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Uncertainties in decision-making problems are ubiquitous
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Online optimization
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Input: Aconvex set X c R"

for:t = 1,2, ...
make a decision x; € X
receive a convex cost function f; : X - R
suffer cost f;(x;)
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Goal: minimize total costs by making decisions without knowing the future



System dynamics: Switching/control costs
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Short-term prediction is possible

o System Load from New England ISO
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Good short term prediction



Online control with linear system dynamics

X1 ‘ Xt+2 stages
+ cee
Jt 1 Cti1 t+2 ¢, Crrw-1
J \ J
Y ) 4
accurately predictable at t completely unknown at t

(o System follows dynamics z; = g(xi_1,us) — ¢ = Axi_1 + Buy )

e Each timestept=1,...,T is involved with a stage cost c;(z¢, us) = fr(xs) + g¢(uy)
Example: LQR %(Qﬁt — Ht)TQt(CCt — (975) + U;{Rtut

e At time ¢, know accurate W-step prediction ¢¢,...,ciaw—1, W >0
. J

Online algorithm A :
Pick action uy* € U using prediction and history to minimize the total cost C' = Z;F Ct.

e Prior information: A, B, xg are known



Online control with linear system dynamics

X

‘ Xt+1 Xte2 stages
>
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ce (X, Up) Cti1 Crs2 Crrw-1
\ J \ J
) 4 ) 4
accurately predictable at t completely unknown at t

Performance metric: dynamic regret (competitive difference)
Regret := J(x,u) — min J(x, u)

9

Online cost Optimal offline cost

where J(x,u) denotes the total cost function J(x,u) = Z;F:l ce(Te, uy).



Literature review

MPC and economic MPC
[Mayne et al. 1999] [Morari et al. 1999] [Rawlings et al. 2012]...

* Transient optimality for time-invariant economic MPC
[Grine et al 2014] [Angeli et al 2012]...

« Asymptotic analysis for economic MPC with time-varying costs
[Angeli et al 2015] [Ellis et al 2013] [Ferramosca, et al. 2010] [Ferramosca et al 2014]
[Alessandretti et al 2016] [Angeli et al 2016]

Nonasymptotic analysis for time-varying costs?
What is achievable and what is not?—Role of prediction
Computational efficient way to achieve the performance limit?



Literature review

Online convex optimization with switching costs
[Lin et al. 2012] [Lin et al. 2013] [Chen et al. 2015] [Chen et al. 2016] [Li et al 2018] ...

. A special case of control problems: ¢t(z¢,u) = f(z¢) + 5||u||?
Tt41 = Tt + Uy

 Tools are developed for nonasymptotic regret analysis

Can we borrow ideas from online optimization to design control algorithms?
Can we borrow techniques to prove nonasymptotic bounds?



Brief introduction of online optimization with switching cost

(Spemal case of onlme control\ (" Online opt with switching costs )
min fe(x =l |12
mir tZ en H ) =) mmZ (fi(¢) —me—xtu)
St xiy1 = a¢ + wy \_ J
\ _J

Main Messages:

Given any online optimization algorithm without using prediction, additional W
steps of gradient calculation can further reduce the regret by O(rY).



Offline gradient descent
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4 T )
Offline optimization: xexrgi-r.]-xx Cy (z)  where CT (2) =)~ (ft(aft) + g\lxt = xt_1||2>
acT B \tzl
Offline gradient descent: a—;(fﬁ(’“ i)/
Hiter — k—1 _ k—1 k—1 k—1 k—1 k—1),
) =T [0 (VA 4 - a5 el - )]

stage t=1...T

[ k=0 (initialization)

(0) (0) (0)
Xeaw—20 Xtsw—-10 Xetw

OCO without prediction ]
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Xt » Xev1 0 Xpy 4 . : )

\ v J f Key observation: Predictable at t
k=W-1 xﬂ/{l), xt(W‘l), 54‘1’1‘1), e To compute xt(W), need f; ... frop—1.

\ v ’f, Initialization: any OCO without prediction
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RHGD

(0) (0) (0)

[ Offline gradient descent:

o) =T [ = (V) + Bt = 2f7Y) — 5(

(k—1)
LTiy1  —

)

Xevw—-20 XevwZlo Xerwo

feaw-1

Additional Computation per stage:

(W + 1) projected gradient

evaluations

(W-1)
Xt—1
\

W)

\_ Output x;

/ RHGD:
Fort=1,2 ...
Receive prediction f; ... fiiw-1
Initialize x'%),,
Backward compute xt(i)w_l e x,fW)

~N

_%MY/_D ft+1
w)
( .
Key observation: Predictable at ¢
w)

To compute x, 7, need f; ... friw—1.
Initialization: any OCO without prediction




RHAG: Nesterov’s accelerated gradient

RHGD:
Prediction f;, ..., fr+yw—1 allows W iterations of offline Nesterov’s accelerated gradient

- T : T d L h
Offline optimization: - _™Mn Ci(z)  where Cf(x):= ; (ft ) + 5l — 5Ut—1||2>
Offline Nesterov’s accelerated gradient :
ry) = Tx [yﬁk_ ' (Vft(yﬁk_l)) B8 =yt ) - By - yf“”)ﬂ
(k:> = (1+ N (k) _ )\wgk—l)
1\ J

e (72 7), (0, 5), (1800, 2).

\ J

) 4

k=W (", 5



RHAG: Nesterov’s accelerated gradient

RHGD:
Prediction f;, ..., fr+yw—1 allows W iterations of offline Nesterov’s accelerated gradient

4 _ . T 5 N
Offline optimization: - _ MmN Ci(z)  where Cf(x):= ; (ft o) + g llwe = 5Ut—1||2>
Offline Nesterov’s accelerated gradient :

o =Ty [y = (VAW + B0 - o) - Bl - v

(k:> = (1+ N (k) _ )\mgk—l)

- y,

Similar for other fast gradient methods, such as Triple Momentum (TM) method
(Scoy,Freeman,Lych, 2018)



Regret bounds: exponential decay with prediction length W

Theorem 1. (informal)
For any initialization method vy, under proper stepsizes

Regret(RHGD) < O < ( Qé? ) v Regret(zﬁ))

Exp. decay with W

Regret(RHAG) < O ( < \/\j?_é%l ) v Regret(¢)>

Regret(RHTM) < O <<%1>2WRegret(¢)>

where ()¢ is the condition number of the total cost.



General cases?

4 Simple Case of Onllne Control\
min Z fie(e) —HutHQ)

-

\_

General linear dynamics

gl,ia Z(ft(fl?t) + gi(uy))

S.t. Tiyr1 = AZEt + Buy
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(Online Opt with Switching Costs
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Canonical form

min Z ft(xg—p 5’7%) + gt(xf—kl - ale_l — a2x2)
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Finite-coupling costs have finite-coupling gradient

Finite-coupling costs:  C(X?) :== Y & (x}_y, 27,27, )
t

4 | )
Finite-coupling partial derivative:
oC O(Ct—1+---+¢
Sy = Ao e gy (k)
t t

g _/

RHGD, RHAG, RHTM can be extended to the general cases



Regret bounds

Theorem 1. (informal)

For any initialization method ¢, under proper stepsizes

Regret(RHGD) < O <(QC§;1)KRegret(w)> . Regret(RHAG) < O <<\/\%1

where K = L%J p is maximum block size, (¢ is the conditional number.

—ro0 1 0
* pis the max. block size of A: p = max(p4, ..., Pm) )
1
 p=1:response time =1 5 .
331 a1 ao .Tl 1 e *8 1:
t+1 | _ : p, s
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[f’?%ﬂ] [a:s a4][x§] [1]’5 il R
* p=2:response time =2 . o o xx w
1 1 ;
'/I;t—f—]_ . O 1 [L’t O pm
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An initialization method: follow optimal steady states
Predictable
4 o R

t t+W-2  t+W-1  t+W

xt,yw(0) Initialize?

4 )

Initialization algorithm:

« Solve steady state optimization at t+W-7:

(Zeew—1,Ut4w—1) = argmin cipw—_1(x, )
r=Azxz+Bu
* Initialize by following the optimal steady state:

$%+W (0) = Zeqw—1

\_ J




Regret bound of the initialization method

Theorem 2. (informal) variation of costs:

. . . . ath length
For the online LQR problem, applying the optimal steady state at each time, P 9

(

I * * — X — * * :
Regret(y) < O (:Z (HP — P |® + 1137 — 2417+ 1187 — 515—1”2) |

where P/ is the solution to the algebraic Riccati equation defined by Q;, R:; 5; is the drifting
term in the optimal controller u = K}z + K;3; to the LQR problem defined by Q;, Ry, 6;.

.y Easy.
Small variation of costs  mm—_) Future is similar; thus well-estimated by history

Large variation of costs mmmmm)  Difficult!

Other initial. alg: online control without prediction [Abbasi-Yadkori et al 2014], [Goel et al.
2019]; online gradient [Li et al 2019]



Regret bound of RHTM with opt-steady-state initialization

Corollary 1. (informal)

For the online LQR problem, applying RHTM with the optimal steady state as initialization,

Jar -1\

Regret(RHTM) < O ( NGT ) > (1B = Pyl + N2t — 25,1 + 1185 = B4 1I?)
t

where P/ is the solution to the algebraic Riccati equation defined by Q;, R:; 5; is the drifting

term in the optimal controller u = K}z + K[} to the LQR problem defined by Q;, Ry, 6;.



Special case: Q and R not change

Theorem. (informal)
For LQR tracking where stage cost is cq(x¢, uy) := %(mt —0)TQ(z; — 0;) + ul Ruy,
2 variation of costs

K
VQ,—1
C(RHTM) — C(Offline Optimal) < O 7 > 110 — 012 path length
\ Qf t

where /' = [ "], p is maximum block size, Q; is the conditional number.

Tracking cost: || x, — 6, || Small path length: g, kﬁg‘ Easy!
~ !

tracker’s location att target’s location at t Large path length: 05

B >~ Difficult!
!’f" 91 4L

Larger regret




Dependence on W is nearly optimal

-

Theorem. (informal)
For LQR tracking where stage cost is c¢;(x¢, uy) := %(a:t —0)TQ(z; — 0;) + ul Ruy,

o va,—1\"
C(RHTM) — C(Offline Optimal) < O N > 116 =0
f t nearly

where K = L%j p is maximum block size, @ is the conditional number. / optimal
/

Theorem 3 [Fundamental lower bound] (informal)

For any online algorithm A, given any 1 < W < T and p>=1, there exists A, B, {0,}]_; s.t.

C(A) — C(Offline Optimal) > Q( <\/\/gf ; 1) Z 160; — 0:_1]]2)
f t

where K = L%j p is maximum block size, )¢ is the conditional number.




Proof sketch for the special case.

4 Special case of onllne control

min Z fe(@:) —HutHQ)

Tt,Ut

S.t. Lt+1 — Lt -+ Uy

\_

~
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\_

mlnz ft :1:,5

(Online opt with switching costs

—H33t+1 - ﬂftH )
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Proof sketch: min Z(ft(a:t) + §H$t+1 — 4]|*) & when path length is T.

t
 Construct ft(xt, ut) = || x; — 8, II?, with random 8, ..., 8, i.i.d. EO; = 0, var(6;) = 1, bounded.
Path length = O(T)

* Online action: only know 6, ..., 0. y/—1,

Key 2: a; ¢4+, ... decays exponentially
Key 1: x{ isafunctionof 0, ..., 01y

. At,t \/_ W
N t,s Q]c —1
Error: E|x; — x;|? = E|xt —xt —xf t| Ar i = <\/Q_+ 1)
2
= Elx; — x{|* + E|xI ]| | d
> aieow + o air t W
* Regret: By strong convexity,
T
a/./0r—1
E(C{(x)—Ci(x*) = a/2 z E||x, > E( 4 - 1) T  Path length
t=1 VOr



Numerical
studies:
Comparison
with sub-MPC

* LTI system: two states
« Single input
° p=2

log(regret)

10

|~ RHGD

== =subMPC Iter =3

—5— RHAG
RHTM
----- subMPC lter = 1

subMPC Iter =5

5 10

Prediction W

15



Numerical example: Two wheel robot dynamic tracking

W=20

W=40 W=80

X X

Two-wheel robot trajectory tracking




Summary

« Given any online optimal control algorithm without using prediction, additional W step of
gradient calculations can further reduce the regret by O(rX), K = LWJ

« Fundamental lower bound for any online algorithm: Dynamic regret exponential decays
with K = L%J

 The dependence on W is nearly optimal

Thank you!

Ongoing and Future work:
« Stochastic/Noisy prediction

« Study optimal control with constraints; the dynamic regret bounds of MPC
* Online control problem for general dynamical systems including Markov decision models

» Other meaningful metrics for online performance analysis



Simulation 1: economic dispatch

(a) Power demand (b) Wind generation
11 %10° . ‘ . . 4 %10° . ‘ . . Setup:
s .

s | s « stage: 5 min

= 5,  horizon: 5 days (T=1440)

5 S| * data source: Bonneville
s =W 7\ Power Administration (BPA)
Jan 01 Jan 02 Jan Oga;;an 04 Jan C;Ec:”.;an 06 Jan 01 Jan 02 Jan Oga;;an 04 Jan C;Ec:”.;an 06 Controlled area

* n=3 generators
(€) Dynirrlcﬂr)egrets (d) Running time /second * Qf=11.75

20 s » stage cost:

15 —FRHAG TABLE T 1) cost of generation
RUNNING TIME OF RHGD, RHAG AND MPC 2) Cost Of uncleared demand
7 5 0 « Matlab (quadprog())
RHGD 8.8781x 10" 1.4923x 10~
RHAG 1.0416x10—* 1.9052x10—*

| MPC 0.0105 0.0110
10 20 J 30
Yw

W =~ 26 https://transmission.bpa.gov/business/operations/wind/



Dynamic regrets

Simulation 2

== RHAG

==MPC |

15

Setup:

 horizon: T=16

Scalar decision variable
stage cost:

1 2
) (x; — 6¢)
0, picked from {0,4}



Summary: Online Learning and Decision Making

Part Il . Part |
Online decision-making under | Online learning and control to learn
a time-varying environment | & handle unknown uncertainties
?2?9?
|
I

Time-varying
environment

% oo BY o | occison

Thank you!
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Increasing uncertainties in the grid

= Wind Generation X &
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Increasing uncertainties in the grid

Wind Generation

Each Day is a different color.
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Different and random preferences:
Unknown to the utility/DR company

Source: ThinkEco pilot study 2016 in Connecticut



Online learning and decision making

Online decision-making under
a time-varying environment

Online learning and control to learn
& handle unknown uncertainties

Time-varying
environment




Online learning and decision making

f—%

Online decision-making under Online learning and control to learn
a time-varying environment & handle unknown uncertainties

Time-varying
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Today’s talk

Online control (online optimization
with switching cost) using Prediction

Time-varying
environment
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