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Optimization and Dynamical Systems

Optimization lterate

Updates

Continuous Limit

Problem

¥ Continuous limits of discrete algorithms
can be used to explain acceleration Continuous

Dynamical
¥ New algorithms can be obtained by System

discretizing dynamical systems

[terate Discretization

Optimization

Algorithm Updates
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Gradient Flow

¥ Unconstrained problem

¥ Gradient descent (GD)

¥ Gradient Flow (GF) [1]

¥ Convergence rate !
(for convex functions)

min f (X)

x! RN

X1 = X D" f(Xk)

()= 1" f (X (1))

[1] Cauchy, Augustin (1847). MZthode gZnZrale pour la rZsolution des systsmes d'Zquations
simultanZes. Comptes Rendus Hebd. SZances Acad. Sci. 25:5369538.

f(x)! f(x")
Gradient Descent O(1/k)
Gradient Flow O(1/t)
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Accelerated Gradient Flow

¥ NesterovOsAccelerated Gradient Descent  (AGD) [1]
Xeep = B! 1" F ()

Be+1 = Xk+1 T or Xk b Xk)

¥ NesterovOsAccelerated Gradient Flow (AGF) [2]
X(t)+ XM= 1" (X (1)

¥ Convergence rate (optimal for convex functions)

f(x)! f(x')

Accelerated Gradient Descent| O(1/k ¢)
Accelerated Gradient Flow O(1/t ?)

[1] Nesterov. A Method of Solving a Convex Programming Problem with Convergence Rate O(1/k?). g
Soviet Mathematics Doklady, 27(2):372D376, 1983. JOHNS HOPKINS

° MATHEMATICAL INSTITUTE
[2] Su, Boyd, Candes, NIPS 2014, JMLR 2016 A SCIENCE



Contributions

¥ Recent work
B Smooth functions, unconstrained problems, gradient based algorithms

¥ Constrained optimization [1]

b Differential equations, Lyapunov stability and convergence rates for
ADMM, accelerated ADMM, and relaxed/accelerated ADMM

¥ Non-smooth optimization [2]
b Differential inclusions, proximal gradient, and splitting methods

¥ Conformal, symplectic and relativistic optimization [3]
B Structure preserving discretization of dissipative Hamiltonians
B Momentum is conformal symplectic, but Nesterov is not
B New relativistic gradient descent method is conformal symplectic

[1] Franea, Robinson, Vidal. ADMM and Accelerated ADMM as Continuous Dynamical Systems, ICML 2018 =
[2] Franea, Robinson, Vidal. A Dynamical Systems Perspective on Nonsmooth Constrained Optimization, arXiv: %w JOHNS HOPKINS

1805.06579, 2018 _ : Yy N _ MATHEMATICAL INSTITUTE
[3] Franea, Sulam, Robinson, Vidal. Conformal Symplectic and Relativistic Optimization, arXiv:1903.04100, 2019 for DATA SCIENCE



Generalization to Constrained Problems

¥ Constrained problem
min{! (x,z)! f(x)+ g(z)} s.t. z= Ax
X,Z

¥ ADMM Flow (ATARY(R) = I" 1 (X (1))

¥ Accelerated ! (AT AY. PR — "
cceleraied |(ATA) (1) + ) = 17 1 (X (1)

¥ Convergence ! ADMM | A-ADMM
rate

Discrete | O(1/k) | O(1/k ?)
Continuous | O(1/t) | O(1/t ?)

[1] Franea, Robinson, Vidal, ADMM and Accelerated ADMM as Continuous Dynamical Systems,

ICML 2018 @ JOHNS HOPKINS
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Stability of ADMM Flow

¥ Objective: ! (X)= f(X)+ g(AX) ¥ ADMM Flow:
b f, g: continuously differentiable & convex (ATA)){'J('[) = 1" 1 (X(1))
B A: full column rank

Theorem [1]: Let X ° be a strict local
minimizer and isolated critical point of !

| . Then, X' is asymptotically stable . -
0

Theorem [2]: Let ! be convex. Then,

LX) (X" %

¥ Matches the known rate of ADMM [2] O(1/k)
¥ Proof based on Lyapunov functions

[1] Franea, Robinson, Vidal, ADMM and Accelerated ADMM as Continuous Dynamical Systems, ICML 2018 =
[2] Eckstein, J. and Yao, W. Understanding the Convergence of the Alternating Direction Method of @w JOHNS HOPKINS
Multipliers: Theoretical and Computational Perspectives. 2015. MATHEMATICAL INSTITUTE
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Stablility of Accelerated ADMM Flow

¥ Objective: ¥ A-ADMM Flow:
)= FOO)+ gAX)  (ATA) X+ D8 =X ()

Theorem. Let X' be a strict local minimizer and isolated
o |
critical point of ' . Then, (X, X)) = ( X", 0) s stable.

Theorem. Let ! beconvexandr ! 3.

Then,
X))

¥ Convergence rate currently unknown in
discrete case, but this suggests O(1/k2).

[1] Franea, Robinson, Vidal, ADMM and Accelerated ADMM as Continuous Dynamical Systems, =N
ICML 2018 SR JOHNS HOPKINS

MATHEMATICAL INSTITUTE
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Generalization to Non-smooth Problems

¥ Non-smooth constrained problem
min{! (x,z)! f(x)+ g(z)} s.t. z= Ax
X,Z

¥ ADMM Flow (ATARYR)" 11 (X (1))

¥ Accelerated ! (AT AY I'\& "
o o A X+ () LT HE(X (1))

¥ Convergence ! ADMM | A-ADMM
rate Discrete | O(1/k) | O(1/k ?)
Continuous | O(1/t) | O(1/t ?)

[1] Aubin, Cellina, Differential Inclusions (1984)

[2] Clarke, Nonsmooth Analysis and Control Theory (2013) @ JOHNS HOPKINS

[3] Franea, Robinson, Vidal. A Dynamical Systems Perspective on Nonsmooth Constrained Optimization, MATHEMATICAL INSTITUTE
arXiv:1805.06579, 2018 for DATA SCIENCE




Relaxed and Accelerated Variants of ADMM

Theorem. In the continuous limit we obtain
(21 D(ATAL) "L "1 (X (1)) R-ADMM

(21 1)(ATA) X(t) + %)@(t) "I "1 (X (1) R-A-ADMM
! ;
2! 1)YATA) X))+ () "! "1 (X (t)) R-HB-ADMM

¥ Generalizes [1,2] for non smooth and linear constraints

¥ The above are non smooth dynamical systems

¥ When! is convex lower semicontinuous existence of
solutions Is guaranteed

[1] Franea, Robinson, Vidal. A Dynamical Systems Perspective on Nonsmooth Constrained Optimization,

arXiv:1805.06579, 2018 JOHNS HOPKINS

[2] Su, Boyd, Candes, NIPS 2014, JMLR 2016 MATHEMATICAL INSTITUTE
[3] Wibisono, Wilson, Jordan, PNAS 2016 for DATA SCIENCE



Convergence Rates for ADMM Variants

¥ We obtain the following rates in the continuous case

convex strongly convex
i H | H
ADMM | 0 L& O I (A)E W @3(A)

| u | "

: 2 2 * v/
A_ADMM O (r' 1)t2! 1(A) O (r' 1&/?/\)2}2 e tzr:}_ _

! (1] ! "
R-ADMM o @ )(t! 1 (A) O 1(A)e W (@@! ") 2(A))

| 1n | n

. - " 2y 2 - w1/ 2r/
R-A-ADMM & | 0 G DLA) g @LDT A= 71
! n

X i # $
R-HB-ADMM & | 0 [@L1LI(A) 0721 "yrzz(a)e 2 3

¥ Most of these rates are unknown In the discrete case

¥ Interesting tradeoff between Nesterov vs. Heavy Ball
acceleration in convex Vvs. strongly convex settings

[1] Franea, Robinson, Vidal. A Dynamical Systems Perspective on Nonsmooth Constrained =N
Optimization, arXiv:1805.06579, 2018 @il}' igigglggiglﬁg
for DATA SCIENCE
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Conformal Hamiltonian Systems

¥ Hamiltonian systems with linear dissipation (conformal) [1]

= |
H(a.p = T(p)+ f(q) =" ph
=" gH" 'p
¥ The symplectic 2-form (! ! dqg" dp) contracts exponentially
()= € "

Definition. A numerical map is conformal symplectic if
dgcs1 ! dpesr = €' "dgc ! dpe

Contraction of the symplectic form is preserved: ! = € "1,

[1] McLachlan, Perlmutter, 2001

@ JOHNS HOPKINS
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Classical Momentum is Conformal Symplectic

=

¥ Classical system
- 1 2 m
H=s=!p“+f(q = 1" f(q)! !p

¥ We construct a conformal symplectic integrator

pker = € ""pe ! h"f (o)
Ck+1 = Ok + (h/m )py+1

¥ In particular, it becomes the classical momentum (CM)

Pk+1 = Mpk ! h" f (k) I
Gk+1 = Ok + Pr+1 m

[1] Franea, Sulam, Robinson, Vidal. Conformal Symplectic and Relativistic Optimization, arXiv: =N
1903.04100, 2019 SR JOHNS HOPKINS

MATHEMATICAL INSTITUTE
for DATA SCIENCE
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Classical Momentum is Conformal Symplectic

¥ Therefore

Theorem. The classical momentum method is
a conformal symplectic integrator.

¥ Another popular method is NesterovOs (NAG)

Pk+1 = Mpx ! " f (0 + Hpk) m = h/2
Gk+1 = G+ Prsa p=e 'l

Theorem. NesterovOs accelerated gradient is
not a conformal symplectic integrator.

[1] Franea, Sulam, Robinson, Vidal. Conformal Symplectic and Relativistic Optimization, arXiv: =N
1903.04100, 2019 SR JOHNS HOPKINS

MATHEMATICAL INSTITUTE
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Conformal and Relativistic Optimization

¥ Relativistic systems generalize classical Newtonian ones by
Imposing a hyperbolic geometry instead of a Euclidean one

H=c !pl2+(mc)? + f = | P
ptz+(mec)>+f(d q T (o)
pi="# f(a" !'p

¥ We propose a conformal symplectic discretization, called
Relativistic Gradient Descent (RGD)

Pe1 = € "t h ()

Gk+1 = Gk + h Pl
#pk+1 # + ( TT]C)2 Ip'" mc =# classical momentun

[1] Franea, Sulam, Robinson, Vidal. Conformal Symplectic and Relativistic Optimization, arXiv: =N
1903.04100, 2019 SR JOHNS HOPKINS

MATHEMATICAL INSTITUTE
for DATA SCIENCE



Experiments: 3-Hump Camelback Function

f()=20! 1050 + ®/6+ cpp + G5

¥ 3 minimum, 2 local one global at the origin
¥ We first start far from the valley with minima .|
¥ Then we initialize close to a local minimum

% =(5,5)
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Experiments: Rosenbrock Function

I['I' 1 n

f@= 100Ga ! ¢

function value
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¥ Challenging problem. Flat narrow valley
¥ 1 local and 1 global minima
¥ Close and far from the valley
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Experiments: Training LeNet on MNIST

i Loss Classification Accuracy
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Conclusions

Optimization
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¥ Constrained problems
¥ Non-smooth problems

¥ New algorithms via
symplectic integrators
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