhWGlX0qK5+nsix8KYqYhcp8A2McteIf7n9TMbX4c5k2lmqSSLRXHGkVWoeByNmKbE8qkjmGjmbkUkwRoT6+KpuRCC5ZdXSfeiGfjN4P6y0bop46jCCZzCOQRwBS24gzZ0gEACz/AKb57wXrx372PRWvHKmWP4A+/zB+GFjhs=</latexit>
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Stability of Accelerated ADMM Flow
¥ Objective: 

¥ Convergence rate currently unknown in 
discrete case, but this suggests O(1/k2).

Theorem.  Let        be a strict local minimizer and isolated 
critical point of     . Then,                                    is stable .
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Theorem.  Let      be convex and            .!
Then,
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! (X ) = f (X ) + g(AX )
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Generalization to Non-smooth Problems
¥ Non-smooth constrained problem 

¥ ADMM Flow 

¥ Accelerated !
ADMM Flow 

¥ Convergence !
rate

min
x,z

{ ! (x, z) ! f (x) + g(z)} s.t. z = Ax

ADMM A-ADMM
Discrete O(1/k ) O(1/k 2)

Continuous O(1/t ) O(1/t 2)

(AT A)
!

¬X (t) +
r
t

úX (t)
"

! " ! ! (X (t))

(AT A) úX (t)! " ! ! (X (t))

[1] Aubin, Cellina, Differential Inclusions (1984) 
[2] Clarke, Nonsmooth Analysis and Control Theory (2013) 
[3] Fran•a, Robinson, Vidal. A Dynamical Systems Perspective on Nonsmooth Constrained Optimization, 
arXiv:1805.06579, 2018



Relaxed and Accelerated Variants of ADMM

Theorem. In the continuous limit we obtain

R-A-ADMM

R-HB-ADMM

(2 ! ! )(ATA) úX (t) " ! " ! (X (t))

(2 ! ! )(ATA)
!

¬X (t) +
r
t

úX (t)
"

" ! " ! (X (t))

(2 ! ! )(ATA)
!

¬X (t) + r úX (t)
"

" ! " ! (X (t))
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R-ADMM

¥ Generalizes [1,2] for non smooth and linear constraints 
¥ The above are non smooth dynamical systems 
¥ When     is convex lower semicontinuous existence of 

solutions is guaranteed
!
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[1] Fran•a, Robinson, Vidal. A Dynamical Systems Perspective on Nonsmooth Constrained Optimization, 
arXiv:1805.06579, 2018 
[2] Su, Boyd, Candes, NIPS 2014, JMLR 2016 
[3] Wibisono, Wilson, Jordan, PNAS 2016



Convergence Rates for ADMM Variants
¥ We obtain the following rates in the continuous case

¥ Most of these rates are unknown in the discrete case 
¥ Interesting tradeoff between Nesterov  vs. Heavy Ball  

acceleration in convex  vs. strongly convex  settings
[1] Fran•a, Robinson, Vidal. A Dynamical Systems Perspective on Nonsmooth Constrained 
Optimization, arXiv:1805.06579, 2018
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Optimization and Dynamical Systems

Optimization 
Problem

Iterate 
Updates

Continuous 
Dynamical 

System

Optimization 
Algorithm

Iterate 
Updates

Continuous Limit

Discretization

[1] Cauchy, 1847 
[2] Su, Boyd, Candes, NIPS 2014, JMLR 2016 
[3] Wibisono, Wilson, Jordan, PNAS 2016 
[4] Attouch, Chbani, Peypouquet, Redont, Math. Prog. 2016

[5] Krichene, Bayen, Bartlett, NIPS 2015 
[6] Fazlyab, Ribeiro, Morari, Preciado, 2017 
[7] Fazlyab, et al. SIAM Opt 2018 
[8] Lessard, Recht, Packard, SIAM Opt 2016

¥ Continuous limits of discrete algorithms 
can be used to explain acceleration 

¥ New algorithms can be obtained by 
discretizing dynamical systems



¥ Hamiltonian systems with linear dissipation (conformal) [1] 

¥ The symplectic 2-form (                     ) contracts exponentially

Conformal Hamiltonian Systems

! ! dq" dp
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Definition. A numerical map is conformal symplectic if 

dqk+1 ! dpk+1 = e�! h dqk ! dpk
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Contraction of the symplectic form is preserved: ! k = e! ! t k ! 0
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[1] McLachlan, Perlmutter, 2001

! (t) = e! ! t ! 0
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H (q, p) = T(p) + f (q) úq = ! pH

úp = "! qH " ! p



Classical Momentum is Conformal Symplectic

¥ Classical system

¥ We construct a conformal symplectic integrator

¥ In particular, it becomes the classical momentum (CM)

µ = e! ! h

m = h
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Classical Momentum is Conformal Symplectic

¥ Therefore

Theorem.  The classical momentum method is 
a conformal symplectic integrator.

¥ Another popular method is NesterovÕs (NAG)
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Conformal and Relativistic Optimization
¥ Relativistic systems generalize classical Newtonian ones by 

imposing a hyperbolic geometry instead of a Euclidean one

¥ We propose a conformal symplectic discretization, called 
Relativistic Gradient Descent (RGD)
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Experiments: 3-Hump Camelback Function

¥ 3 minimum, 2 local one global at the origin 
¥ We first start far from the valley with minima 
¥ Then we initialize close to a local minimum

f (q) = 2 q2
1 ! 1.05q4

1 + q6
1/ 6 + q1q2 + q2

2
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Experiments: Rosenbrock Function

f (q) =
n ! 1!

i =1
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q0 = ( ! 5, 5, . . . ) " R100
<latexit sha1_base64="SwWIC+Wtd7vN63519secClsUhnY=">AAACD3icdVDLSgMxFM34rPVVdekmWJQKtWSKVTdC0Y3LKvYBnVoyadqGZjJjkhHKMH/gxl9x40IRt27d+Tem7RRU9EDgcM69N/ceN+BMaYQ+rZnZufmFxdRSenlldW09s7FZU34oCa0Sn/uy4WJFORO0qpnmtBFIij2X07o7OB/59TsqFfPFtR4GtOXhnmBdRrA2Ujuzd9tGp7mDUr6Udzq+VmQfOkxAx8O677rRVXwT2QjF7UwWFdAYEBWKU3I0IXZiZUGCSjvzYcaR0KNCE46Vatoo0K0IS80Ip3HaCRUNMBngHm0aKrBHVSsa3xPDXaN0YNeX5gkNx+r3jgh7Sg0911SO9lS/vZH4l9cMdfekFTERhJoKMvmoG3KofTgKB3aYpETzoSGYSGZ2haSPJSbaRJg2IUwvhf+TWrFgo4J9eZgtnyVxpMA22AE5YINjUAYXoAKqgIB78AiewYv1YD1Zr9bbpHTGSnq2wA9Y71+wKJqT</latexit><latexit sha1_base64="SwWIC+Wtd7vN63519secClsUhnY=">AAACD3icdVDLSgMxFM34rPVVdekmWJQKtWSKVTdC0Y3LKvYBnVoyadqGZjJjkhHKMH/gxl9x40IRt27d+Tem7RRU9EDgcM69N/ceN+BMaYQ+rZnZufmFxdRSenlldW09s7FZU34oCa0Sn/uy4WJFORO0qpnmtBFIij2X07o7OB/59TsqFfPFtR4GtOXhnmBdRrA2Ujuzd9tGp7mDUr6Udzq+VmQfOkxAx8O677rRVXwT2QjF7UwWFdAYEBWKU3I0IXZiZUGCSjvzYcaR0KNCE46Vatoo0K0IS80Ip3HaCRUNMBngHm0aKrBHVSsa3xPDXaN0YNeX5gkNx+r3jgh7Sg0911SO9lS/vZH4l9cMdfekFTERhJoKMvmoG3KofTgKB3aYpETzoSGYSGZ2haSPJSbaRJg2IUwvhf+TWrFgo4J9eZgtnyVxpMA22AE5YINjUAYXoAKqgIB78AiewYv1YD1Zr9bbpHTGSnq2wA9Y71+wKJqT</latexit><latexit sha1_base64="SwWIC+Wtd7vN63519secClsUhnY=">AAACD3icdVDLSgMxFM34rPVVdekmWJQKtWSKVTdC0Y3LKvYBnVoyadqGZjJjkhHKMH/gxl9x40IRt27d+Tem7RRU9EDgcM69N/ceN+BMaYQ+rZnZufmFxdRSenlldW09s7FZU34oCa0Sn/uy4WJFORO0qpnmtBFIij2X07o7OB/59TsqFfPFtR4GtOXhnmBdRrA2Ujuzd9tGp7mDUr6Udzq+VmQfOkxAx8O677rRVXwT2QjF7UwWFdAYEBWKU3I0IXZiZUGCSjvzYcaR0KNCE46Vatoo0K0IS80Ip3HaCRUNMBngHm0aKrBHVSsa3xPDXaN0YNeX5gkNx+r3jgh7Sg0911SO9lS/vZH4l9cMdfekFTERhJoKMvmoG3KofTgKB3aYpETzoSGYSGZ2haSPJSbaRJg2IUwvhf+TWrFgo4J9eZgtnyVxpMA22AE5YINjUAYXoAKqgIB78AiewYv1YD1Zr9bbpHTGSnq2wA9Y71+wKJqT</latexit><latexit sha1_base64="SwWIC+Wtd7vN63519secClsUhnY=">AAACD3icdVDLSgMxFM34rPVVdekmWJQKtWSKVTdC0Y3LKvYBnVoyadqGZjJjkhHKMH/gxl9x40IRt27d+Tem7RRU9EDgcM69N/ceN+BMaYQ+rZnZufmFxdRSenlldW09s7FZU34oCa0Sn/uy4WJFORO0qpnmtBFIij2X07o7OB/59TsqFfPFtR4GtOXhnmBdRrA2Ujuzd9tGp7mDUr6Udzq+VmQfOkxAx8O677rRVXwT2QjF7UwWFdAYEBWKU3I0IXZiZUGCSjvzYcaR0KNCE46Vatoo0K0IS80Ip3HaCRUNMBngHm0aKrBHVSsa3xPDXaN0YNeX5gkNx+r3jgh7Sg0911SO9lS/vZH4l9cMdfekFTERhJoKMvmoG3KofTgKB3aYpETzoSGYSGZ2haSPJSbaRJg2IUwvhf+TWrFgo4J9eZgtnyVxpMA22AE5YINjUAYXoAKqgIB78AiewYv1YD1Zr9bbpHTGSnq2wA9Y71+wKJqT</latexit>

¥ Challenging problem. Flat narrow valley 
¥ 1 local and 1 global minima 
¥ Close and far from the valley



Experiments: Training LeNet on MNIST

[1] Fran•a, Sulam, Robinson, Vidal. Conformal Symplectic and Relativistic Optimization, arXiv:
1903.04100, 2019 
[2] Wilson, Roelofs, Stern, Srebro, Recht, NIPS 2017

- 

- 

- 

- 

- 



Conclusions

Optimization 
Problem

Iterate 
Updates

Continuous 
Dynamical 

System

Optimization 
Algorithm

Iterate 
Updates

Continuous Limit

Discretization

¥ Constrained problems 

¥ Non-smooth problems 

¥ New algorithms via 
symplectic integrators

[1] Fran•a, Robinson, Vidal, ADMM and Accelerated ADMM as Continuous Dynamical Systems, ICML 2018 
[2] Fran•a, Robinson, Vidal, A Dynamical Systems Perspective on Nonsmooth Constrained Optimization, arXiv:
1805.06579, 2018 
[3] Fran•a, Sulam, Robinson, Vidal. Conformal Symplectic and Relativistic Optimization,, arXiv:1903.04100, 2019



Acknowledgements
Daniel RobinsonGuilherme Franca

Work supported by the Army Research Office under contract 
ARO MURI W911NF-17-1-0304 as part of the collaboration 

between US DOD, UK MOD and UK EPSRC under the 
Multidisciplinary University Research Initiative. 

Mathematical Institute for Data Science @ JHU!
http://www.minds.jhu.edu

Jeremias Sulam

http://www.minds.jhu.edu

