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» P is an LTI system with state x
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» w is i.i.d. Gaussian noise

» Infinite-horizon cost

Optimal Policy

static feedback: u = Kz
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Optimal Policy

greedy static feedback: u; = K;x;
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Optimal Policy

greedy static feedback: u; = K;x;

Gaussian
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Optimal Policy

dynamic feedback: 4 L4 Kt
u; = Criq; + D



Problem statement

where e is white noise. Find a control policy that minimizes:
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> u; only measures g

> ug only measures o



Problem statement
NG AT RN

li = AKkiq; + Biix;
Linear controllers: e Kidi Kt fori=1,2
u; = Okiqi + D

v

v

Stability: A1, Asg are Hurwitz
I X
XTI

v

Normalization: NNT = [

A—jwl B
C D

v

Rank assumption: [ ] and D; full column rank



Coordinate transformation

LQR formulation

i = Ax + Bu+ Ne
z=Cx+ Du

uy| lCl 0 T
u9 o 0 ,Cg T2
minimize J

subject to K; € RL,

Model-matching formulation

AN B
c|0 D

L Q1 0
minimize Hf+g [ 0 QJ N

subject to Q; € RHo,

7 gl =

Q=K(I-TBK)'T
where: T = (s — A)~*
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Overview of approach

1. Solve the model-matching problem

0 Qo
subject to Q1,92 € RHo

minimize H]:+ g [Ql 0 }

opt Az Bz
2. Lemma: If Q" = = 0 the optimal controller is
i
’Cgpt _ A B zéi (Az - BzBZO)BZ — BzAz
' Ci | CiB;

3. Check for minimality



A simpler problem

minimize |F+GON|,
subject to Q€ RHo

A|N B
Solution: If [F G| = then
cC| 0 D
QePt = A+ BK |1 and K°Pt=K
K 0

where K = care(A, B,C, D).

Optimality condition: G*(F + GON)NT € 13



Optimality conditions

. Q1 0
minimize H]—"—i-g [ 0 Q2] N

subject to Q1,92 € RH>

2

Optimality condition:
* Ql 0 T Hé_ £2
Q<F+Q[O Qz]N>N 6{52 i

rewrite as:

w T L v |Q1 0 I X Hy Lo
G'FN +gg[0 Q2][XT 1}6[52 %24
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Decomposition

T en @1 0] T X Hy Lo
G'FN +gg[0 QQ] [XT IMQ H%}

Extract diagonal blocks...

« T Tosn | Q1 1
[g FN }11+E1gg_Q2XT} €

« T T e [Q1X L
g FN }22+E2g G|, } € 4

, where X < I.

Take the SVD: X = [U) 0] [g AN

Key idea: The coupled_equations in Q1 zind Q- are
decoupled in Q1U;, Q1U;, QaUs, and QaUs.



Decoupled equations

Multiplying by Uy and Us...
[g*}-NT]nUl + [g*g}n(gl[_jl) € Hy
[g*}—NT} 22U2 +[9°9] 22(Q2U2) € Hy
Multiplying by Uy and Us...

O1Ur
QoUsX
QU1 X 1
eEH
QaUs } 2

[G*FNT], Ui + E] G*G [ } € Hy

[G*FNT|,, U2+ EJG*G {

Extract k" column (k=1,...,r):

{[g*}—NT] 11U1 [G*7]
g g

* T :| ex + |: * 1 *
[G*FN ]22U2 or[G*Gln [G*Glaz| | Q2Uaex

Uk[g*g]u] [QlUlek:| c
G*g

1
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Solution procedure
Optimality conditions correspond to optimization problems. e.g.
[g*}—NT} 1101 + [g*g}n(glﬁl) < HQL
corresponds to:
minimize H]—"NTElﬁl +gE1(Q1(71)H2
subject to (Q1U1) € RHo
and its solution is:

A1+ B1K; ‘ Uy
K |o

QU =

where K| = care(A;, By1,C1, Dy).
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Final solution
1. Solve K; = care(A;, B;,C;, D;) for i = 1,2.

Vsl Ve

2. Solve Ky = care | A, B, CLET || DyET fork=1:r
CoEJ DyEJ
3. Define the quantities:
A + Bkl J\A/'ele-lrUiT
AL: BLi: . N:|:U1:|
. L Uz
A+ BK, NereIUiT
Cki= [EzTKI - KiEz‘T E;rf(r —| state dimension of K;

DKZ:KlUZUZT—FE;rZKkNekeZU;r — tte = g ifT:ni
ot rn otherwise

= AL — BriBiCki | ALBLi — Bri(4i + BiDk:)
' Cki ‘ D
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Optimal decentralized cost

2
) Ay + B1K; | I H Orthogonal columns
Topt = Uy
opt Ci1+ D1 Ky ‘ 0 H
H Ay + By Ko | I B,
= 2
H Cy + Dy Ko ‘ 0
r > 1 2
Optimal cost assuming 22 AA - ?Kfﬂ |1 ?QUlek
noise is uncorrelated i |l | Ck + DKk ‘ 0 | |7zV2¢k
(greedy policy)
Obti 51" [ Qu S11 okQi2  oxS12] [71
ptimal T T
centralized “ St Bu oSy oplfia|
. T2 okQ21  okS21 Q22 Sz | |22
cost using: s o SlT2 o R S2T2 Ros| |uo
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Optimal decentralized cost

2 _ _
j A+ B Ky ‘ I _ X = [U1 U1] |:§ 8:| [UQ U2]T
Opt CI+D1K1 ‘ O ni—r ng —r
2
Ay + By Ko ‘ I _
+ 2
Cy + Do Ko ‘ 0
" A‘FBKk I LUlelc
23 ol |
Ch + DiKy | 0 || 75Uz
Greedy upper bound:
72 A+ Bk | 1P Ao+ BoKo | 1 ]2
°pt - Ci1+ D1 K, + Cy + D2 K>

» Achieved when r = 0 or when all o, — 0.

> (greedy strategy is optimal)
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Optimal decentralized cost

2 _ _
P A+ BiKy | 1| X=[h U] [g 8} (U2 0a]"
opt - CI+D1K1 ‘ O 1 ny—r ng —1r
2
Ao + By Ko ‘ I _
+ 2
Ch + Dy, | 0
~ 2
r A+ BKy | I ][ LUes
a3 || AR LY
2| G+ DyKy | 0 || 35Uz
Centralized lower bound:
A+BK | N ]|
2
‘ C+DK |0 ] < Jopt

» Achieved when r = nqy = n9 and all o, — 1.

> (decentralized and centralized have same performance)



Numerical example

T w1
—_— <
Z2 w2

Two satellites with velocities 1 and xo respectively.

1 = —2x1 +ul +w

Tog = —3T9 + ug + wo

Objective: match velocities while keeping effort low.

Cost parameter: 22 = (11 — x2)? + 0.01(u? + u2).

Noise covariance: E(wjwsy) = 0.8.
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Numerical example

E(’u}1w2) =0.8
%—» A ~——
T w1
%—» <
x2 w2
Policy Control Law Cost
No control ur =u2 =0 0.3109
u; = —8.1980x1
Greedy 0.2808
Ug = —7.4403132
¢1 = —13.79¢1 — 0.2659x1
w1 = 4.255¢q1 — 3.013x
Optimal " n ' 0.2300
G2 = —13.52¢q2 + 0.2659x2
Ug = 4255QQ — 2279$2
u1 = —6.3095x1 + 5.9121x
Centralized ! ! ? 0.1567

uz = 5.9121z; — 5.6051xz2




Numerical example

E(’u}1w2) =0.9
%—» A ~——
T w1
%—» <
X9 w2
Policy Control Law Cost
No control ur =u2 =0 0.2380
u; = —8.1980x1
Greedy 0.2630
Ug = —7.4403132
q'1 = 714.16(]1 — 0.2766:61
w1 = 4.979¢1 — 1.921x
Optimal " n ! 0.1766
G2 = —13.88¢2 + 0.2766x2
Ug = 4.979(]2 — 1.198$2
u; = —6.3095x1 + 5.9121x
Centralized ! ! 2 0.1128

uz = 5.9121z; — 5.6051xz2




Further observations

> Kgreedy is not the best static decentralized controller!

> Kgreedy may perform worse than K = 0.

» Sometimes Cop is static, yet Kopt 7 Kgreedy-

» Kopt may be unstable, even for a stable plant!

22



Open questions

For this simple problem

» How do we interpret the controller states?
What is the sufficient statistic?

> |s there an information theory interpretation?
Is information measured in dimensions? (Sahai)

» What is the common information?
Is there a fictitious coordinator? (Teneketzis)

Possible extensions

> More than two subsystems (difficult).

» Output feedback (difficult).



Thank you!

This work will appear in Proc. Allerton Conference, 2012
Paper available at: www.laurentlessard.com



